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B =V x A. A##%#384# (vector potential)

0A 0A
B,=(VxA),= z Y
(V x A) Oy 0z’

0A, O0A,
By:(VXA)yzaz_axa
OA 0A,
BZ:(VXA)"zamy_ay'

V-B=V.(VxA)=0.

22 B=VxA =V x A.
A" = A + V) #%% % gauge transformation
"% Vx(VT)=0
FTAAEE R EHEY » WRA I ROBEE TR



Maxwell’s equations:

v -E="F V-B=0

€0

VxE——a—B ’V x B = ‘7
ot

8E

Their solutions: 9A
B=-Vo-—a

B=VxA

(2,¢ —
(1, 1) /p r12/) gy,

47’(’60?"12

] 2 t — ?"12/6
47enc3ro

A(l,t) dVs

The Feynman Lectures on Physics vol.2, p.21-5
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The conceptual origins of
Maxwell's equations

and gauge theory

Already in Foraday's elecirotonic state and Maxwell’s vector potential,

gau

freedom was an unavoidable presence. Converti
the symmetry principle that underpins our succes

that presence
standard

model is a story worth felling.

t is often said that after Charles Augustin de
Coubsmb, Carl Friedrich Gauss, André Marie Am-
p'ele, and Michael T':nad.a}- discovered the fowr
experimental laws concerning electricity and
magnetism, James Clerk Maxwell added the dis-
placement current and thereby created the great set
of Maxwell's equations. That view is not entirely
pwromg, but it obscures the subtle interplay between
isticated geometrical and scal intuitions
that led not only to the replacement of “action at a
distance” by field theory in the 19th century but
pl=o, in the 2th century, to the very sucoessful stan-
dard madel of particle physics.

The 19th cantuny

[In 1820 Hans Christian Oersted (1777-1851) discony-
pred that an electric current would always cause
magnetic needles i its neighborhaod to move. The
discavery electrified the whale of Europe and led to
the successful mathematical theory of “action at a
distance” by Ampére (1775-1834). In England, Fara-
day (1791-1867) was also greatly excited by Oersted's

e L

discovery. But he lacked the mathematical training
needed tounderstand Ampére. In a letter to Ampere
dated 3 5ep1!mbel 1822, F:Il‘.ﬂ:l}' lamented, "1 am
unfortunate in a want of mathematical knowledge
and the power of entering with facility into abstract
reasoning. | am obliged to feel my way by facts cosely
placed together™!

Faraday's “facts” were his expeniments, both
published and blished. During a period of 23
years, 1831-54, he Dn\mpul.ed the resulis of those ex-
periments into three volumes, called Experimentel
Revearches in Electricity, which we shall refer to as ER
[figure 1). A most remarkable thing is that there was
niot a single formula in this monumental compila-
tiom, which showed that Faraday was feeling his way,
puided only by geometricintuition without any pre-
cise algebraic formulation.

€. M. Yanyg is the honorary director of the Instrute for
Advanced Sudy at Tsinghua University in Beijing and 3
Distinguished Professor-at-Lange in the physics department
at the Chinese University of Hong Kong.
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| Enter Maxwell

Also in 1854, Maxwell (1831-79) gradu-
ated from Trinity College. He was 23
years old and full of youthful enthusi-
asm. On February 20 he wrote to William
Thomson,

Suppose a man to have a popular
knowledge of electric show experi-
ments and a little antipathy to Mur-
phy’s Electricity, how ought he to pro-
ceed in reading & working so as to get
a little insight into the subject wh[sic]
may be of use in further reading?

If he wished to read Ampere Faraday
&c how should they be arranged, and
at what stage & in what order might he
read your articles in the Cambridge
Journal??




Thomson (later Lord Kelvin, 1824-1907) was a
prodigy. At the time, he had already occupied the
Chair of Natural Philosophy at Glasgow University
for eight years. Maxwell had chosen well: Earlier in
1851 Thomson had introduced what we now call the
vector potential A to express the magnetic field H
through

H=VxA, (1)

an equation that would be of crucial importance for
Maxwell, as we shall see.




Maxwell’s first paper, published in 1856, is full
of formulas and therefore easier to read than Fara-
day’s ER. Its central ideas are contained in part 2,
which has as its title “Faraday’s Electro-tonic State.”
On page 204 in this part 2 we find an equation that
in today’s vector notation is

E= _A/ (2)

where A is Faraday’s electrotonic intensity.




204 DN FARADAYE LINES OF FORCE

Let us now consider the conditions of the conduction of the electric
currents within the medium during changes in the electro-tonio state. ‘The
method which we shall adopt is an application of that given by Helmholtz in
his memoir on the Conservation of Force®

Let, there be some external source of electrie owrrents which would generate
in the conducting mass currents whose quantity is messured by @, b, ¢, and
their intensity by a, B, ¥,

Then the amount of work due to this cause in the time dt is

de [[f{eta, + b8, +cp) dadyds
in the form of resistance overcome, und

o [ finat 8.4 ) dedyit

et 11

in the form of work done ly by the cloctroamagnetie action of these
curvents. If theve be no external cause produsing currents, then the quantity
represcoting the whole work done by the external cause must vanish, and we
have

e Ll sttt P.204 of Maxwell’s first paper on EM

are taken through any arbitmey space. Wo must therefore

have
1o

ity B+ o= - o (et BB, H o)

for every point of space; and it must be remembered that the variation of
@ is supposed due to variations of a, 8, y, wnd not of ay, b, ¢, We must
therefore treat a, b, ¢, as constants, and the oquation becomes

i dt) ot

In order that this equation may be independent of the values of a, b, ¢,
each of these ooefficients must =0; and therefore we have the following
expressions for the electro-motive forces due to the aetion of magnets and
currents at a distance in terms of the electro-tonie functions,

o Lidy 1 dB, 1 dy,
STThar ATCRA RTTHd

“ (ﬂ1+ ik "‘“‘] +h, (‘.ﬁ. + {Iﬂ; 'E’J +4, (7, + _‘I,r '!7‘) =1,

* Tranalated i Taylor's ¥ew Scientific Memairs, Part 1,

. . we have the following
expressions for the electro-motive forces due to the ucuon o1 magnets and

currents at a distance in terms of the electro-tonic functions,

dar dt ’ LCharves




The identification of Faraday’s elusive idea of
the electrotonic state (or electrotonic intensity, or elec-

trotonic function) with Thomson’s vector potential
A defined in equation 1 above is, in my opinion, the
first great conceptual breakthrough in Maxwell’s
scientific research: Taking the curl of both sides of
equation 2 we obtain

VxE=-H, 3)

which is the modern form of Faraday’s law. Another
modern form of it is

$E -d1 =~ [[¥1- do, ()

where dl is a line element and do is an element of
area. Maxwell did not write Faraday’s law in either
of the two forms in equations 3 and 4 because his
aim was to give precise definition to Faraday’s elu-
sive concept of the electrotonic state. Indeed, the
concept of the vector potential A remained central
in Maxwell’s thinking throughout his life.




Maxwell was aware of what we now call the
oauge freedom in equations 1-3, namely, that the
gradient of an arbitrary scalar function can be added
to A without changing the result. He discussed that
freedom explicitly in theorem 5 on page 198 of JM. So
which gauge did he choose for A in equations 1-3?
He did not touch on that question, but left it com-
pletely indeterminate. My conclusion: Maxwell im-
plied that there exists a gauge for A in which equa-
tions 1-3 are satisfied.




Maxwell was also fully aware of the importance
of his identification of Faraday’s electrotonic inten-
sity with Thomson’s A. He was afraid that Thomson
might take offense concerning the priority question.
He therefore concluded part 2 of his first paper with
the following remark:

With respect to the history of the pres-
ent theory, I may state that the recogni-
tion of certain mathematical functions
as expressing the “electro-tonic state”
of Faraday, and the use of them in de-
termining electro-dynamic potentials
and electro-motive forces is, as far as I
am aware, original; but the distinct con-
ception of the possibility of the mathe-
matical expressions arose in my mind
from the perusal of Prof. W. Thomson's
papers. (JM, page 209)
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