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Outline of this talk

» Review: Thermodynamics in small systems

» Review: Quantum master equation and laws of
thermodynamics

» Main result 1: Finite-time thermodynamic trade-off
relations and quantum advantages

» Main result 2: Symmetry-based framework and
fundamental limit of guantum advantages

» Application to quantum heat engines

> Conclusion



Thermodynamics in small systems
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Quantum thermodynamics
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Thermodynamic laws out of equilibrium?



Fundamental cost of information erasure

B Information erasure (Memory reset)
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Heat bath

Temperature T
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S = ln 2 > S - O S: von Neuman entropy (quantum)
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« Information erasure (decreasing the system entropy) 4 e e ST
— Heat dissipation is inevitable ,|_Landauer’s bound ,
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« Minimal energetic costs required for information processing protocol time 7 [s]

O Information thermodynamics 0O Thermodynamics of computation
Parrondo, Horowitz, & Sagawa, Nat. Phys. (2015) D. H. Wolpert, et al., PNAS (2024)



Thermodynamics and energetic costs

B Stochastic thermodynamics & Quantum thermodynamics

v Fundamental energetic costs
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Outline of this talk

» Review: Quantum master equation and laws of
thermodynamics



Quantum master equation and detailed balance

| Quantum master equation External
time-
] d dent
0p = Lilp] = =L [H(0), p] + Dy ] ohender
1 1

unitary time-evolution  effect of the bath
(including external drive)

« Dissipator

( System H(t)
P\ 1]

Delp] = Tuo, ¥(@0) (LargpLhy, = 5{LE L 0})

\ Bath

(Inverse

)]
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* L,,: Jump operator

decay, thermal excitation, decoherence

« y(w;): decay/excitation rate

fen ergy level \

temperatu

re: B)

local detailed balance: y(w;) /y(—w¢) = exp[Bw¢]

— steady-state = thermal equilibrium state i.e., £;[pf"] = 0, pft = e=PH® /7 (1)

v’ provides thermodynamically consistent dynamics
— allows us to study nonequilibrium thermodynamics



Work, heat and 15t law out of equilibrium

W 1st|aw of thermodynamics (energy conservation)

0,(Tr[Hp]) = Tr[(3.H)p] + Tr[Hd,p]
7 7 7

internal energy change £ work flux 1/ heat flux J

B Physical interpretation

Work flux: W = Tr[(8.H)p] Heat flux: J = Tr[Hd,p]
=~ o 0y (@)Tr L] Lup)
substitute ME: d,p = —+ [H, p] + D[p]
energy from the external time- energy exchange with the bath via
dependent driving gquantum jumps L,
External Bath
drive (Inverse
temperatu
re: )
— —




Entropy production and 2"d |[aw out of equilibrium

B Entropy production rate entropy of the entire system
. : G = S + S
0-()0) — S(p) — B](p) 2 O System Bath
f \ g
von Neumann entropy change of entropy change of the bath T '
the system (S(p) = —Tr[p] 'y = —
y (S(p) rlplnpl) (S =—BJ)
B 2"d Jaw of thermodynamics o Pt
\
- Spohn’s representation [J. Math. Phys. 19, 1227, (1978)] SN
o [oellp™] o7 3
6 = lim = (D[orl 1o ~ Dlpesacl i) = 0 o e
o pih = ¢=BHW® s7(t): thermal equilibrium state QQM;. Ot +dt
* Dlplle] = Tr[p(Inp —Ing)]: relative entropy D(pesacllot"]

quantifies how a nonequilibrium state p, becomes closer to the thermal equilibrium state pt"

* Measure of thermodynamic irreversibility (approach to equilibrium)

* Quantifies energetic costs (c.f. dissipated work o = BWy;s) Wais = —AF — Weye
F: nonequilibrium free-energy



Outline of this talk

» Main result 1: Finite-time thermodynamic trade-off
relations and quantum advantages
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Fundamental thermodynamic costs in finite-time H

B Second law of thermodynamics
5(2)o0
1
equality is achieved by quasi-static (infinitely slow) processes

« However, we want to achieve high-speed operation with low energetic costs
— fundamental limit in finite-time?

B Thermodynamic speed limits | -
Thermodynamic speed limit

L1 distance entropy production

v s 1
L(po, -) : Sz
T o O
¢ N 5 O
time duration activity (average transition rate) § Gé_) ______ fundamental
52 limit via 2" law
« fundamental trade-off relation between o2 >

speed and energetic costs operation speed

 Classical master equation: N. Shiraishi, KF, K. Saito, PRL (2018)
* Quantum master equation: KF, N. Shiraishi, K. Saito, NJP (2019)
» Recent development using optimal transport theory: T. Van Vu, K. Saito, PRX (2023), and many more



Thermodynamic trade-off relations e

B Nonequilibrium and finite-time thermodynamic trade-off relations

current (speed) & energetic costs

« Thermodynamic uncertainty relations (TUR) Barato, Seifert PRL (2015)
Gingrich, et al., PRL (2016)

precision of general current & entropy production

 Current-dissipation trade-off relation N. Shiraishi, K. Saito, H. Tasaki, PRL (2016)
_ H. Tajima & KF, PRL (2021)
heat current & entropy production

« Thermodynamic speed limits N. Shiraishi, KF, K. Saito, PRL (2018)
KF, N. Shiraishi, K. Saito, NJP (2019)

probability current (speed) & entropy production

Quantum effects (coherence, entanglement)

— Enhancing the operation speed while suppressing energetic costs?



Effect of coherence in open quantum systems

External System Bath

Setup: quantum master equation with detailed balance drive

tomperaty
. T 1(,1 o
dcp = —i[H, p] + Xaw Yaw [La,pra,w - E{La,wl‘a,w'p}]

B Bath destroys coherence between different energy levels

. . iag = 2 Iipll;
U(Pdiag) < ad(p) paing = ZiTep 5 = decoherence
— — I1; :projection to i-th energy CTJ M
No energy level coherence With coherence eigenspace LICJ
« energy level coherence — larger ¢ (disadvantage)
J. P. Santos, et al., npj Quantum Information (2019); H. Tajima & KF, PRL (2021)
B Coherence between degenerate states may not be destroyed decoherence-
_ _ free subspace
c.f. decoherence-free subspace, Review: D. A. Lidar, Adv. Chem. Phys. (2014) g
E I
c
L

 We show that coherence between degenerate states
is useful based on thermodynamic trade-off relations

H. Tajima & KF, PRL (2021)



Thermodynamic trade-off: Quantum advantage

B Current-dissipation trade-off relation

O Without degeneracy
coherence

]2 (Pinc) B Aq
J.(pinc) -2

O With degeneracy
coherence
Quantum effect!

J? (Pcon) < Ag + Agm
d(pcoh) B 2

» J: heat current, ¢: entropy production rate

« Average transition rate (Activity-like quantity)
A= Zwﬂz da Ya,olT [L-L,wl’a,wp] = Aaq + Agm

transition energy

transition rate /

(superposition of degenerate states) x (collective jumps)

entropy production &

H. Tajima, KF, PRL 127, 190604 (2021)
[Editors’ suggestion, featured in Physics]

Improvement

+« Without of the trade-off

superp.osition/ /’\
collective /

jump

’/
-
-

With superposition
& collective jump

Heat current J
(speed)

B Quantum advantages based on universal thermodynamic trade-off relation

v' Quantum superposition + collective jumps — higher speed & lower energetic cost



Example: Super-radiance

B Identical N qubit system
- Hamiltonian: H = >3, o7

 Initial state: symmetric Dicke state:

1
|l/}) =N 2(|€,g,'",g) + et |g,"'g,,€))
L J

1
superposition of N states with one excitation

O Local jumps: {o; }¥,

0ep = —i[H,p] + T, %; (Ui_PUi+ - %{U;rffi_;/?})

- Average transition rate: A = w?I}

O Collective jumps: J~ =Y;0;

0cp = —ilH,pl + T, (J o/ * =3 U*7,0})

Average transition rate: A = w?NT (super-radiance)

15

™ 1st excited symmetric
W == Dicke state
&0
= l Average transition
V
c rate A
L
04+ —— ground state
\ |g'g"g) J
N qubit system
/_‘\ /_‘\ /_‘\ /_‘\ | e>
( | 1 |
= T N — 1g)
local jumps é é é é
__________________ :
: Bath !
N qubit system
/_‘\ /_‘\ /_‘\ /_‘\
(T (0 (0 (T
N N S A —d
coIIectivejumpsé

Dicke, Phys. Rev. (1954) @ & c e e e e e e e e e e - - 1

superposition + collective jumps — O(N) enhancement of average transition rate



Summary 1: Quantum advantages in quantum systems 16

B Dicke super-radiance model and O(N) enhancement of A

° O(N) improvement
Without quantum With quantum superposition 51 Without
superposition/collective jumps & collective jumps % | superposition/ ;"\
~ ~ R ~ 8 | collective /
i S i R RN —n x N a.\/.erage (f_\l (f_\r (/_\p Ce {/_\, E jump ’
(™0 (T (T (T transition rate A ¥—v ~Tv T = o
B 2 . .

é é é é o With superposition
me-ess--s--------- : CTTTT oo oooooooes : = & collectiveijmp
L I?E_ﬂP________' e I??tP________' ® Heat current J

(speed)
2 A A
B We have shown quantum advantages based on ]. (Pcon) < Act ¥ Agm
universal thermodynamic trade-off relation 6 (Pcon) 2

H. Tajima, KF, PRL 127, 190604 (2021)

Superposition & > . higher speed &
collective jumps Enhancement of 4 lower energetic cost

fundamental limit of the average jump rate A ?
— Main result 2



Outline of this talk

» Main result 2: Symmetry-based framework and
fundamental limit of guantum advantages

17




Fundamental limit and symmetry-based framework 19

Superposition & > higher speed &
collective jumps Enhancement of 4 e lower energetic cost

fundamental limit of the effective jump rate A ?

B Symmetry and decoherence-free subspace D. A. Lidar, Adv. Chem. Phys. (2014)

« Symmetric noise (same random phase ¢)

|g>j - |g>j7 |€)j —>€_i¢|e)j

19,9) = |d,9) A decoherence-
'_Ig _g; i %):lg_ o - | lee) free subspace
,19.e) > e"|g,e), acquire the O e m—
'le,g) = e'®le,g) ! same phase D e lg.e leg
L_____Eu_p___l W o Symmetry may be the key to
le,e) = e“?le, e) 19, 9) construct a general theory
Svymmetry-based framework KF & H. Tajima arXiv:2408.04280 (accepted in PRL)

v' General upper bound on the effective jump rate 4



19

Setup

B Quantum master equation

. 1
dep = L(p) = —i[H, ,0] + Za,w Ya,w [La,prE,w - E{Lg,wl’a,aﬂp}]

H=Ty . €x: energy eigenvalues, I1;: projection to k-th energy eigenspace
[ ] —_— E
kek Tk N, = dim(I1;): number of degeneracy for k-th energy level

O Symmetry of the Hamiltonian
|H,V,| =0forallgeéG

O Symmetry of Liouville superoperator  B. Buéa, T. Prosen, NJP (2012)

Weak symmetry condition Strong symmetry condition
L) = VLGV — [Wlawl =0 [mY] =0
for any operator x and forall g € G i forallg e G

Time-evolution preserves the symmetry
of quantum states p

Time-evolution is block-decomposed
into different symmetry sectors

(We assume this weaker condition)

— analyze the average jumprate 4 = ¥, ©* Y Va0 Tr [L-lc-z,a)La,a)p]

*We choose a “natural” V; for given H for the sake of simplicity in this presentation. For general V, please see arXiv:2408.04280



General upper bound on A and optimal condition

20

KF & H. Tajima arXiv:2408.04280 (accepted in PRL)

B For any density matrices p and jump operators {L, .}, we obtain

A(p, {La,w})@zw w* Y Pk NicCr (Law)

« A can be enhanced up to V', times the norm of
jump operators c; for each k-th subspace

*Trivial rescaling \/Va wLaw = CVawlaw l€@ds to A — CA.
To exclude such effects, we introduce the norm ¢,

B Optimal condition

N,: number of degeneracy
pr = Tr[I;p]: occupation probability of
k-th state

— N~ T
Ck (La,w) T Nk 1 Za Va,a)Tr [La,a)La,a)Hk]
(Hilbert-Schmidt norm of L, ,, in the k-th
subspace divided by its dimension V)

O Symmetric state pSy™ O Symmetric jump operator {L;);
[{gpsym — psym]/; = pSY™ forallg €G VQLZYGT = Liﬁ?l{; = Lzyar? forallg e G

\ unchanged by the action of ¥, /

v" Number of degeneracy N, sets the fundamental limit of A

v' Optimal symmetry condition is identified



Example: Permutation-invariant N qubit systems

Permutation symmetry = I U,

* Hamiltonian H = %Zi o | Symmetiic N = 4 Dicke ladders
« Invariant under permutation of subsystem labels i Z: —

* N, = yC : number of degeneracy (k-th energy level) EZZ

Optimal condition

O Symmetric state p”™ = [ Wypo™| O Symmetric jJump operator L

sym

—1/2 -
|¢sym) Nk / 291{9 |e)®k X |g>®,N ¥ sym e V'I'
| = 01 " Oy O' O'
superposition of all states with k-excitation 2 Z 17 TnetPniz anrte
n=0 geSy

(2n + 1)-body jump operators

 symmetric Dicke states * requires multi-qubit nonlinear and collective jump



Scaling of 4 for permutation-invariant system

Scaling of A for different jump operators

We consider a symmetric Dicke state with k = N /2
(i.e., half of the qubits are excited)

U = M B Yy 1) © 19)°V

B Symmetric jump operator

Sym N/2 - + + t
= Yim= desN Vg01 * Oms10ma2 = O2me1Vy
J

|
multi-qubit nonlinear and collective jumps

—>A/(1)2CN/2 :NN/Z "'ZN/\/N (Optlmal)

B Three-body approximation

Ly =307 +Zgl<1)¢10 o o' ._’A/w cnjz = O(N?)

3- bodyjumps
B One-body approximation

Jr-ar — 20 A /wch/Z = O(N) (super-radiance)

w

{Lloc — {O.i—} N

Symmetric
4 Dicke states

N = 4 Dicke ladders

=

L A
L (A |

S = N W s

Plot of A (|1/)

Y Law})

| e | SYM
Lw{)

OR2N/VN)




Scaling of A and symmetry condition

23

. : ) o] L OR2"/VN)
Scaling of A for different jump operators P P
a 3 1-a
We consider a symmetric Dicke state with k = N/2 = B Ei)
(i.e., half of the qubits are excited) " 102t}
S ] O(N)
V) = M Saesy Yo 19052 @ 1) 2 3" —
100_
N 5 10 15
B Symmetric jump operator N
N/2 - . .-
L™ =y ZgESNVgal “ Om410maz '"0-2+m+1]{q1-' Optimal symmetry condition
|
multi-qubit nonlinear and collective jumps VqLi)ym — LSymVT — Lsym
_)A/(I)ZCN/Z :NN/Z "’ZN/\/N (Optlmal)
B Three-body approximation — T
I e +ZQ<])¢10 7ot — A Jwicy = O(N3) Strong symmetry
3- bodyjumps - [Vg,LZ)_ap] =0
B One-body approximation T
L};ap =Y,00 A /wch/z = O(N) (super-radiance) _
Ty — t
{Lioc} = {07} — LgxVg) = Vg L(x)V,

v' Larger scaling when {L, .} better respects the optimal symmetry condition



Outline of this talk

» Application to quantum heat engines

24
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Application to heat engines

B Finite-time quantum Otto engine

7N\

===
a)C¢ \m / \:/ \:I

=

7N\

7N

#

<+
0%

4. Finite-time
thermalization
with the cold bath

7N

|

el B e
=/ O\ —

7N

N -

7N

J—
\—"

B Performance of heat engines

Efficiency : n =W /Qy
Heat-to-work conversion efficiency

"y

ﬁ |

1. Adiabatic
expansion

3. Adiabatic
compression

_

A

B Otto efficiency and Carnot efficiency

Otto efficiency

Carnot efficiency
(ideal efficiency)

=

2. Finite-time
thermalization
with the hot bath
QH
' \ ' \ ' \. \
T I l I
\ I\ I 1\ ] \ I
= = 1/
 Power:P=W/t

Extracted work per unit time
T: time duration to complete one cycle

Note: The efficiency of finite-time quantum Otto engine is
given by no, If the adiabatic strokes (1 and 3) are ideal



Power-efficiency trade-off and quantum coherence

B Power-efficiency trade-off relation

Shiraishi, Saito, Tasaki, PRL (2016);
Shiraishi, Saito, J. Stat. Phys (2019);

P < b/Tn <77Car —7) Tajima & KF, PRL (2021)

« constant factor: b = 2(2 — 1¢gr)?/Be
+ A=t [dtA(p(®) {Lew))

time-average average jump rate

B Scaling analysis

« A can be enhanced by considering the
symmetry condition on the jump operator =
3
= Allows approaching close to the Carnot <
efficiency while maintaining high power

Power-efficiency trade-off relation

N

Power P

Symmetry

N

26

Carnot efficiency # Efficiency n

Scaling of A for thermal state and

jump operators with detailed balance

1011 4

108 4

105 J

102 4

exponential

O(N3)

O(N)

20

40 60

80



Scaling of the power and efficiency *

Numerical calculation of N-qubit heat engine model

B Consider a protocol that asymptotically reaches Specifically, we choose (6 is a constant)
the Carnot efficiency: nc,r —n = 0(1/N) we = (‘;—Z+%) wg =N =1-2E=ncg -2
 Super-radiant heat engine: L7 = ¥, g; A=0(N)->P=0(1) power saturates
«  3-body jump approximation: L3~ A=0(N3) - P =0(N? 25;,‘,’23 super-radiant
Symmetric jump operator: L™ A&P - exponential scaling
(a) (b) :
“ L B el | — ] SYM exponential
© Wo
S S
= x1071
0.9 Near — N = O(1/N) 3_
> Q
o
5 5 102
'O 0.8 =
5 =
10_33 - 0(1)
0 10 20 30 0 10 20 30
N N

v O(NZ) to exponential power enhancement compared to super-radiant heat engines



Outline of this talk

> Conclusion
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Summary

B \We have shown quantum advantages based on
universal thermodynamic trade-off relation

> ' Enhancement
of A

1
1
| R ) SR

higher speed &
lower energetic cost

Superposition &
collective jumps

B We have introduced a symmetry-based framework
to show the fundamental limit of the average jump
rate A

-~

-~

entropy production &

29

O(N) improvement
Without
superposition/ /
collective / \
jump

With superposition
& collective jump

Heat current ]'
(speed)

—
L

3-a
— L3

1-a
— L

o
-

B Heat engine model asymptotically reaching the
Carnot efficiency while exponential scaling
of power

Efficiency n/Ncar ©

Power P/wyyy

0 10 20 30

H. Tajima, KF, PRL 127, 190604 (2021)
KF & H. Tajima arXiv:2408.04280 (accepted in PRL)
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