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QCD phase diagram in T − µB plane
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- sign problem at finite µ
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Chiral limit of QCD with two light flavors
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Ô Tc - a fundamental scale of QCD

Ô Expected to belong to the universality class
of 3d O(4) spin model
[SU(2)× SU(2) ≈ O(4)]
[Pisarski and Wilczek, PRD 29 338 (1984)]

Ô Important for understanding the phase diagram
at physical mass
[Hatta and Ikeda, PRD67 014028 (2003)]

Mugdha Sarkar (NTU) Critical behavior towards chiral limit 4

Tc = 132+3
−6 MeV

[HotQCD, PRL 123, 062002 (2019)]

Tpc = 156.5(1.5) MeV

[HotQCD, PLB 795 (2019) 15–21]
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Columbia plot
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Depending on UA(1) symmetry restoration relative to chiral symmetry
restoration and number of flavors, the chiral phase transition can also be
first order [Pisarski and Wilczek, PRD 29 338 (1984)]
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[Philipsen and Pinke, PRD93, 114507, 2016]

Ô Variable Nf [Cuteri, Philipsen

and Sciarra, 2107.12739]

Nf = 3 [Dini et al, Phys.Rev.D

105 (2022) 3, 034510]

Ô Effective UA(1)
restoration [Ding et al, PRL

126 (2021) 8, 082001]

Ô Imprint on observables
[Kaczmarek et al, 2010.15593]

The left scenario seems to be
favored
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RG Scaling
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Free energy density f(t, h) = − 1
V lnZ = fs + fr

dimensionless couplings

t = 1
t0
T−Tc
Tc

“reduced” temperature

h = H
h0

magnetization

RG scaling equation

fs(u1, u2, u3, . . .) = b−dfs(b
y1u1, b

y2u2, b
y3u3, . . .)

Choose arbitrary scaling factor b = u
−1/yh
h

fs(ut, uh, . . .) = u
d/yh
h fs(utu

−yt/yh
h , 1, . . .)

Close to the critical point (t = h = 0), ut = t, uh = h

fs = h(2−α)/βδff(z)

Universal scaling function ff (z)
Scaling variable z = t

hβδ

For 3d O(N) models
relevant fields u1 = ut, u2 = uh
with yt, yh > 0
infinitely many irrelevant fields
with yj < 0

Using yt = 1
ν , yh = βδ

ν
2− α = dν, γ = β(δ − 1),
dν = β(1 + δ)
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Critical behavior in vicinity of the chiral phase transition
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p
T 4 = 1

V T 3 lnZ(T, ~µ,ml) = h(2−α)/βδff(z) + fr(T, ~µ,ml)

singular regular

infinite
volume

t̄ ≡ tt0 =
(
T−Tc
Tc

+ κX2
(µX
T

)2)
“energy-like” coupling

H ≡ hh0 = ml
ms

“magnetic-like”coupling

Scaling variable

z = z0t̄/H
1/βδ

z0 = h
1/βδ
0 /t0

Chiral phase transition at
ml ≡mu = md = 0 (h = 0)
T = Tc (t = 0) at µ = 0
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Derivatives of free energy density / pressure

Mugdha Sarkar (NTU) Critical behavior towards chiral limit 8

divergence :

magnetic-like

∂2 lnZ
∂H2

∼H1/δ−1

∼H−0.79

strong

mixed

∂2 lnZ
∂H∂t

∼H(β−1)/βδ

∼H−0.34

moderate

energy-like

∂2 lnZ
∂t2

∼H−α/βδ

∼H+0.11

vanishes

Conserved charge
fluctuations are
energy-like w.r.t to
chiral phase transition
(also Polyakov loop)

3d O(2) universality class
Staggered fermions at finite lattice spacing
O(4) recovered in continuum limit
At our lattice spacing Tc ∼ 145 MeV

critical exponents

α β δ

O(4) -0.21 0.38 4.82

O(2) -0.017 0.349 4.78

Z(2) +0.109 0.325 4.8
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Lattice Setup

ê Gauge ensembles generated with HISQ fermion discretization

ê Ensembles for smaller-than-physical quark (up, down) masses
ml = ms/27,ms/40,ms/80,ms/160, keeping strange quark mass ms fixed at
physical value. Corresp. pion masses : 140 MeV, 110 MeV, 80 MeV, 58 MeV.

ê For scale setting, we use the kaon decay constant obtained in calculations with
the HISQ action, i.e., fK = 156.1/

√
2 MeV [Bazavov et al. (MILC Collaboration), Proc.

Sci., LATTICE2010 (2010) 074]

ê Continuum limit not yet performed. Measurements done at the largest simulated
volumes for each mass at fixed time extent Nτ = 8.

ê Computing resources : Jülich (Germany), Piz Daint (Switzerland), JLAB (USA),
Bielefeld (Germany) and Wuhan (China) supercomputing facilities.

Mugdha Sarkar (NTU) Critical behavior towards chiral limit 9



Lattice Setup

ê Gauge ensembles generated with HISQ fermion discretization

ê Ensembles for smaller-than-physical quark (up, down) masses
ml = ms/27,ms/40,ms/80,ms/160, keeping strange quark mass ms fixed at
physical value. Corresp. pion masses : 140 MeV, 110 MeV, 80 MeV, 58 MeV.

ê For scale setting, we use the kaon decay constant obtained in calculations with
the HISQ action, i.e., fK = 156.1/

√
2 MeV [Bazavov et al. (MILC Collaboration), Proc.

Sci., LATTICE2010 (2010) 074]

ê Continuum limit not yet performed. Measurements done at the largest simulated
volumes for each mass at fixed time extent Nτ = 8.
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Results I : Polyakov loop and HQFE
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Clarke, Kaczmarek, Karsch, Lahiri, MS, PRD
103, L011501 (2021)Polyakov loop

P~x ≡
1

3
tr
∏
τ

U4 (~x, τ) , P ≡ 1

N3
σ

∑
~x

P~x

Heavy quark free energy

Fq(T,H) = −T ln 〈P 〉 = −T
2

lim
|~x−~y|→∞

ln〈P~xP
†
~y 〉

In quenched limit (mq →∞),
〈P 〉 = 0 : confinement
〈P 〉 6= 0 : deconfinement

ê At large masses, inflection points of
〈P 〉 and

〈
ψ̄ψ
〉

seem to coincide
[Cheng et al., PRD 77, 014511 (2008)]

ê However at physical masses, no
inflection point observed in 〈P 〉
around Tpc
[Clarke et al, PoS LATTICE2019, 194 (2020).]

Is the rapid change in 〈P 〉 around Tpc still
sensitive to the confinement-deconfinement
transition or something else?
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ê However at physical masses, no
inflection point observed in 〈P 〉
around Tpc
[Clarke et al, PoS LATTICE2019, 194 (2020).]

Is the rapid change in 〈P 〉 around Tpc still
sensitive to the confinement-deconfinement
transition or something else?
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– purely gluonic and invariant under chiral
transformation
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T−Tc
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H−1/βδ) + freg

freg(T,H) =
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i,j a
r
i,2jt

iH2j = ar0,0 + ar1,0t

– 5 parameter fit alongwith universal O(2)
scaling function and critical exponents

〈P 〉T,H = exp
(
−AH(1−α)/βδf ′f (z)− freg
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singular part regular part

Hmax A Tc z0 ar0,0 ar1,0
1/27 2.48(2) 145.6(3) 2.24(5) 2.74(1) -34.4(7)
1/40 2.26(5) 144.2(6) 1.83(9) 2.81(3) -27(1)

Tc and z0 match with earlier results
[HotQCD, PRL 123, 062002 (2019)]
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∂Fq(T,H)/T

∂T = Az0H
−α/βδf ′′f (z) + Tc
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[MS, Kaczmarek, Karsch, Lahiri, Schmidt,
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Conserved charge fluctuations at µ = 0 (Singular part) :

χX2n = − ∂2np/T 4

∂(µX/T )2n

∣∣∣∣∣
µX=0

∼ − (2κX2 )n H(2−α−n)/βδf
(n)
f (z)
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in HIC
experiments
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Second order charge fluctuations χ2
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Estimation of singular contribution to χ2
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χX2 (Tc,H) ∼ −κX2 H(1−α)/βδf
(1)
f (0) + const. reg. term +O(H2)
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Quark Chiral condensate Σu = ms
f4K
〈ūu〉 ⇒ magnetic-like observable

Σu ∼ H1/δfG(z) + reg.

CΣu
2,B ≡

∂2Σu
∂(µB/T )2

∼ −κB2 H(β−1)/βδf ′G(z) + reg. β−1
βδ = −0.39, O(2)

Divergent already
for 2nd order
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[HotQCD, PLB 795 (2019) 15]

Physical mass
κB,phy2 = 0.015(4)
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Conclusions and Outlook

Ô Consistent with O(2) universality class in the chiral limit
(O(4) in the continuum limit)

Ô 〈P 〉 and Fq/T seem to behave as energy-like observables w.r.t. chiral phase
transition

Ô Singular fit parameters match well with earlier results

Ô Singular part at physical mass can be extracted

Ô Preliminary estimate of curvature in chiral limit - consistent with physical mass

Thank you for your attention
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