
Che-Yu Chen

Institute of Physics, Academia Sinica, Taiwan

• CYC, HWC, JST, arXiv:2205.02433

The Future is Illuminating, NCTS, Taiwan, 28 June, 2022



§Geometric-optics approximations for BHs

§Black hole spacetimes with less symmetry
§Deformed Schwarzschild spacetime

§Conclusions

1



§Geometric-optics approximations for BHs

§Black hole spacetimes with less symmetry
§Deformed Schwarzschild spacetime

§Conclusions

2



Strain

Time

3



Ringdown:
QNM

Strain

Time

4

Field propagation in BH spacetimes

∇"∇"# = ⋯



Ringdown:
QNM

Strain

Time

5

Field propagation in BH spacetimes

∇"∇"# = ⋯



Ringdown:
QNM

Strain

Time

6

Field propagation in BH spacetimes

∇"∇"# = ⋯

Photon propagation in BH spacetimes

&"&" = 0



Ringdown:
QNM

Strain

Time

7

Field propagation in BH spacetimes

∇"∇"# = ⋯

Photon propagation in BH spacetimes

&"&" = 0

Geometric-optics approximations



Ringdown:
QNM

Strain

Time

8

Field propagation in BH spacetimes

∇"∇"# = % &/( ~ *

Photon propagation in BH spacetimes

+"+" = 0

Geometric-optics approximations



§ Spacetime symmetry is crucial

§ Non-rotating BH:  

Static and spherically symmetric !"# = −&(()!*# + ,-.
/(-) + (

#!Ω#
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+ 2# Ψ = 45Ψ

• The potential for eikonal (6 → ∞) QNMs: 4 ≈ : -
-. 6

#

• The peak of the potential coincides with the photon 
sphere
• Photon sphere equation: ;-[&(()/(#] = 0

2 3 4 5
r

0.5

1.0

1.5

Vg

approach photon sphere when (6 → ∞) 



§ The eikonal QNMs (! → ∞) and the photon sphere

$ ≈ Ω'! − )(+ + 1/2)|2'|
§ 34 $ :↔ Ω' (orbital frequency of the photon sphere)

§ 78 $ :↔ 2' (Lyapunov exponent) Cardoso, Miranda, Berti, Witek, Zanchin (2009)
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Yang et al. (2012)

Recently extended to Kerr-Newman by Li et al. (2021)

• Separable geodesic equations (Carter constant), and separable wave equations



§ A simple relation formula (non-rotating BH)

!" = lim'≫)
*
+,

Jusufi (2020), Cuadros-Melgar et al. (2020)

§ A general mapping exists for Kerr BHs
Jusufi (2020), Yang (2021)

§ What if the black hole spacetime has less symmetry?
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• Small deformation: |"| ≪ 1

• A general axisymmetric 
deformation which excludes
frame-dragging effects



§ How to deal with the separability issue?

§ Up to 1st order of !, one can use the projection method and obtain the 
!-corrections on the zeroth order equation

Cano, Fransen, Hertog (2020)

§ A Schrödinger-like master equation is attainable (up to 1st order of !)

(#$∗&+(&)Ψ+, = ./00 1, 3, 4 Ψ56
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!"## $ ≈ &'
$' 1 − 2+$ [1 + .(01 $ − 21($))]

§ Only deformations in 566 and 577 components appear

Photon motion
§ Planar circular photon orbits still exist, but not on equatorial plane 

(due to odd power of 8 in cos< =) 
§ Up to 1st of in ., the radius of orbits is determined by

>?
1 − 2+$
$' 1 + .01 − .21 = 0
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!"## $ ≈ &'
$' 1 − 2+$ 1 + -.

/01

2 1
4/ 4/

'/ 5'/ − 4'/

§ Only deformations in 677 and 688 components appear

Photon motion
§ Radial and latitudinal sectors are not separable

§ Photon orbits $(:) do not have constant $
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§ These photon orbits should
§ be periodic
§ form a class of limit cycles

§ We can integrate the orbits along full periods:   ∮"# = ∮ &̇'("&
§ Integrating the radial component of geodesic eqs., we have
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§ These photon orbits should
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definition of limit cycle

Lyapunov exponent is )(1)

= 0 averaged radius along one period



§ The peak of the effective potential corresponds to the averaged 
radius of these orbits along one period

§ This is true also for generic orbits, which corresponds to generic !
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§ Geometric-optics approximation adopted in BH spacetime
§ Correspondence between eikonal QNMs and photon orbits

§ Schwarzschild and Kerr: Using their symmetries

§ What if the black hole spacetime has less symmetry?

§ Eikonal correspondence through the definition of averaged radius
along full closed photon orbits

§ Future:
§ Non-axisymmetric deformations
§ Deformed Kerr
§ Observational implications
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Thank you for your attention!


