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|-1 Stochastic System Description (I Dim.)

: Brownian dynamics
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Wikipedia

Phenomenological stochastic equation of motion

V=2

mov = environmental force = —yv + £(1)

frictional force —yv: mv = —yv

(Langevin equation)

v — 0 inconsistent with (v?) = ——

random (fluctuating) force &(t)

simplest form: Gaussian white noise

(€(t)) =0

(E(B)&(t')) = 2Dd(t —t)



|-2 Correlation function (I Dim.)
: Brownian dynamics
Langevin equation: mo = —yv + £(¢)

velocity

Let v(t) = e "/™w(t) — mib = —ye WV Mw(t) + me” T ™ (t) t
—~yv(t) £(t) — w(t) = i/ ds e75/™¢(s)
1t o
v(t) = e "™y (0) + E/ ds e Vt=3)/mg(g)
0

velocity correlation

(o(t2)o(0a)) = e (0) 4 er/mZ | Rt
0
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|-3 Thermodynamic First Law (I Dim.)

: Brownian dynamics

0
Langevin equation: mv = —a—xU(az, At) + fue —yv + (1)
moouvdl |= —QU(x A¢)ovdt|+ focovdt + (—yv + &(t))ovdt
/ Ox

Stratonovich multiplication

(ov — % Ut+d752+ Ut)

aa)\U)\dt + foc ovdt + (—yv 4+ £(t)) o vdt

dE :energy change dW :work d() :heat

m ., o 2

5(vt+dt — v7) dU =0, Uzdt |+ O\UNdt

m
dU + E(vtz—l—dt —v}) =

integral form

E(t)— E0) = —U)\dt + / Jncvdt + / —yv + £(t)) o vdt



-4 Overdamped Systems (| Dim.)

: Thermodynamic first law
0

Langevin equation: mv = —%U(x, At) + fue — v+ &(2)
Ener ia — . - i 1
Reynolds number: Re = t muv Re of cell or sub-cellular motion is small.
Fyiscous = YU ex) typical bacterium: Re ~ 10

typical molecular motor: Re ~ 108

inertia term neglected: overdamped Langevin equation

0
fyx — _8—;5U(x7)\t) + fnc + f(t)

thermodynamic first law

— dU—aa)\U)\dt+fnCodx+( —~i + £(t)) o du

dFE :energy change dW :work d@) :heat

integral form

E(t) — E(0) = —U)\dt+/ fncoda:—l—/( v +&()) o dx



|-5 Engine Examples (I Dim.)

: Stochastic Stirling heat engine Blickle and Bechinger, Nat. Phys. 8, 143 (2012)

T.=86°C . (&) t
" Th: isothermal process / @ 9 (1 dk
Isothermal W — L, - k xr _dt
o W= v, Ok \2 @) G
" IE@ M pic Stirling cycl 1 kmax
Te L
2 kmin
@ T
quasi-static process <562> -
[ @
> v [ Tﬂc1 kmax
= —In
Isoth | 2 kmln
e T |sothcg1|p"r;s1loﬁl process
large stiffness kmax small stiffness kmin
(small volume) (large volume)

integral form FE(t) — E(0) = —U)\dt + / Jne o dx + / (—yz +&(t)) odx



|-5 Engine Examples (I Dim.)

: Stochastic Stirling heat engine Blickle and Bechinger, Nat. Phys. 8, 143 (2012)
z T k
T Wiy=2)= ?c In —=

heate L) Th: isothermal process

Isothermal
Expansion

pA lE@ ! kmax
i (W2)-3) = Wy—a)) =0
[fe (I) (QRuy—2) = /m (W)= (2))
(@3)—>)) = M W<3>ﬁ<4>
Fesoe Tc isothermal process (Q2)5(3)) = (AE(3)_(3)) = (Th ~T,)
large stiffness kmax small stiffness kmin
(small volume) (large volume) (Qursn) = (AEuy 1)) = 1 (T )
~Wi)»@w) — Wa-@) nc T
— — 1 - _—
<nc = T,

(Q3)=(4)) f 1+ nc/ In(kmax/kmin)

efficiency: n = Qra)o) ©
Check this equality.




2-1 Multidimensional Stochastic Systems

: Description and thermodynamic first law
Langevin equation: & = -V, U(x, \;) + F"° + £
w:(xla"'ny)T FnCZ(?Cv"'v ]I\17C>T

D: NxN symmetric positive definite matrix

oU . : :
thermodynamic first law: dU = —)\dt + F" o xdt + (—yx + &) o dt

t
integral form: / —)\dt + / F" o xdt + / (—yx + &) o xdt
0



2-2 Multidimensional Linear Stochastic Systems

: Linear system and stability condition

Langevin equation: vy = —V,U(x, \;) + F"'° + &
= (r1,,an) FY = (A )
€= (& 6n)" (EME)) =2Do(t — 1)
D: NxN symmetric positive definite matrix

Linear potential: —VaU(z, ;) = —Kz (K: NxN matrix)

Linear non-conservative force: F"° = Fx (F: NxN matrix)

—z=—-Az+E (E=&/7) :multidimensional Ornstein-Uhlenbeck process

t
Formal solution: x(t) = e *w(t) — z(t) = e z(0) —I—/ ds e A=) =
0

stability condition: SAS™! = Ag — e A = §1lgAdlg
if an eigenvalue of A is negative, x(¢) diverges.

all eigenvalues of A should be positive for convergence in long time limit.



2-3 Correlation function

Langevin equation:

—z=—-Az+E (E=&/7) :multidimensional Ornstein-Uhlenbeck process

t
Formal solution: z(t) = e Mw(t) — z(t) = e *x(0) —I—/ ds e AMI=9)=
0

Define B' = e~ — z;(t) = > Blz;(0) + / dSZBt =
J

Correlation function (x;(t)x;(t))
<<Zsz1‘k /t dSZBt_S" ) <ZBle / dsZBt s: >>
0 k
_ ZB t (0 +ZB / dsBlT 5 24(0) (54(s))
+ ) Bj ds'B!, % x ds' [ dsy B!~ B’ *(Zk(s)Zu(s))
5 z/O aoEy [ o [fay z

T min(¢,t")
_Zsz Lk (0 (o>+—/ dsZBt ~UBY
0

8



2-4 Covariance Matrix and Steady-State Distribution

: Covariance matrix (equal-time correlation function in a steady state)

Langevin equation:

—&=-Az+E (E=¢/y) (E@)EH)) =2Di(t 1)

(r171)s ... (T1TN)s
Define C= (zx'), =
(rtNx1)s .- (TNTN)s
dC
—=—AC— CAT +2D/7? +O(dt) =0 — AC+ CAT =2D/4?

symmetric: (N2+N)/2 linear equations

Derive AC 4+ CA" = 2D /~?

Steady state distribution

1 1 _ Kwon, Ao, Thouless, PNAS 102, 13029 (2005
P(x) = exp | ——x'C 'z (2005)
\/det(2mC) Kwon, Noh, Park, PRE 83,061145 (2011)

2

— Any moments can be calculated.  (z{'z7"),



2-5 Example: Linear Stochastic Engine

: Model
Y1 = —kx1 + €xo + €1 11 <€z(t)53 (t/)> — 27T’&52]5<t — t/>
Y&y = —kxa + 01 + &2 1> T, > Ty
relevant system: Brownian gyrator
Filliger et al., PRL99, 230602 (2007)
Work, heat energy Chiang et al., PRE 96,032123(2017)
k(1 0d1)s = €(mz0d1)s + ((—y@1+ &) 0 d1)s =0 = Q1 = —W1 = —e(zg 0.d1)s
E1 W1 Ql
ki(zo0d9)s = 0{x1 0d2)s + (=782 + &2) 0d2)s =0 — Q2 = —Wa = (22 0 21)4
E2 W2 Q2
d
%@3?}5 =2(x;0d;)s =0
d . . . .
S AT1w2)s = (T10d2)s + (I 0@2)s =0 = (¥1082)s = — (&1 072)s
Efficiency
—W h) total work
n =1--

B Ql B € —W:—Wl—WQZ(—E+5)<l‘QOj31>S



2-5 Example: Linear Stochastic Engine

: Model
vE1 = —kx1|+|exa + & T —x=—-Ax+E
’)’j32:—]€£62-|—5371-|—€2 1> 33:(371,332)1- A:l( k —€ )
v\ —o0 k
Efficiency
—W 5 . . .
N = — =1—- - —WZ—Wl—WQZ(—€+5)<CEQOCi31>S
Q1 €

|) Stability condition: all eigenvalues of A should be positive

k+Ved, k—Ved >0 — de < k>

2) Work extraction: —W/ >

0< —W = (—e+8){(x201)s = (—e+ 0)(—k(m2 0 T1)2 + €(@2 0 T2)s + (72 0 &1)5) /Y

5) (T15 — TQE)

C = ( \Z10T1)s (10 T2)s ) L ACHCAT—2D/y? T =T

(Toom1)s (T20m2)s 2k



Derive —TV = (€ = 0)(T10 — Txe)

2k




2-5 Example: Linear Stochastic Engine

 Model nonconservative force

~i1 = —kxy + €xo + & T —=—-Azx +E

YEy = —krz+bémi+& D = (11, 25)7

potential force

Efficiency

=1—- - —WZ—Wl—WQZ(—€+5)<Z

k+Ved, k—Ves >0 — de <k () o=

2) Work extraction: — 11/ > (

@ ©

1
— ( )(T15 T2€) e
B 2k =0 Q.

maximum efficiency: Carnot

power-efficiency tradeoff relation: power vanishes at Carnot

Seo
~~




