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Theoretical Computer Science

A mathematical field attempts to study everything through 
computational lens.

Mathematical field: We don’t do experiments. We prove theorems.

Computation: 
○ How to solve  problems / compute answers efficiently? (Algorithm) 
○ How fast it can be? (Complexity theory) 

For example:
○ Multiplication
○ Factoring
○ Proving theorem

36837277

5737 * 6421 = ?

36837277



Computational Lens

 

Talk: “The Algorithmic Lens: How the Computational Perspective is Transforming the Sciences” by Christos H 
Papadimitriou



Concepts of Algorithm and Complexity

= Algorithm
Input Output



Algorithms and Running Time

● Problem is defined by input/output 
○ E.g., Finding the largest number in {100, 200, 5, 1, 10}. 
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Algorithms and Running Time

● Problem is defined by input/output 
○ E.g., Finding the largest number in {100, 200, 5, 1, 10}.

● Algorithm: given the input, find the output. 
○ E.g., Read/compare numbers one by one.   
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Algorithms and Running Time

● Problem is defined by input/output 
○ E.g., Finding the largest number in {100, 200, 5, 1, 10}.

● Algorithm: given the input, find the output. 
○ E.g., Read/compare numbers one by one.   

● Evaluate the running time of an Alg. in terms of input size. 
○ E.g., Given n numbers, find the largest number.  
○ Input size: n / Running time: O(n) 
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Running Time & Input Size

Evaluate the running time of an Alg. in terms of input size.

Want the running time to grow “slowly” with the input size.

● An algorithm is efficient if its running time is in poly(n).
○ E.g., n2, n100, 10000n.

● An algorithm is inefficient if its running time is >poly(n).
○ E.g., 2n and nlogn.



Examples

●  



Mathematical Methodology

● Design an algorithm A to solve the problem
● Correctness: Show A always outputs correct answers
● Efficiency: Show A always terminate in desired runtime

Multiplication
● Algorithm: textbook multiplication
● Correctness: output = p * q
● Efficiency: terminate in O(n2) time

A needs to work for all input instances
● There are infinite instances!
● Can’t rely on experiments --- rigorous proof needed!



Complexity Measure

● Time complexity: # steps to finish the computation
● Space complexity: required memory for the computation

● Computation Model: 
○ Conventional computer (RAM machine)
○ Turing machine
○ Quantum circuit (Clifford, T, Toffoli gates, etc)
○ Classical circuit (AND, OR, NOT gates, etc)
○ Classical-quantum hybrid model 

● Depth complexity: 
○ # parallel steps to finish the computation



Nai-Hui’s Talk: On the Need for Large Quantum Depth 

●  



Classical Circuit

NAND Classically universal 

Size: # of gates
Depth: # of layers



Quantum Circuit

H
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CNOTSingle-qubit 
unitaries

Quantumly universal 

Size: # of gates
Depth: # of layers



Han-Hsuan’s: Sampling-based sublinear low-rank matrix arithmetic 
framework for dequantizing quantum machine learning

● Quantum-inspired / dequantized classical algorithms
○ Unexpected classical algorithms match quantum ones

● Sublinear time algorithms for several problems 
○ E.g., Semi-definite programming (SDP), matrix inversion

● Sublinear time: do not have time to read all input! 
○ Quantum: QRAM access to the input
○ Classical: sampling access to the input



Provable vs. Heuristic Algorithms

● Not all algorithms can be analyzed provably
● Heuristic algorithms: lack of provable guarantees, but can 

be very powerful and play important role!
○ Machine learning, SAT solver, genetic algorithms, 

simulation annealing
● Quantum heuristic algorithms

○ Quantum annealing, VQE, QAOA, adiabatic alg., etc
○ May lead to first near-term application for QC

● Research methodology
○ Rely on solid experimental evidence, and sometimes, 

good theoretical explanations (e.g., for SAT solvers)
○ Caution: current QC is still too small for exp. evidence… 



Complexity Theory 101 – Formal Definitions
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Computational Problems
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Classical Circuit

NAND Classically universal 

Size: # of gates
Depth: # of layers



Quantum Circuit
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Size: # of gates
Depth: # of layers



Circuit Complexity 

●  



Other Computation Model & Complexity Measure

Computation Models
● Turing Machine, Classical-Quantum Hybrid
Complexity Measure
● Time/Size, Space (memory), Depth


