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Scale Invariance 
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Scale Transformation

No other energy scale except for the Fermi energy
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ẍ+ 1
�t

2x = 0

x $  t $ ⇢

g2D

T̂ + V̂

hV i ⌧ hT i

hV i ⇠ hT i

S = 0 J = 0

hV i = ↵hT i
1
⇤2

4



Zoo of Scale Invariant Quantum Gases

Non-interacting bosons/
fermions at any dimension

No other length scale 
except for density

Unitary Fermi gas at three 
dimension

Tonks gas of bosons/
fermions at one dimension
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Universal behavior:



Gas hold in a trap 

Expansion Experiment with Cold Atoms



Turn off the trap

Expansion Experiment with Cold Atoms



Expansion

Expansion Experiment with Cold Atoms



JILA Group

The First BEC Experiments

MIT Group

leasinlg the higher enierg atomls fromi the
trap; the remaining atonms then rcthermali:e
to a colder temperature.
We accomplished this release with a ra-

dio frequencx (rf) magnetic field (14). Be-
cause the higher energy atoms sample the

Fig. 1. Schematic of the apparatus. Six laser
beams intersect in a glass cell, creating a magne-
to-optical trap (MOT). The cell is 2.5 cm square by
12 cm long, and the beams are 1.5 cm in diame-
ter. The coils generating the fixed quadrupole and
rotating transverse components of the TOP trap
magnetic fields are shown in green and blue, re-
spectively. The glass cell hangs down from a steel
chamber (not shown) containing a vacuum pump
and rubidium source. Also not shown are coils for
injecting the rf magnetic field for evaporation and
the additional laser beams for imaging and opti-
cally pumping the trapped atom sample.

trap regions with higher miagnetic field,
their spin-flip transition frequencies are
shifted as a result of the Zeeman effect. We
set the frequency of the rf field to selective-
ly drive these atoms into an untrapped spin
state. For optimum cooling, the rf frequency
wxas ramped slovwly dowxnward, causing the
central density and collision rate to increase
and temperature to decrease. The final tem-
perature and phase-space densitx of the
sample depends on the final value of the rf
frequency (v,,,).
A typical data cycle during which atoms

are cooled from 300 K to a few hundred
nanokelvin is as folloxws: (i) For 300 s the
optical forces from a magneto-optical trap
(15) (MOT) collect atoms from a room
temperature, -10 torr vapor (10) of
"'TRb atoms; we used a so-called dark MOT
(16) to reduce the loss mechanisms of an
ordinary MOT, enabling the collection of a

large number (10') of atoms even utinder our
unusually low pressure conditions (17). (ii)
The atom cloud is then quickly compressed
and cooled to 20 IJK by adjustment of the
field gradient and laser frequencx (18). (iii)
A small magnetic bias field is applied, and a
short pulse of circularly polari:ed laser light
optically pumps the magnetic moments of
all the atoms so they are parallel with the
magnetic field (the F = 2, mr = 2 angular
momentuim state.) (19). (ix') All laser light
is removed and a TOP trap is constructed in
place around the atoms, the necessary qua-
drupole and rotating fields being turned on

in 1 ms. (v) The quadrupole field compo-
nent of the TOP trap is then adiabatically
ramped uip to its maximum value, thereby

increasing the elastic cocllision rate lby a
factor of 5.

At this point, we had about 4 x 1©0
atoms with a temperature of abouit 90 [LK in
the trap. The trap has an axial oscillation
frequency of about 120 H: and a cylindri-
cally symmetric radial frequency smaller by
a factor of 8. The nutmber density, aver-
aged over the entire cloud, is 2 X 1010
cm \. The elastic collision rate (19) is ap-
proximately three per second, which is 200
times greater than the one per 70 s loss rate
from the trap.

The sample xwas then evaporatively
cooled for 70 s, during which time both the
rf frequency and the magnittude of the ro-
tating field were ramped down, as described
(13, 20). The choice of the value of v,,~i
for the cycle determines the depth of the rf
cut and the temperature of the remaining
atoms. If vl..,,p is 3.6 MH:, the rf "scalpel"
will have cut all the way into the center of
the trap and no atoms will remain. At the
end of the rf ramp, we allowxed the sample to
equilibrate for 2 s (21) and then expanded
the cloiud to measuire the velocity distribu-
tion. For technical reasons, this expansion
was done in txwo stages. The trap spring
constants wxere first adiabatically, reduced bx,
a factor of 75 and then suddenly reduced to
nearly :ero so that the atoms essentially
expanded ballistically. A field gradient re-
mains that suipports the atoms against grav-
ity to allow longer expansion times. Al-
though this approach provides small trans-
verse restoring forces, these are easily taken
into account in the analysis. After a 60-ms
expansion, the spatial distribution of the

B C

Fig. 2. False-color images display the velocity distribution of the cloud (A) just
before the appearance of the condensate. (B) just after the appearance of the
condensate, and (C) after further evaporation has left a sample of nearly pure
condensate. The circular pattern of the noncondensate fraction (mostly yellow
and green) is an indication that the velocity distribution s isotropic, consistent

with thermal equilibrium. The condensate fraction (mostly blue and white) is

elliptical. indicative that it is a highly nonthermal distribution. The elliptical pattern
is in fact an image of a single, macroscopically occupied quantum wave func-
tion. The field of view of each image is 200 Jm by 270 ipm. The observed
horizontal width of the condensate is broadened by the experimental resolution.
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Direct Observation of the Efimovian Expansion in a Scale Invariant Fermi Gas

Shujin Deng,1, ⇤ Zhe-Yu Shi,2, ⇤ Pengpeng Diao,1 Qianli Yu,1 Hui Zhai,2 Ran Qi,3, † and Haibin Wu1, ‡
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State Key Laboratory of Precision Spectroscopy,

East China Normal University, Shanghai 200062, P. R. China

2
Institute for Advanced Study, Tsinghua University, Beijing, 100084, P. R. China

3
Department of Physics, Renmin University of China, Beijing, 100872, P. R. China

Scale invariance emerges and plays an important role in strongly correlated many-body systems
such as critical regimes nearby a phase transition and unitary Fermi gases. Discrete scaling symmetry
also manifests itself in quantum few-body system known as the Efimov e↵ect. Here we report both
theoretical predication and experimental observation of a novel type expansion dynamics of a scale
invariant quantum gas. When the frequency of the harmonic trap holding the gas decreases as the
inverse of time t, surprisingly, instead of expanding continuously, the mean size of the cloud exhibits
a sequence of plateaus. Remarkably, the locations of these plateaus obey a discrete geometric scaling
law and the scale factor related to the characteristic frequency of Fermi gas is controllable. This
is the first manifestation of the discrete scaling symmetry as exhibited by the Efimov e↵ect in the
time domain of a quantum many-body system, which is closely tied to the spatial continuous scaling
symmetry.

Interaction between dilute ultracold atoms is described
by an s-wave scattering length. For a spin-1/2 Fermi gas,
when the scattering length diverges at a Feshbach reso-
nance, there is no length scale other than the inter-atomic
distance in this many-body system, and therefore the sys-
tem, also known as the unitary Fermi gas, becomes scale
invariant. The spatial scale invariance leads to universal
thermodynamics and transport properties as revealed by
many experiments [1, 2]. On the other hand, in a boson
system with a large scattering length, three-body bound
state can form, while an extra length scale of three-body
parameter will set a short-range boundary condition for
all three bosons being very close. It turns the continuous
scaling symmetry into a discrete scaling symmetry, and
gives rise to infinite number of three-body bound states
whose energies obey a geometric scaling symmetry. This
is known as the Efimov e↵ect [3]. The Efimov e↵ect has
also been observed in quite a few cold atom experiments
[4], and recent experiments have also confirmed the geo-
metric scaling of the energy spectrum [5]. Both the con-
tinuous and the discrete scaling symmetry are interesting
emergent phenomena in a strongly interacting system.

For a harmonic trapped gas, the expansion dynamics
after a sudden or gradual turning o↵ the trap o↵ers great
insight to the property of the gas. Well known example
is the anisotropic expansion that proves hydrodynamics
due to Bose condensation [6] or strong interactions [7].
Other examples are, for instance, slowing down of ex-
pansion in a disorder potential provides evidence for lo-
calization behaviors [8] and expansion in the presence of
optical lattice reveals correlation e↵ects [9]. In this work,
we ask a question that, when a scale invariant quantum
gas is hold by a harmonic trap and let us now gradually
open up the trap by decreasing the trap frequency ! as
1/(

p
�t) (� is a coe�cient and t is the time), as shown

in Fig. 1(a), how does the gas expand? Naively, by di-
mension analysis, one would expect that the cloud size

�

! = 1p
�t

A
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B

FIG. 1: (a) The setup of the Efimovian expansion: a scale
invariant ultracold gas expands in a harmonic trap whose fre-
quency decreases as 1/(

p
�t). (b) The predication of the Efi-

movian expansion: the cloud size as a function of time t obeys
a log-periodic function and exhibits a series of plateaus. The
location of the plateaus obeys a geometric scaling law which
is a concequence of the discrete scaling symmetry.

R just increases as
p

t. Here we show, both theoreti-
cally and experimentally, that it is not the case. When
� is smaller than a critical value, the continuous symme-
try is broken. The expansion dynamics displays a dis-
crete scaling symmetry in the time domain. As shown
in Fig. 1(b), R as a function of t displays a sequence
of plateaus, which means that at a set of discrete times
tn the cloud expansion surprisingly stops, despite of the
continuous decreasing of trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior. More
interestingly, this striking behavior of a discrete scaling
behavior in the time domain is in fact a consequence of
the continuous spatial scaling symmetry.

To explain this intriguing dynamics, we shall first point
out the insight that why ! decreases as 1/(

p
�t) is so

special. For simplicity, let us first consider a three-
dimensional isotropic trap V (r) = m!2R2/2. Consider a
many-body system that is invariant under a scale trans-
formation r ! ⇤r, however, in the presence of a static
harmonic trap, the fixed harmonic length introduces an
additional length scale that breaks this spatial scale in-
variance. Nevertheless, if ! changes as 1/(

p
�t), it is

Harmonic trap

decreasing the 
trap frequency

Scale Invariant Quantum Gas

Our Proposal
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Scale invariance emerges and plays an important role in strongly correlated many-body systems
such as critical regimes nearby a phase transition and unitary Fermi gases. Discrete scaling symmetry
also manifests itself in quantum few-body system known as the Efimov e↵ect. Here we report both
theoretical predication and experimental observation of a novel type expansion dynamics of a scale
invariant quantum gas. When the frequency of the harmonic trap holding the gas decreases as the
inverse of time t, surprisingly, instead of expanding continuously, the mean size of the cloud exhibits
a sequence of plateaus. Remarkably, the locations of these plateaus obey a discrete geometric scaling
law and the scale factor related to the characteristic frequency of Fermi gas is controllable. This
is the first manifestation of the discrete scaling symmetry as exhibited by the Efimov e↵ect in the
time domain of a quantum many-body system, which is closely tied to the spatial continuous scaling
symmetry.

Interaction between dilute ultracold atoms is described
by an s-wave scattering length. For a spin-1/2 Fermi gas,
when the scattering length diverges at a Feshbach reso-
nance, there is no length scale other than the inter-atomic
distance in this many-body system, and therefore the sys-
tem, also known as the unitary Fermi gas, becomes scale
invariant. The spatial scale invariance leads to universal
thermodynamics and transport properties as revealed by
many experiments [1, 2]. On the other hand, in a boson
system with a large scattering length, three-body bound
state can form, while an extra length scale of three-body
parameter will set a short-range boundary condition for
all three bosons being very close. It turns the continuous
scaling symmetry into a discrete scaling symmetry, and
gives rise to infinite number of three-body bound states
whose energies obey a geometric scaling symmetry. This
is known as the Efimov e↵ect [3]. The Efimov e↵ect has
also been observed in quite a few cold atom experiments
[4], and recent experiments have also confirmed the geo-
metric scaling of the energy spectrum [5]. Both the con-
tinuous and the discrete scaling symmetry are interesting
emergent phenomena in a strongly interacting system.

For a harmonic trapped gas, the expansion dynamics
after a sudden or gradual turning o↵ the trap o↵ers great
insight to the property of the gas. Well known example
is the anisotropic expansion that proves hydrodynamics
due to Bose condensation [6] or strong interactions [7].
Other examples are, for instance, slowing down of ex-
pansion in a disorder potential provides evidence for lo-
calization behaviors [8] and expansion in the presence of
optical lattice reveals correlation e↵ects [9]. In this work,
we ask a question that, when a scale invariant quantum
gas is hold by a harmonic trap and let us now gradually
open up the trap by decreasing the trap frequency ! as
1/(

p
�t) (� is a coe�cient and t is the time), as shown

in Fig. 1(a), how does the gas expand? Naively, by di-
mension analysis, one would expect that the cloud size
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FIG. 1: (a) The setup of the Efimovian expansion: a scale
invariant ultracold gas expands in a harmonic trap whose fre-
quency decreases as 1/(

p
�t). (b) The predication of the Efi-

movian expansion: the cloud size as a function of time t obeys
a log-periodic function and exhibits a series of plateaus. The
location of the plateaus obeys a geometric scaling law which
is a concequence of the discrete scaling symmetry.
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t. Here we show, both theoreti-
cally and experimentally, that it is not the case. When
� is smaller than a critical value, the continuous symme-
try is broken. The expansion dynamics displays a dis-
crete scaling symmetry in the time domain. As shown
in Fig. 1(b), R as a function of t displays a sequence
of plateaus, which means that at a set of discrete times
tn the cloud expansion surprisingly stops, despite of the
continuous decreasing of trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior. More
interestingly, this striking behavior of a discrete scaling
behavior in the time domain is in fact a consequence of
the continuous spatial scaling symmetry.

To explain this intriguing dynamics, we shall first point
out the insight that why ! decreases as 1/(
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�t) is so

special. For simplicity, let us first consider a three-
dimensional isotropic trap V (r) = m!2R2/2. Consider a
many-body system that is invariant under a scale trans-
formation r ! ⇤r, however, in the presence of a static
harmonic trap, the fixed harmonic length introduces an
additional length scale that breaks this spatial scale in-
variance. Nevertheless, if ! changes as 1/(
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�t), it is
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Scale invariance emerges and plays an important role in strongly correlated many-body systems
such as critical regimes nearby a phase transition and unitary Fermi gases. Discrete scaling symmetry
also manifests itself in quantum few-body system known as the Efimov e↵ect. Here we report both
theoretical predication and experimental observation of a novel type expansion dynamics of a scale
invariant quantum gas. When the frequency of the harmonic trap holding the gas decreases as the
inverse of time t, surprisingly, instead of expanding continuously, the mean size of the cloud exhibits
a sequence of plateaus. Remarkably, the locations of these plateaus obey a discrete geometric scaling
law and the scale factor related to the characteristic frequency of Fermi gas is controllable. This
is the first manifestation of the discrete scaling symmetry as exhibited by the Efimov e↵ect in the
time domain of a quantum many-body system, which is closely tied to the spatial continuous scaling
symmetry.

Interaction between dilute ultracold atoms is described
by an s-wave scattering length. For a spin-1/2 Fermi gas,
when the scattering length diverges at a Feshbach reso-
nance, there is no length scale other than the inter-atomic
distance in this many-body system, and therefore the sys-
tem, also known as the unitary Fermi gas, becomes scale
invariant. The spatial scale invariance leads to universal
thermodynamics and transport properties as revealed by
many experiments [1, 2]. On the other hand, in a boson
system with a large scattering length, three-body bound
state can form, while an extra length scale of three-body
parameter will set a short-range boundary condition for
all three bosons being very close. It turns the continuous
scaling symmetry into a discrete scaling symmetry, and
gives rise to infinite number of three-body bound states
whose energies obey a geometric scaling symmetry. This
is known as the Efimov e↵ect [3]. The Efimov e↵ect has
also been observed in quite a few cold atom experiments
[4], and recent experiments have also confirmed the geo-
metric scaling of the energy spectrum [5]. Both the con-
tinuous and the discrete scaling symmetry are interesting
emergent phenomena in a strongly interacting system.

For a harmonic trapped gas, the expansion dynamics
after a sudden or gradual turning o↵ the trap o↵ers great
insight to the property of the gas. Well known example
is the anisotropic expansion that proves hydrodynamics
due to Bose condensation [6] or strong interactions [7].
Other examples are, for instance, slowing down of ex-
pansion in a disorder potential provides evidence for lo-
calization behaviors [8] and expansion in the presence of
optical lattice reveals correlation e↵ects [9]. In this work,
we ask a question that, when a scale invariant quantum
gas is hold by a harmonic trap and let us now gradually
open up the trap by decreasing the trap frequency ! as
1/(

p
�t) (� is a coe�cient and t is the time), as shown

in Fig. 1(a), how does the gas expand? Naively, by di-
mension analysis, one would expect that the cloud size
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FIG. 1: (a) The setup of the Efimovian expansion: a scale
invariant ultracold gas expands in a harmonic trap whose fre-
quency decreases as 1/(

p
�t). (b) The predication of the Efi-

movian expansion: the cloud size as a function of time t obeys
a log-periodic function and exhibits a series of plateaus. The
location of the plateaus obeys a geometric scaling law which
is a concequence of the discrete scaling symmetry.

R just increases as
p

t. Here we show, both theoreti-
cally and experimentally, that it is not the case. When
� is smaller than a critical value, the continuous symme-
try is broken. The expansion dynamics displays a dis-
crete scaling symmetry in the time domain. As shown
in Fig. 1(b), R as a function of t displays a sequence
of plateaus, which means that at a set of discrete times
tn the cloud expansion surprisingly stops, despite of the
continuous decreasing of trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior. More
interestingly, this striking behavior of a discrete scaling
behavior in the time domain is in fact a consequence of
the continuous spatial scaling symmetry.

To explain this intriguing dynamics, we shall first point
out the insight that why ! decreases as 1/(

p
�t) is so

special. For simplicity, let us first consider a three-
dimensional isotropic trap V (r) = m!2R2/2. Consider a
many-body system that is invariant under a scale trans-
formation r ! ⇤r, however, in the presence of a static
harmonic trap, the fixed harmonic length introduces an
additional length scale that breaks this spatial scale in-
variance. Nevertheless, if ! changes as 1/(

p
�t), it is
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Scale invariance emerges and plays an important role in strongly correlated many-body systems
such as critical regimes nearby a phase transition and unitary Fermi gases. Discrete scaling symmetry
also manifests itself in quantum few-body system known as the Efimov e↵ect. Here we report both
theoretical predication and experimental observation of a novel type expansion dynamics of a scale
invariant quantum gas. When the frequency of the harmonic trap holding the gas decreases as the
inverse of time t, surprisingly, instead of expanding continuously, the mean size of the cloud exhibits
a sequence of plateaus. Remarkably, the locations of these plateaus obey a discrete geometric scaling
law and the scale factor related to the characteristic frequency of Fermi gas is controllable. This
is the first manifestation of the discrete scaling symmetry as exhibited by the Efimov e↵ect in the
time domain of a quantum many-body system, which is closely tied to the spatial continuous scaling
symmetry.

Interaction between dilute ultracold atoms is described
by an s-wave scattering length. For a spin-1/2 Fermi gas,
when the scattering length diverges at a Feshbach reso-
nance, there is no length scale other than the inter-atomic
distance in this many-body system, and therefore the sys-
tem, also known as the unitary Fermi gas, becomes scale
invariant. The spatial scale invariance leads to universal
thermodynamics and transport properties as revealed by
many experiments [1, 2]. On the other hand, in a boson
system with a large scattering length, three-body bound
state can form, while an extra length scale of three-body
parameter will set a short-range boundary condition for
all three bosons being very close. It turns the continuous
scaling symmetry into a discrete scaling symmetry, and
gives rise to infinite number of three-body bound states
whose energies obey a geometric scaling symmetry. This
is known as the Efimov e↵ect [3]. The Efimov e↵ect has
also been observed in quite a few cold atom experiments
[4], and recent experiments have also confirmed the geo-
metric scaling of the energy spectrum [5]. Both the con-
tinuous and the discrete scaling symmetry are interesting
emergent phenomena in a strongly interacting system.

For a harmonic trapped gas, the expansion dynamics
after a sudden or gradual turning o↵ the trap o↵ers great
insight to the property of the gas. Well known example
is the anisotropic expansion that proves hydrodynamics
due to Bose condensation [6] or strong interactions [7].
Other examples are, for instance, slowing down of ex-
pansion in a disorder potential provides evidence for lo-
calization behaviors [8] and expansion in the presence of
optical lattice reveals correlation e↵ects [9]. In this work,
we ask a question that, when a scale invariant quantum
gas is hold by a harmonic trap and let us now gradually
open up the trap by decreasing the trap frequency ! as
1/(

p
�t) (� is a coe�cient and t is the time), as shown

in Fig. 1(a), how does the gas expand? Naively, by di-
mension analysis, one would expect that the cloud size
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FIG. 1: (a) The setup of the Efimovian expansion: a scale
invariant ultracold gas expands in a harmonic trap whose fre-
quency decreases as 1/(
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�t). (b) The predication of the Efi-

movian expansion: the cloud size as a function of time t obeys
a log-periodic function and exhibits a series of plateaus. The
location of the plateaus obeys a geometric scaling law which
is a concequence of the discrete scaling symmetry.

R just increases as
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t. Here we show, both theoreti-
cally and experimentally, that it is not the case. When
� is smaller than a critical value, the continuous symme-
try is broken. The expansion dynamics displays a dis-
crete scaling symmetry in the time domain. As shown
in Fig. 1(b), R as a function of t displays a sequence
of plateaus, which means that at a set of discrete times
tn the cloud expansion surprisingly stops, despite of the
continuous decreasing of trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior. More
interestingly, this striking behavior of a discrete scaling
behavior in the time domain is in fact a consequence of
the continuous spatial scaling symmetry.

To explain this intriguing dynamics, we shall first point
out the insight that why ! decreases as 1/(
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�t) is so

special. For simplicity, let us first consider a three-
dimensional isotropic trap V (r) = m!2R2/2. Consider a
many-body system that is invariant under a scale trans-
formation r ! ⇤r, however, in the presence of a static
harmonic trap, the fixed harmonic length introduces an
additional length scale that breaks this spatial scale in-
variance. Nevertheless, if ! changes as 1/(
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Scale invariance emerges and plays an important role in strongly correlated many-body systems
such as critical regimes nearby a phase transition and unitary Fermi gases. Discrete scaling symmetry
also manifests itself in quantum few-body system known as the Efimov e↵ect. Here we report both
theoretical predication and experimental observation of a novel type expansion dynamics of a scale
invariant quantum gas. When the frequency of the harmonic trap holding the gas decreases as the
inverse of time t, surprisingly, instead of expanding continuously, the mean size of the cloud exhibits
a sequence of plateaus. Remarkably, the locations of these plateaus obey a discrete geometric scaling
law and the scale factor related to the characteristic frequency of Fermi gas is controllable. This
is the first manifestation of the discrete scaling symmetry as exhibited by the Efimov e↵ect in the
time domain of a quantum many-body system, which is closely tied to the spatial continuous scaling
symmetry.

Interaction between dilute ultracold atoms is described
by an s-wave scattering length. For a spin-1/2 Fermi gas,
when the scattering length diverges at a Feshbach reso-
nance, there is no length scale other than the inter-atomic
distance in this many-body system, and therefore the sys-
tem, also known as the unitary Fermi gas, becomes scale
invariant. The spatial scale invariance leads to universal
thermodynamics and transport properties as revealed by
many experiments [1, 2]. On the other hand, in a boson
system with a large scattering length, three-body bound
state can form, while an extra length scale of three-body
parameter will set a short-range boundary condition for
all three bosons being very close. It turns the continuous
scaling symmetry into a discrete scaling symmetry, and
gives rise to infinite number of three-body bound states
whose energies obey a geometric scaling symmetry. This
is known as the Efimov e↵ect [3]. The Efimov e↵ect has
also been observed in quite a few cold atom experiments
[4], and recent experiments have also confirmed the geo-
metric scaling of the energy spectrum [5]. Both the con-
tinuous and the discrete scaling symmetry are interesting
emergent phenomena in a strongly interacting system.

For a harmonic trapped gas, the expansion dynamics
after a sudden or gradual turning o↵ the trap o↵ers great
insight to the property of the gas. Well known example
is the anisotropic expansion that proves hydrodynamics
due to Bose condensation [6] or strong interactions [7].
Other examples are, for instance, slowing down of ex-
pansion in a disorder potential provides evidence for lo-
calization behaviors [8] and expansion in the presence of
optical lattice reveals correlation e↵ects [9]. In this work,
we ask a question that, when a scale invariant quantum
gas is hold by a harmonic trap and let us now gradually
open up the trap by decreasing the trap frequency ! as
1/(
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�t) (� is a coe�cient and t is the time), as shown
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FIG. 1: (a) The setup of the Efimovian expansion: a scale
invariant ultracold gas expands in a harmonic trap whose fre-
quency decreases as 1/(
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�t). (b) The predication of the Efi-

movian expansion: the cloud size as a function of time t obeys
a log-periodic function and exhibits a series of plateaus. The
location of the plateaus obeys a geometric scaling law which
is a concequence of the discrete scaling symmetry.

R just increases as
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t. Here we show, both theoreti-
cally and experimentally, that it is not the case. When
� is smaller than a critical value, the continuous symme-
try is broken. The expansion dynamics displays a dis-
crete scaling symmetry in the time domain. As shown
in Fig. 1(b), R as a function of t displays a sequence
of plateaus, which means that at a set of discrete times
tn the cloud expansion surprisingly stops, despite of the
continuous decreasing of trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior. More
interestingly, this striking behavior of a discrete scaling
behavior in the time domain is in fact a consequence of
the continuous spatial scaling symmetry.

To explain this intriguing dynamics, we shall first point
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Scale invariance emerges and plays an important role in strongly correlated many-body systems
such as critical regimes nearby a phase transition and unitary Fermi gases. Discrete scaling symmetry
also manifests itself in quantum few-body system known as the Efimov e↵ect. Here we report both
theoretical predication and experimental observation of a novel type expansion dynamics of a scale
invariant quantum gas. When the frequency of the harmonic trap holding the gas decreases as the
inverse of time t, surprisingly, instead of expanding continuously, the mean size of the cloud exhibits
a sequence of plateaus. Remarkably, the locations of these plateaus obey a discrete geometric scaling
law and the scale factor related to the characteristic frequency of Fermi gas is controllable. This
is the first manifestation of the discrete scaling symmetry as exhibited by the Efimov e↵ect in the
time domain of a quantum many-body system, which is closely tied to the spatial continuous scaling
symmetry.

Interaction between dilute ultracold atoms is described
by an s-wave scattering length. For a spin-1/2 Fermi gas,
when the scattering length diverges at a Feshbach reso-
nance, there is no length scale other than the inter-atomic
distance in this many-body system, and therefore the sys-
tem, also known as the unitary Fermi gas, becomes scale
invariant. The spatial scale invariance leads to universal
thermodynamics and transport properties as revealed by
many experiments [1, 2]. On the other hand, in a boson
system with a large scattering length, three-body bound
state can form, while an extra length scale of three-body
parameter will set a short-range boundary condition for
all three bosons being very close. It turns the continuous
scaling symmetry into a discrete scaling symmetry, and
gives rise to infinite number of three-body bound states
whose energies obey a geometric scaling symmetry. This
is known as the Efimov e↵ect [3]. The Efimov e↵ect has
also been observed in quite a few cold atom experiments
[4], and recent experiments have also confirmed the geo-
metric scaling of the energy spectrum [5]. Both the con-
tinuous and the discrete scaling symmetry are interesting
emergent phenomena in a strongly interacting system.

For a harmonic trapped gas, the expansion dynamics
after a sudden or gradual turning o↵ the trap o↵ers great
insight to the property of the gas. Well known example
is the anisotropic expansion that proves hydrodynamics
due to Bose condensation [6] or strong interactions [7].
Other examples are, for instance, slowing down of ex-
pansion in a disorder potential provides evidence for lo-
calization behaviors [8] and expansion in the presence of
optical lattice reveals correlation e↵ects [9]. In this work,
we ask a question that, when a scale invariant quantum
gas is hold by a harmonic trap and let us now gradually
open up the trap by decreasing the trap frequency ! as
1/(

p
�t) (� is a coe�cient and t is the time), as shown

in Fig. 1(a), how does the gas expand? Naively, by di-
mension analysis, one would expect that the cloud size
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FIG. 1: (a) The setup of the Efimovian expansion: a scale
invariant ultracold gas expands in a harmonic trap whose fre-
quency decreases as 1/(

p
�t). (b) The predication of the Efi-

movian expansion: the cloud size as a function of time t obeys
a log-periodic function and exhibits a series of plateaus. The
location of the plateaus obeys a geometric scaling law which
is a concequence of the discrete scaling symmetry.

R just increases as
p

t. Here we show, both theoreti-
cally and experimentally, that it is not the case. When
� is smaller than a critical value, the continuous symme-
try is broken. The expansion dynamics displays a dis-
crete scaling symmetry in the time domain. As shown
in Fig. 1(b), R as a function of t displays a sequence
of plateaus, which means that at a set of discrete times
tn the cloud expansion surprisingly stops, despite of the
continuous decreasing of trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior. More
interestingly, this striking behavior of a discrete scaling
behavior in the time domain is in fact a consequence of
the continuous spatial scaling symmetry.

To explain this intriguing dynamics, we shall first point
out the insight that why ! decreases as 1/(

p
�t) is so

special. For simplicity, let us first consider a three-
dimensional isotropic trap V (r) = m!2R2/2. Consider a
many-body system that is invariant under a scale trans-
formation r ! ⇤r, however, in the presence of a static
harmonic trap, the fixed harmonic length introduces an
additional length scale that breaks this spatial scale in-
variance. Nevertheless, if ! changes as 1/(

p
�t), it is
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This scaling symmetry exists only if  
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FIG. 1: A schematic plot of the time varying trapping fre-
quency !(t).

super Efimov physics[8], which indicates that the super
Efimov physics is crucially related to the e↵ective poten-
tial V (⇢) = �1/4⇢2 � (s2

0

� 1/4)/⇢2 log2 ⇢, we consider
following time varying trapping frequency in this paper,

!2(t) =
1

4t2
+

1

�t2 log2 t/t⇤
. (4)

In fig. (1), we plot the trapping frequency as a function
of time. There are two parameters in the time depen-
dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
Note that the trapping frequency !(t) keeps decreasing
for t > t⇤, which suggests that the atomic cloud should
keep expanding during the dynamic process. Since !(t)
diverges when t = t⇤, the expansion dynamics should
start with a finite initial trapping frequency at some time
t
0

where t
0

> t⇤.
Before studying the many-body dynamics of the quan-

tum system, it is useful to take a look at the classical
problem of single particle first. The Newtonian equation
of motion of the time dependent harmonic oscillator is

ẍ+ !2(t)x = 0. (5)

If one replaces the position x(t) with  (r), the above
equation is exactly the zero energy Schrödinger equa-
tion of a particle moving in an e↵ective potential V (⇢) =
�1/4⇢2 � (s2

0

� 1/4)/⇢2 log2 ⇢, which is known to be the
origin of the super Efimov physics. And the solution of
the equation of motion also shows a double log periodic
behavior x(t) / cos[s

0

log(log t) + ']. Thus, the classical
equation of motion suggests that there may exhibit super
Efimov like physics in time domain.

Now we are ready to solve the many-body dynamics
of Schrödinger equation(1) with time dependent trapping
frequency !(t). We are particularly interested in the time
evolution of the cloud size R2 = h

P
i

r2
i

i, which can be
easily measured in cold atom experiments. We calculate
R2 through the Heisenberg equation(For simplicity, we

set ~ = m = 1 in the rest of this paper.)

i
d

dt
R2 =

X

i

h[r2
i

, H]i = 2ihD̂i, (6)

where h. . .i stands for the ensemble average and D̂ =
1

2

P
i

(r
i

· p
i

+ p
i

· r
i

) is the generator of spacial scaling
transformation. We may keep calculate the Heisenberg
equation for D̂ and obtain

i
d

dt
hD̂i = h[D̂,H]i = 2i

✓
hHi � !2R2

◆
. (7)

While the time derivative of hHi is

d

dt
hHi = h @

@t
Hi = !!̇R2. (8)

Combining Eq.(6), (7) and (8), we obtain a closed
equation for R2

d3

dt3
R2 + 4!2

d

dt
R2 + 4!!̇R2 = 0. (9)

The above equation can be applied to arbitrary scale
invariant systems in time dependent harmonic traps.
While for the time varying frequency in Eq.(4), this equa-
tion can be solved anaylatically. And the solution cru-
cially depends on the value of �.
For � > 4, the solution is

R2 = At log
t

t⇤


1 +B

✓
log

t

t⇤

◆
�

+ C

✓
log

t

t⇤

◆��

�
,(10)

where � = 2
q

1

4

� 1

�

, A, B and C are constants which

can be determined by nitial conditions.
For � = 4,

R2 = At log
t

t⇤


1 +B log

�
log

t

t⇤

�
+ C log2

�
log

t

t⇤

��
.(11)

The most interesting region is that where � < 4, the
solution becomes

R2 = At log
t

t⇤

⇢
1 +B cos


s
0

log
�
log

t

t⇤

�
+ '

��
, (12)

where s
0

= 2
q

1

�

� 1

4

. A, B and ' can be determined by

initial conditions.
We can see that the cloud size shows a double log pe-

riodic behavior in time domain which is similar to the
three-body wave function of a super Efimov bound state.
If we assume that the atomic cloud is at thermal equi-
librium at the start point t

0

, we can apply the following
initial conditions,

R2

����
t=t0

= R2

0

,

d

dt
R2

����
t=t0

=
d2

dt2
R2

����
t=t0

= 0, (13)

2

t
0

t

!

0

!0

⇠ ! =
q

1

4t2
+ 1

�t2 log2 t/t⇤

t⇤

FIG. 1: A schematic plot of the time varying trapping fre-
quency !(t).

super Efimov physics[8], which indicates that the super
Efimov physics is crucially related to the e↵ective poten-
tial V (⇢) = �1/4⇢2 � (s2

0

� 1/4)/⇢2 log2 ⇢, we consider
following time varying trapping frequency in this paper,

!2(t) =
1

4t2
+

1

�t2 log2 t/t⇤
. (4)

In fig. (1), we plot the trapping frequency as a function
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dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
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In fig. (1), we plot the trapping frequency as a function
of time. There are two parameters in the time depen-
dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
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where t
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of motion of the time dependent harmonic oscillator is
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In fig. (1), we plot the trapping frequency as a function
of time. There are two parameters in the time depen-
dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
Note that the trapping frequency !(t) keeps decreasing
for t > t⇤, which suggests that the atomic cloud should
keep expanding during the dynamic process. Since !(t)
diverges when t = t⇤, the expansion dynamics should
start with a finite initial trapping frequency at some time
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where t
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> t⇤.
Before studying the many-body dynamics of the quan-

tum system, it is useful to take a look at the classical
problem of single particle first. The Newtonian equation
of motion of the time dependent harmonic oscillator is
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dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
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In fig. (1), we plot the trapping frequency as a function
of time. There are two parameters in the time depen-
dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
Note that the trapping frequency !(t) keeps decreasing
for t > t⇤, which suggests that the atomic cloud should
keep expanding during the dynamic process. Since !(t)
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start with a finite initial trapping frequency at some time
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where t
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> t⇤.
Before studying the many-body dynamics of the quan-

tum system, it is useful to take a look at the classical
problem of single particle first. The Newtonian equation
of motion of the time dependent harmonic oscillator is
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If one replaces the position x(t) with  (r), the above
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equation of motion suggests that there may exhibit super
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Now we are ready to solve the many-body dynamics
of Schrödinger equation(1) with time dependent trapping
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P
i

r2
i

i, which can be
easily measured in cold atom experiments. We calculate
R2 through the Heisenberg equation(For simplicity, we

set ~ = m = 1 in the rest of this paper.)

i
d

dt
R2 =

X

i

h[r2
i

, H]i = 2ihD̂i, (6)

where h. . .i stands for the ensemble average and D̂ =
1

2

P
i

(r
i

· p
i

+ p
i

· r
i

) is the generator of spacial scaling
transformation. We may keep calculate the Heisenberg
equation for D̂ and obtain

i
d

dt
hD̂i = h[D̂,H]i = 2i

✓
hHi � !2R2

◆
. (7)

While the time derivative of hHi is

d

dt
hHi = h @

@t
Hi = !!̇R2. (8)

Combining Eq.(6), (7) and (8), we obtain a closed
equation for R2

d3

dt3
R2 + 4!2

d

dt
R2 + 4!!̇R2 = 0. (9)

The above equation can be applied to arbitrary scale
invariant systems in time dependent harmonic traps.
While for the time varying frequency in Eq.(4), this equa-
tion can be solved anaylatically. And the solution cru-
cially depends on the value of �.
For � > 4, the solution is

R2 = At log
t

t⇤


1 +B

✓
log

t

t⇤

◆
�

+ C

✓
log

t

t⇤

◆��

�
,(10)

where � = 2
q

1

4

� 1

�

, A, B and C are constants which

can be determined by nitial conditions.
For � = 4,

R2 = At log
t

t⇤


1 +B log

�
log

t

t⇤

�
+ C log2

�
log

t

t⇤

��
.(11)

The most interesting region is that where � < 4, the
solution becomes

R2 = At log
t

t⇤

⇢
1 +B cos


s
0

log
�
log

t

t⇤

�
+ '

��
, (12)

where s
0

= 2
q

1

�

� 1

4

. A, B and ' can be determined by

initial conditions.
We can see that the cloud size shows a double log pe-

riodic behavior in time domain which is similar to the
three-body wave function of a super Efimov bound state.
If we assume that the atomic cloud is at thermal equi-
librium at the start point t

0

, we can apply the following
initial conditions,

R2

����
t=t0

= R2

0

,

d

dt
R2

����
t=t0

=
d2

dt2
R2

����
t=t0

= 0, (13)

2

t
0

t

!

0

!0

⇠ ! =
q

1

4t2
+ 1

�t2 log2 t/t⇤

t⇤

FIG. 1: A schematic plot of the time varying trapping fre-
quency !(t).

super Efimov physics[8], which indicates that the super
Efimov physics is crucially related to the e↵ective poten-
tial V (⇢) = �1/4⇢2 � (s2

0

� 1/4)/⇢2 log2 ⇢, we consider
following time varying trapping frequency in this paper,

!2(t) =
1

4t2
+

1

�t2 log2 t/t⇤
. (4)

In fig. (1), we plot the trapping frequency as a function
of time. There are two parameters in the time depen-
dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
Note that the trapping frequency !(t) keeps decreasing
for t > t⇤, which suggests that the atomic cloud should
keep expanding during the dynamic process. Since !(t)
diverges when t = t⇤, the expansion dynamics should
start with a finite initial trapping frequency at some time
t
0

where t
0

> t⇤.
Before studying the many-body dynamics of the quan-

tum system, it is useful to take a look at the classical
problem of single particle first. The Newtonian equation
of motion of the time dependent harmonic oscillator is
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in practices, one should always start with a finite initial trap frequency !0 before turning it

down, which corresponds to an initial time t0 with !0 = 1/(
p
�t0), as shown in Fig. 1(b).

The system is at equilibrium for t < t0, and at t = t+0 , h ˆR2i(t0) = R2
0 and d

m

dt

m h ˆR2i|
t=t0 = 0

for m = 1, 2. This sets a boundary condition for Eq. 1 which can turn the continuous scaling

symmetry in the time domain into a discrete one.

Furthermore, the solution of Eq. 1 can be generally written in a form as hR2
(t)i = C1f

2
1 +

C2f1f2 + C3f
2
2 (The constants C1, C2 and C3 are determined by the boundary conditions), and

both f1 and f2 are two linear independent solutions of

d2f

dt2
+

1

�t2
f = 0. (2)

This can be proved rigorously, as shown in the supplementary material. By replacing f(t) as

 (r), t as r, and regarding  as a real wave function, r as the hyper-radius, Eq. 2 is nothing

but the zero-energy Schrödinger equation for the Efimov effect in the hyper-spherical coordinate

(14,15). This reveals the connection between this dynamical expansion and the Efimov problem.

� = 4 is a special point for Eq. 2. For � < 4, two independent solutions for Eq. 2 can be taken

as f1 =

p
t cos((s0/2) ln t) and f2 =

p
t sin((s0/2) ln t), where s0 = 2

q
1/�� 1/4. Hence

hR2i can be finally casted into a log-periodic function as
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where ' = � arctan s0 is determined by the boundary condition at t = t0. Eq. 3 clearly

reveals the discrete scaling symmetry, i.e. when t2 = e2⇡/s0t1, h ˆR2i(t2) = e2⇡/s0h ˆR2i(t1) and

d

m

dt

m h ˆR2i|
t=t2 = e�2⇡(m�1)/s0 d

m

dt

m h ˆR2i|
t=t1 for all the m-th order derivatives. Therefore, at time

t
n

= e2⇡n/s0t0, the first- and the second-order time derivatives for h ˆR2i become zero and the

cloud expansion is strongly suppressed, that is to say, the expansion dynamics shows a series

of plateaus around each t
n

. Similar conclusion can also be obtained from the hydrodynamics

expansion equations (34,35). Note that s0 is tunable by the speed of how fast the trap frequency
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easy to show that the time-dependent Schrödinger equa-
tion exhibits a new space-time scaling symmetry under
the transformation r ! ⇤r and t ! ⇤2t. Due to the
scaling symmetry, it is straightforward to derive that the
equation-of-motion for the cloud size hR̂2i is given by (see
appendix for detail derivation):

d3

dt3
hR̂2i +

4
�t2

d

dt
hR̂2i � 4

�t3
hR̂2i = 0. (1)

Obviously, the di↵erential equation is invariant under a
continuous scaling of time t. However, in practices, one
should always start with a finite initial trap frequency !

0

before turning it down, which corresponds to an initial
time t

0

with !
0

= 1/(
p

�t
0

). The system is at equilibrium
for t < t

0

, that is to say, at t = t
0

, hR̂2i(t
0

) = R2

0

and
dn

dtn hR̂2i|t=t0 = 0 for all order of n. This sets a bound-
ary condition for Eq. 1 which can turn the continuous
scaling symmetry in the time domain into a discrete one.
The solution of this di↵erential equation depends on the
value of �. When 0 < � < 4, the solution is log-periodic
function as

hR̂2i(t)
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t
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ln
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, (2)

where s
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= 2
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4/� � 1 and ' = � arctan s
0

. Eq.
2 clearly reveals the discrete scaling symmetry, i.e.
when t

2

= e2⇡/s0t
1

, hR̂2i(t
2

) = e2⇡/s0hR̂2i(t
1

) and
dn

dtn hR̂2i|t=t2 = dn

dtn hR̂2i|t=t1 for all orders of n. There-
fore, at time tn = e2⇡n/s0t

0

, all orders of the time deriva-
tive for hR̂2i repeat their initial values at the initial time
t
0

and vanish again. That means the cloud size stops
to change around tn and the expansion dynamics shows
a series of plateaus. While when � > 4, the cloud size
simply follows a power law as hR̂2i(t) ⇠ t1+⌘ for t � t

0

,
where ⌘ =

p
1 � 4/�.

Here we shall emphasize that this intriguing expansion
dynamics is a universal phenomenon for scale invariant
quantum gases. It is independent of the equation-of-
state. This result can be applied to non-interacting gas,
unitary Fermi gas in three-dimension, weakly-interacting
gases in two-dimension (when anomaly can be ignored),
and a Tonks gas in one-dimension.

Before proceeding to experimental observation of such
dynamical expansion of the ultracold Fermi gases, we
would also like to bring out the analogy to the Efimov
e↵ect. First, when solving the three-body problem in the
hyper-spherical coordinate, one final reaches an e↵ective
potential as �1/⇢2 (⇢ is the hyper-radius) that scales
the same way as the kinetic energy, and the Schrödinger
equation finally reduces to a one-dimensional scale in-
variant di↵erential equation [3]. Secondly, the short-
range boundary condition (i.e. the three-body param-
eter) plays the similar role as the initial trap frequency
here, which sets a boundary condition and turns the sym-
metry into a discrete scaling symmetry. Thirdly, the
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FIG. 2: The mean axial cloud size �z versus the expansion
time t

exp

= t� t
0

for a non-interacting Fermi gas of 6Li mea-
sured at B = 528 Gauss (a) and unitary Fermi gas measured
at B = 832 Gauss (b). Dots are measured data. Black dots for
�z = 0.02, blue dots for �z = 0.07, green dots for �z = 0.36 in
(a) and �z = 0.02, �z = 0.06, �z = 0.01 in (b), respectively.
The dashed lines are the theory curves based on Eq. 2 (with
s
0

given by Eq. 4) without any free parameters, and the solid
lines are the best fit using the function form of Eq. 2 with s

0

as a fitting parameter. The inset in (b) shows three density
profiles (after time-of-flight) when time t is in the plateau as
indicated by arrows. Error bars represent the standard devi-
ation of the statistic.

solution for the three-body wave function is also a log-
periodic function as Eq. 2. Finally, in our case � plays
the similar role as the mass ratio in the Efimov problem
that controls whether the e↵ect will occur, as well as the
scaling factor. Hence, the dynamical expansion shares
the same symmetry property and similar mathematical
description as the three-body problem. It is the counter-
part of the Efimov e↵ect in the time domian, and thus is
called as “the Efimovian expansion” here.

In our experiments, we use a balanced mixture of 6Li
fermions in the lowest two hyperfine states | "i ⌘ |F =
1/2, M = �1/2i and | #i ⌘ |F = 1/2, M = 1/2i.
Fermionic atoms are loaded into a cross-dipole trap to
perform evaporative cooling [10]. The resulting poten-
tial has a cylindrical symmetry around the propagation
axis of the laser and the trap anisotropic frequency ra-
tio !z/!r is about 9. The trap anisotropy causes an
additional complication compared to the isotropic case
discussed above. Nevertheless, as shown in the supple-
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FIG. 1: A schematic plot of the time varying trapping fre-
quency !(t).

super Efimov physics[8], which indicates that the super
Efimov physics is crucially related to the e↵ective poten-
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In fig. (1), we plot the trapping frequency as a function
of time. There are two parameters in the time depen-
dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
Note that the trapping frequency !(t) keeps decreasing
for t > t⇤, which suggests that the atomic cloud should
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Expansion Dynamics 

Why the equation-of-motion closes ? An incident ?
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In this note, we study the Schrodinger invariance in quantum systems

I. SCHRODINGER ALGEBRA

We start with the single-particle Schrodinger equation in d spatial dimensions:
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Hence, if �(t, ~x) is a solution of the Schrodinger equation Eq. 1, we can construct other solutions through
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Remark I: Emergent Conformal Symmetry

Generalization to relativistic case  
to probe conformal symmetry 
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In fig. (1), we plot the trapping frequency as a function
of time. There are two parameters in the time depen-
dent frequency !(t). � is a dimensionless parameter and
t⇤ > 0 is a parameter with the same dimension of time.
Note that the trapping frequency !(t) keeps decreasing
for t > t⇤, which suggests that the atomic cloud should
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Before studying the many-body dynamics of the quan-

tum system, it is useful to take a look at the classical
problem of single particle first. The Newtonian equation
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log(log t) + ']. Thus, the classical
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this is contradictory to the fact that x1 and x2 are linearly independent. As a result, we conclude that a = 0. A
similar approach can be used to show that c = 0. Given that a = c = 0, it is easy to show b = 0. Therefore, we have
proved that x2

1, x1x2 and x

2
2 are linearly independent.
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Remark II: Connection to the Efimov Effect
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SUPPLEMENTAL MATERIAL

The dynamical scaling solution

In the following, we consider a unitary Fermi gas
trapped in a harmonic potential whose frequency has a
time dependence. The Hamiltonian is given as

Ĥ(t) = Ĥ
0

(t) + V̂ (1)

where the non-interacting part

Ĥ
0

(t) =
2NX

i=1


� r2

i

2
+

x2

i

2�
1

t2
+

y2
i

2�
2

t2
+

z2
i

2�
3

t2

�
(2)

represents the kinetic energy plus a time dependent har-
monic trap and V̂ =

P
i2",j2# V (r

i

� r
j

) represents
the short range interaction between spin up and down
fermions. Due to the divergence of scattering length a,
V̂ is scale invariant in the zero interaction range limit
such that V (⇤r) = V (r)/⇤2. Thanks to this property of
V̂ and the specific choice of time dependence in Ĥ

0

(t),
the total Hamiltonian Ĥ has continuous scale invariance
in both configurational and temporal space.

Isotropic trapping. To illustrate the basic idea and get
a better physical intuition, we first consider the simpler
isotropic trap with �

1

= �
2

= �
3

= �. In this case, we
can calculated the cloud size R̂2 =

P
i

r2
i

directly from its

equation of motion. The first derivative of hR̂2i is given
as

i
d

dt
hR̂2i = h[R̂2, Ĥ(t)]i = 2ihD̂i, (3)

where D̂ =
P

i

1

2

(ri · pi + pi · ri) is the generator of a
spacial scaling transformation. On the other hand, the
equation of motion of hD̂i is

i
d

dt
hD̂i = h[D̂, Ĥ]i = 2i


hĤ(t)i � hR̂2i

�t2

�
. (4)

where we have used the fact that V (r) is scale invariant
such that [D̂, V̂ ] = 2iV̂ . Combining these two equations
we obtain

d2

dt2
hR̂2i = 4

"
hĤ(t)i � hR̂2i

�t2

#
. (5)

To make the equation closed, one still need to calculate
dhĤ(t)i/dt which can be obtain by Feynman’s theorem:

d

dt
hĤ(t)i =

*
dĤ(t)

dt

+
= �hR̂2i

�t3
. (6)

Combing (5) and (6), we finally obtain the following e-
quation of motion for hR̂2i

d3

dt3
hR̂2i+ 4

�t2
d

dt
hR̂2i � 4

�t3
hR̂2i = 0. (7)

Since this is a third order di↵erential equation, one
needs three initial conditions, which is the value of
hR̂2i, dhR̂2i/dt and d2hR̂2i/dt2 at the starting point
t = t

0

, to fix the solution. For simplicity, we assume
that the system remains at static before the expansion.
As a result, arbitrary order of time derivative of hR̂2i(t)
remains 0 for all t < t

0

. On the other hand, since Ĥ(t) is
continuous while dĤ(t)/dt is discontinuous at t = t

0

, it
is easy to check that only the first and second derivative
of hR̂2i(t) is continuous across t

0

while higher derivatives
are discontinuous. Thus we will apply the following ini-
tial conditions

hR̂2i(t
0

) = R2

0

(8)

d

dt
hR̂2i|

t=t0 =
d2

dt2
hR̂2i|

t=t0 = 0. (9)

The solution of (7) has very di↵erent behavior for small
and large value of �. For � > �

c

= 4, we have
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where � =
p
1� 4/�. One can see that in the limit t �

t
0

, the cloud size follows a simple power law hR̂2i(t) ⇠
t1+� , where � can be seen as an anomalous dimension in
the time domain, which describes the scaling deviation
from adiabatic limit. As a result, the continuous scaling
symmetry is still preserved for � > �

c

and there is no
dynamic Efimov e↵ect in this case.
The situation is much more interesting when 0 < � <

�
c

. In this case, we have
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s
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where s
0

=
p
4/�� 1 and ' = � arctan s

0

. Instead of a

simple power law form, hR̂2i(t) now contains a logarith-
mic periodic part which breaks the continuous scaling
symmetry down to a discrete one in the time domain
and satisfy

hR̂2i(te
2n⇡
s0 ) = e

2n⇡
s0 hR̂2i(t) (12)

for arbitrary integer n.
Adiabatic limit. Now let us consider the adiabatic

limit(� ! 0) of the expansion. Physically, it represents
the situation that the trap expands extremely slow. In
this limit, Eq. 11 can be expressed as

hR̂2i(t)
R2

0

=
t

t
0


1�

r
�

4
sin

✓
s
0

ln
t

t
0

◆
+O(�)

�
. (13)

We find that the cloud size R̂2 follows the size of the trap
and grows proportional to t. This behavior is consistent
with the adiabatic theorem which claims that the system
remains in the instantaneous ground state of Ĥ(t).

2

easy to show that the time-dependent Schrödinger equa-
tion exhibits a new space-time scaling symmetry under
the transformation r ! ⇤r and t ! ⇤2t. Due to the
scaling symmetry, it is straightforward to derive that the
equation-of-motion for the cloud size hR̂2i is given by (see
appendix for detail derivation):

d3

dt3
hR̂2i +

4
�t2

d

dt
hR̂2i � 4

�t3
hR̂2i = 0. (1)

Obviously, the di↵erential equation is invariant under a
continuous scaling of time t. However, in practices, one
should always start with a finite initial trap frequency !

0

before turning it down, which corresponds to an initial
time t

0

with !
0

= 1/(
p

�t
0

). The system is at equilibrium
for t < t

0

, that is to say, at t = t
0

, hR̂2i(t
0

) = R2

0

and
dn

dtn hR̂2i|t=t0 = 0 for all order of n. This sets a bound-
ary condition for Eq. 1 which can turn the continuous
scaling symmetry in the time domain into a discrete one.
The solution of this di↵erential equation depends on the
value of �. When 0 < � < 4, the solution is log-periodic
function as

hR̂2i(t)
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=
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t
0

1
sin2 '
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1 � cos ' · cos

✓
s
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ln
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, (2)

where s
0

= 2
p

4/� � 1 and ' = � arctan s
0

. Eq.
2 clearly reveals the discrete scaling symmetry, i.e.
when t

2

= e2⇡/s0t
1

, hR̂2i(t
2

) = e2⇡/s0hR̂2i(t
1

) and
dn

dtn hR̂2i|t=t2 = dn

dtn hR̂2i|t=t1 for all orders of n. There-
fore, at time tn = e2⇡n/s0t

0

, all orders of the time deriva-
tive for hR̂2i repeat their initial values at the initial time
t
0

and vanish again. That means the cloud size stops
to change around tn and the expansion dynamics shows
a series of plateaus. While when � > 4, the cloud size
simply follows a power law as hR̂2i(t) ⇠ t1+⌘ for t � t

0

,
where ⌘ =

p
1 � 4/�.

Here we shall emphasize that this intriguing expansion
dynamics is a universal phenomenon for scale invariant
quantum gases. It is independent of the equation-of-
state. This result can be applied to non-interacting gas,
unitary Fermi gas in three-dimension, weakly-interacting
gases in two-dimension (when anomaly can be ignored),
and a Tonks gas in one-dimension.

Before proceeding to experimental observation of such
dynamical expansion of the ultracold Fermi gases, we
would also like to bring out the analogy to the Efimov
e↵ect. First, when solving the three-body problem in the
hyper-spherical coordinate, one final reaches an e↵ective
potential as �1/⇢2 (⇢ is the hyper-radius) that scales
the same way as the kinetic energy, and the Schrödinger
equation finally reduces to a one-dimensional scale in-
variant di↵erential equation [3]. Secondly, the short-
range boundary condition (i.e. the three-body param-
eter) plays the similar role as the initial trap frequency
here, which sets a boundary condition and turns the sym-
metry into a discrete scaling symmetry. Thirdly, the
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FIG. 2: The mean axial cloud size �z versus the expansion
time t

exp

= t� t
0

for a non-interacting Fermi gas of 6Li mea-
sured at B = 528 Gauss (a) and unitary Fermi gas measured
at B = 832 Gauss (b). Dots are measured data. Black dots for
�z = 0.02, blue dots for �z = 0.07, green dots for �z = 0.36 in
(a) and �z = 0.02, �z = 0.06, �z = 0.01 in (b), respectively.
The dashed lines are the theory curves based on Eq. 2 (with
s
0

given by Eq. 4) without any free parameters, and the solid
lines are the best fit using the function form of Eq. 2 with s

0

as a fitting parameter. The inset in (b) shows three density
profiles (after time-of-flight) when time t is in the plateau as
indicated by arrows. Error bars represent the standard devi-
ation of the statistic.

solution for the three-body wave function is also a log-
periodic function as Eq. 2. Finally, in our case � plays
the similar role as the mass ratio in the Efimov problem
that controls whether the e↵ect will occur, as well as the
scaling factor. Hence, the dynamical expansion shares
the same symmetry property and similar mathematical
description as the three-body problem. It is the counter-
part of the Efimov e↵ect in the time domian, and thus is
called as “the Efimovian expansion” here.

In our experiments, we use a balanced mixture of 6Li
fermions in the lowest two hyperfine states | "i ⌘ |F =
1/2, M = �1/2i and | #i ⌘ |F = 1/2, M = 1/2i.
Fermionic atoms are loaded into a cross-dipole trap to
perform evaporative cooling [10]. The resulting poten-
tial has a cylindrical symmetry around the propagation
axis of the laser and the trap anisotropic frequency ra-
tio !z/!r is about 9. The trap anisotropy causes an
additional complication compared to the isotropic case
discussed above. Nevertheless, as shown in the supple-
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easy to show that the time-dependent Schrödinger equa-
tion exhibits a new space-time scaling symmetry under
the transformation r ! ⇤r and t ! ⇤2t. Due to the
scaling symmetry, it is straightforward to derive that the
equation-of-motion for the cloud size hR̂2i is given by (see
appendix for detail derivation):
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and
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dtn hR̂2i|t=t0 = 0 for all order of n. This sets a bound-
ary condition for Eq. 1 which can turn the continuous
scaling symmetry in the time domain into a discrete one.
The solution of this di↵erential equation depends on the
value of �. When 0 < � < 4, the solution is log-periodic
function as

hR̂2i(t)
R2

0

=
t

t
0

1
sin2 '


1 � cos ' · cos

✓
s
0

ln
t

t
0

+ '

◆�
, (2)

where s
0

= 2
p

4/� � 1 and ' = � arctan s
0

. Eq.
2 clearly reveals the discrete scaling symmetry, i.e.
when t

2

= e2⇡/s0t
1

, hR̂2i(t
2

) = e2⇡/s0hR̂2i(t
1

) and
dn

dtn hR̂2i|t=t2 = dn

dtn hR̂2i|t=t1 for all orders of n. There-
fore, at time tn = e2⇡n/s0t
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, all orders of the time deriva-
tive for hR̂2i repeat their initial values at the initial time
t
0

and vanish again. That means the cloud size stops
to change around tn and the expansion dynamics shows
a series of plateaus. While when � > 4, the cloud size
simply follows a power law as hR̂2i(t) ⇠ t1+⌘ for t � t

0

,
where ⌘ =

p
1 � 4/�.

Here we shall emphasize that this intriguing expansion
dynamics is a universal phenomenon for scale invariant
quantum gases. It is independent of the equation-of-
state. This result can be applied to non-interacting gas,
unitary Fermi gas in three-dimension, weakly-interacting
gases in two-dimension (when anomaly can be ignored),
and a Tonks gas in one-dimension.

Before proceeding to experimental observation of such
dynamical expansion of the ultracold Fermi gases, we
would also like to bring out the analogy to the Efimov
e↵ect. First, when solving the three-body problem in the
hyper-spherical coordinate, one final reaches an e↵ective
potential as �1/⇢2 (⇢ is the hyper-radius) that scales
the same way as the kinetic energy, and the Schrödinger
equation finally reduces to a one-dimensional scale in-
variant di↵erential equation [3]. Secondly, the short-
range boundary condition (i.e. the three-body param-
eter) plays the similar role as the initial trap frequency
here, which sets a boundary condition and turns the sym-
metry into a discrete scaling symmetry. Thirdly, the
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for a non-interacting Fermi gas of 6Li mea-
sured at B = 528 Gauss (a) and unitary Fermi gas measured
at B = 832 Gauss (b). Dots are measured data. Black dots for
�z = 0.02, blue dots for �z = 0.07, green dots for �z = 0.36 in
(a) and �z = 0.02, �z = 0.06, �z = 0.01 in (b), respectively.
The dashed lines are the theory curves based on Eq. 2 (with
s
0

given by Eq. 4) without any free parameters, and the solid
lines are the best fit using the function form of Eq. 2 with s

0

as a fitting parameter. The inset in (b) shows three density
profiles (after time-of-flight) when time t is in the plateau as
indicated by arrows. Error bars represent the standard devi-
ation of the statistic.

solution for the three-body wave function is also a log-
periodic function as Eq. 2. Finally, in our case � plays
the similar role as the mass ratio in the Efimov problem
that controls whether the e↵ect will occur, as well as the
scaling factor. Hence, the dynamical expansion shares
the same symmetry property and similar mathematical
description as the three-body problem. It is the counter-
part of the Efimov e↵ect in the time domian, and thus is
called as “the Efimovian expansion” here.

In our experiments, we use a balanced mixture of 6Li
fermions in the lowest two hyperfine states | "i ⌘ |F =
1/2, M = �1/2i and | #i ⌘ |F = 1/2, M = 1/2i.
Fermionic atoms are loaded into a cross-dipole trap to
perform evaporative cooling [10]. The resulting poten-
tial has a cylindrical symmetry around the propagation
axis of the laser and the trap anisotropic frequency ra-
tio !z/!r is about 9. The trap anisotropy causes an
additional complication compared to the isotropic case
discussed above. Nevertheless, as shown in the supple-

Figure 2: �
z

(with �2
z

= 2h ˆR2
z

i) versus the expansion time t
exp

= t � t0 for a non-interacting
Fermi gas of 6Li measured at B = 528 Gauss (a) and a unitary Fermi gas measured at B = 832

Gauss (b). Dots are measured data. Black, blue and green dots denote �
z

= 0.02, 0.07 and
0.36 for (a), and �

z

= 0.01, 0.02 and 0.06 for (b). The dashed lines are the theory curves based
on Eq. 3 (with s0 given by Eq. 5) without any free parameters, and the solid lines are the best
fit using the function form of Eq. 3 with s0 as a fitting parameter. Red dots in both figures
denote the case with �

z

= 4, and the shaded area is the regime where expansion does not show
discrete scaling symmetry. The inset in (b) shows three successive density profiles (after the
time-of-flight) when the time t

exp

locates inside a plateau as indicated by the arrows. Error bars
represent the standard deviation of the statistic.
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Figure 3: (a) s0 obtained from fitting the expansion curves v.s. � ⌘
q
1/�

z

� 1/4. The solid
lines are the linear fitting curves and the dashed lines are s0 = !

b

� with !
b

= 2 for the non-
interacting fermions and !

b

=

q
12/5 for the unitary Fermi gas. (b) For a given � and for

the unitary Fermi gas, s0 obtained from fitting the expansion curves for different fermion num-
bers and temperatures. Solid line is the theory value for the unitary Fermi gas and the arrow
indicates the theory value for the non-interacting Fermi gas with same �. Error bars in the ver-
tical direction represent the fitting error and the standard deviation of the statistic. Error bars
in the horizontal direction represents the standard deviation of the statistic in determining � in
repeated measurements.
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measured for the unitary Fermi gas and the non-interacting Fermi gas, respectively. They have
in (a) and s0 = 5.88 in (b).
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Figure 4: �
z

/�
z,0 as a function of t

exp

/t0 (t
exp

= t � t0) is universal for the non-interacting
and the unitary Fermi gas, as long as they have the same s0. Blue dots and red dots are data
measured for the unitary Fermi gas and the non-interacting Fermi gas, respectively. They have
the same s0 with s0 = 10.53 in (a) and s0 = 5.88 in (b). �

z

is obtained from fitting the Gaussian
density profile and �

z,0 is the value of �
z

at t = t0. Error bars represent the standard deviation
of the statistic.
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/t0 (t
exp

= t � t0) is universal for the non-interacting
and the unitary Fermi gas, as long as they have the same s0. Blue dots and red dots are data
measured for the unitary Fermi gas and the non-interacting Fermi gas, respectively. They have
the same s0 with s0 = 10.53 in (a) and s0 = 5.88 in (b). �
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is obtained from fitting the Gaussian
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z,0 is the value of �
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at t = t0. Error bars represent the standard deviation
of the statistic.
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and the unitary Fermi gas, as long as they have the same s0. Blue dots and red dots are data
measured for the unitary Fermi gas and the non-interacting Fermi gas, respectively. They have
the same s0 with s0 = 10.53 in (a) and s0 = 5.88 in (b). �

z

is obtained from fitting the Gaussian
density profile and �

z,0 is the value of �
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at t = t0. Error bars represent the standard deviation
of the statistic.
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Observation of the Efimovian expansion
in scale-invariant Fermi gases
Shujin Deng,1* Zhe-Yu Shi,2* Pengpeng Diao,1 Qianli Yu,1 Hui Zhai,2

Ran Qi,3† Haibin Wu1,4†

Scale invariance plays an important role in unitary Fermi gases. Discrete scaling symmetry
manifests itself in quantum few-body systems such as the Efimov effect. Here, we report on
the theoretical prediction and experimental observation of a distinct type of expansion
dynamics for scale-invariant quantum gases.When the frequency of the harmonic trap holding
the gas decreases continuously as the inverse of time t, the expansion of the cloud size
exhibits a sequence of plateaus. The locations of these plateaus obey a discrete geometric
scaling law with a controllable scale factor, and the expansion dynamics is governed by a
log-periodic function. This marked expansion shares the same scaling law and mathematical
description as the Efimov effect.

I
nteraction between dilute ultracold atoms is
described by the s-wave scattering length.
For a spin-1/2 Fermi gas, when the scattering
length diverges at a Feshbach resonance,
there is no length scale other than the inter-

particle spacing in this many-body system, and
therefore the system, known as the unitary Fermi
gas, becomes scale invariant. The spatial scale
invariance leads to universal thermodynamics
and transport properties, as revealed by many
experiments (1–13). On the other hand, in a boson
system with an infinite scattering length, three-
body bound states can form, where the extra
length scale of the three-body parameter turns
the continuous scaling symmetry into a discrete
scaling symmetry and gives rise to an infinite
number of three-body bound states whose ener-
gies obey a geometric scaling symmetry. This so-
called Efimov effect (14, 15) has been observed in
cold atom experiments (16–23), with recent work
confirming the geometric scaling of the energy
spectrum (24–27).
For a harmonic trapped gas, the expansion

dynamics offers great insight to the property of
the gas (28–33). Here, we consider what happens
to a scale-invariant quantum gas held in a har-
monic trap when the trap is gradually opened up
by decreasing the trap frequency w as 1=ð

ffiffiffi
l

p
tÞ,

where l is a constant and t is time (Fig. 1, A and
B). Naïvely, by dimensional analysis, one would
expect that the cloud sizeR just increases as

ffiffi
t

p
.

Here we show, both theoretically and experi-
mentally, that when l is smaller than a critical
value, the expansion dynamics displays a discrete
scaling symmetry in the time domain. As a
function of t, R displays a sequence of plateaus,
whichmeans that at a set of discrete times tn the

cloud expansion stops, despite the continuous
decreasing of the trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior.
To explain these dynamics, we first point out

why w ¼ 1=ð
ffiffiffi
l

p
tÞ is special. For simplicity, we

first consider a three-dimensional (3D) isotropic
trap V ðrÞ ¼ mw2r2=2. In the absence of a trap-
ping potential, the system is invariant under a
scale transformation r→ Lr, whereas in the
presence of a static harmonic trap, the fixed har-
monic length introduces an additional length
scale that breaks this spatial scale invariance.
Nevertheless, if w changes as 1=ð

ffiffiffi
l

p
tÞ, the time-

dependent Schrödinger equation exhibits a space-

time scaling symmetry under the transformation
r→ Lr and t → L2t.
Defining the cloud size as R^2 ¼

X

i

r2i =N ,

the equation-of-motion for R^ 2 can be derived as

i ddthR
^ 2i ¼ h½R^2;H^ðtÞ%i ¼ 2i

NhD^ i, where D^ ¼
X

i
1
2ðri ⋅ pi þ pi ⋅ riÞ is the generator of a spatial
scaling transformation. Using the fact that the
system is scale invariant, and by taking higher-
order time derivatives of hR^2i, we conclude that
the cloud size hR^2i obeys the differential equation
(see supplementary text S1):

d3

dt3
hR^2iþ 4

lt2
d
dt

hR^2i − 4
lt3

hR^2i ¼ 0 ð1Þ

In the experiment, we start with a finite initial
trap frequencyw0 before turning it down (Fig. 1B).
The system is at equilibrium for t < t0, and at
t ¼ tþ0 , hR

^2iðt0Þ ¼ R2
0 and dm

dtm hR
^2ijt¼t0 ¼ 0 for

m ¼ 1; 2. This sets a boundary condition for
Eq. 1 that can turn its continuous scaling sym-
metry in the time domain into a discrete one.
The solution of Eq. 1 can be generally written in

a form as hR2ðtÞi ¼ C1 f 21 þ C2 f1 f2 þ C3 f 22 (The
constants C1, C2, and C3 are determined by the
boundary conditions), where f1 and f2 are two
linear independent solutions (see supplementary
text S1) of

d2f
dt2

þ 1
lt2

f ¼ 0 ð2Þ

By replacing f ðtÞ with yðrÞ and t with r and
regarding y as a real wave function and r as the
hyper-radius, Eq. 2 becomes the zero-energy
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Fig. 1. The schematic of the Efimovian expansion. (A and B) A scale-invariant ultracold gas is first
held in a harmonic trap with frequency w0. Then, starting from t0 ¼ 1=ð

ffiffiffi
l

p
w0Þ, the trap frequency starts

to decrease as 1=ð
ffiffiffi
l

p
tÞ, and the cloud expands. (C) The theoretical predication of the Efimovian

expansion: The cloud sizeR as a function of time t follows a log-periodic function and exhibits a series of
plateaus. The locations of the plateaus obey a geometric scaling law.
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 Schrödinger equation for the Efimov effect in
the hyperspherical coordinate (14, 15). This reveals
a connection between this dynamical expansion
and the Efimov problem. l ¼ 4 is a special point
for Eq. 2. For l < 4, there are two independent
solutions of Eq. 2, f1 ¼

ffiffi
t

p
cosððs0=2ÞlntÞ and

f2 ¼
ffiffi
t

p
sinððs0=2ÞlntÞ, where s0 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=l − 1=4

p
;

hR2i then takes a log-periodic form

hR^2iðtÞ
R2
0

¼ t
t0

1

sin2ϕ
½1 − cosϕ⋅cosðs0ln

t
t0
þϕÞ&ð3Þ

where ϕ ¼ −arctans0 is determined by the
boundary condition at t ¼ t0. Equation 3 clear-
ly reveals the discrete scaling symmetry—i.e.,
when t2 ¼ e2p=s0 t1, hR

^2iðt2Þ ¼ e2p=s0 hR^2iðt1Þ, and
dm

dtm hR
^2ijt¼t2 ¼ e−2pðm−1Þ=s0 dm

dtm hR
^2ijt¼t1 for all the

m-th order derivatives. Therefore, at time tn ¼
e2pn=s0 t0, the first- and second-order time deriv-
atives for hR^2i become zero and the cloud ex-
pansion is strongly suppressed, that is to say,
the expansion dynamics shows a series of pla-
teaus around each tn. A similar conclusion can
also be obtained from the hydrodynamics ex-
pansion equations (34, 35). Note that s0 is
tunable by the speed of the decrease of the trap
frequencywðtÞ. When l > 4, hR^2i simply follows
a power law as hR^ 2iðtÞ ∼ t1þh for t ≫ t0, where
h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4=l

p
. A detailed comparison between

this expansion and the Efimov effect is sum-
marized in table S1. We will refer to this effect
as the Efimovian expansion.
In our experiment, we use a balanced mix-

ture of 6Li fermions in the lowest two hyperfine
states j↑i ≡ jF ¼ 1=2;MF ¼ −1=2i and j↓ i ≡ jF ¼
1=2;MF ¼ 1=2i. Fermionic atoms are loaded into
a cross-dipole trap to perform evaporative cooling.
The resulting potential has a cylindrical symmetry
around the z axis, and the trap anisotropic fre-
quency ratio wr=wz is about 9. The above the-
oretical considerations hold for the isotropic case,
but similar results can be obtained for an aniso-
tropic trap (see supplementary text S2). Starting at
the initial time t0, the trap potential is lowered as

V ðrÞ ¼ m
2lrt2

r2 þ m
2lzt2

z2 ð4Þ

Because lr=lz ¼ ðwz=wrÞ2≪ 1 the effect ismore
pronounced along the axial direction than in the
transverse direction. Therefore, hereafter we focus
on the cloud expansion along the axial direction.
Theory shows (see supplementary text S2) that
the axial cloud square size R2

z obeys the same
form as Eq. 3, except

s0 ¼ wb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=lz − 1=4

p
ð5Þ

where wb is a factor related to the breathing
mode frequency, wb ¼ 2 for the noninteracting
gas, and wb ¼

ffiffiffiffiffiffiffiffiffiffi
12=5

p
for the unitary Fermi gas

along the axial direction. A Feshbach resonance
is used to tune the interaction of the atoms either
to the noninteracting regime with the magnetic
field B = 528 G or to the unitary regime with B =
832G. The trap frequency is lowered by decreasing
the laser intensity, and lz is controlled by the de-

crease rate of the laser intensity, with the initial
axial trap depth always fixed at 5%U0, where U0

is the full trap potential. Thus, different lz corre-
sponds to different t0 ¼ 1=ð

ffiffiffiffiffi
lz

p
w0
z Þ, where w0

z is
the initial axial trap frequency. Finally, after cer-
tain expansion time texp with the trap, the trap is
completely turned off and the cloud is probed by
standard resonant absorption imaging techniques
after a time-of-flight expansion time ttof = 200 ms.
Each data point is an average of five shots of the
measurements at identical parameters.
The time-of-flight density profile along the

axial direction is fitted by a Gaussian function as
A0 þ A1e−z

2=s2z , fromwhichwe obtain sz;obs. sz;obs
is related to the in situ cloud size by a scale factor
bz via sz;obs ¼ bzðttof Þsz ; bzðttof Þ can be obtained
from either hydrodynamic or ballistic expansion
equation with the time-of-flight time ttof (see
supplementary text S5). Because the trap is quite
anisotropic, the cloud expands slowly along the
axial direction during a short time-of-flight, and
the expansion factor bz only gives a quantitative
correction to the results. Figure 2 shows the
typical measurements of sz with different lz for
both the noninteracting and the unitary Fermi
gases. For instance, for lz ¼ 0:06, we decrease
the trap frequency from 2p' 567:3 Hz to 2p'
71:0 Hzwithin 8ms. Dots are themeasureddata,
and the solid and the dashed lines are both theo-
retical curves based on Eq. 3, taking s0 as a fitting
parameter or using s0 given by Eq. 5, respectively.
Because sz is obtained by a Gaussian fit to the
density profile, s2z ¼ 2hR^2z i, and thus the theoret-

ical expression for sz=sz;0 is simply a square root
of Eq. 3. Figure 2 clearly shows the plateaus for
the expansion dynamics and an excellent agree-
ment between theory and experiment. Density
profiles for three successive measurement times
inside a plateau almost perfectly overlapwith each
other (Fig. 2B, inset), which confirms that the
expansion stops at the plateau.
For smaller lz, the trap frequency decreases

slower, the plateaus become denser, and the dif-
ference in height between two adjacent plateaus
becomes smaller. The adiabatic limit is reached
for lz → 0, where the mean square of the cloud
size follows a linear expansion as expected.
For the critical value lz ¼ 4 (red dots in Fig. 2),

no plateaus are observed within finite expansion
time.How the plateaus disappears as lz→4 could
not bemeasuredhere. This is because as lz→4, s0
decreases toward zero, the period increases ex-
ponentially, and therefore even the first plateau
would appear after a very long expansion time.
On the other hand, there is a lower limit for the
trap frequency below which atoms cannot be
trapped. Together with the fact that the larger
the lz , the faster the trapping frequency drops
and the shorter the expansion time, the plateaus
could not be observed even before reaching the
critical value lz ¼ 4 within the finite expansion
time. Nevertheless, for comparison, we have per-
formed measurements where the trapping fre-
quency decreases with similar average speeds in
Fig. 2, but the time dependence of wðtÞ is differ-
ent from 1=t, which breaks the aforementioned

372 22 JULY 2016 • VOL 353 ISSUE 6297 sciencemag.org SCIENCE

Fig. 2. Experimental
observation of the Efi-
movian expansion.The
mean axial cloud size sz

(with s2z ¼ 2hR^2z i) versus
the expansion time
texp ¼ t − t0 for (A) a non-
interacting Fermi gas of 6Li
measured at B = 528 G
and (B) a unitary Fermi gas
measured at B = 832 G.
Dots are measured data.
Black, blue, and green dots
denote lz ¼ 0:02, 0:07,
and 0:36 for (A), and
lz ¼ 0:01, 0:02, and 0:06
for (B). The dashed lines
are the theory curves
based on Eq. 3 (with s0
given by Eq. 5) without any
free parameters, and the
solid lines are the best fit
using the function form of
Eq. 3, with s0 as a fitting
parameter. Red dots in
both figures denote the
case with lz ¼ 4, and the
shaded area is the regime
where expansion does not
show discrete scaling

symmetry. The inset in (B) shows three successive density profiles (after the time-of-flight) when the
time texp is located inside a plateau, as indicated by the arrows. Error bars, mean ± SD.
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Observation of the Efimovian expansion
in scale-invariant Fermi gases
Shujin Deng,1* Zhe-Yu Shi,2* Pengpeng Diao,1 Qianli Yu,1 Hui Zhai,2

Ran Qi,3† Haibin Wu1,4†

Scale invariance plays an important role in unitary Fermi gases. Discrete scaling symmetry
manifests itself in quantum few-body systems such as the Efimov effect. Here, we report on
the theoretical prediction and experimental observation of a distinct type of expansion
dynamics for scale-invariant quantum gases.When the frequency of the harmonic trap holding
the gas decreases continuously as the inverse of time t, the expansion of the cloud size
exhibits a sequence of plateaus. The locations of these plateaus obey a discrete geometric
scaling law with a controllable scale factor, and the expansion dynamics is governed by a
log-periodic function. This marked expansion shares the same scaling law and mathematical
description as the Efimov effect.

I
nteraction between dilute ultracold atoms is
described by the s-wave scattering length.
For a spin-1/2 Fermi gas, when the scattering
length diverges at a Feshbach resonance,
there is no length scale other than the inter-

particle spacing in this many-body system, and
therefore the system, known as the unitary Fermi
gas, becomes scale invariant. The spatial scale
invariance leads to universal thermodynamics
and transport properties, as revealed by many
experiments (1–13). On the other hand, in a boson
system with an infinite scattering length, three-
body bound states can form, where the extra
length scale of the three-body parameter turns
the continuous scaling symmetry into a discrete
scaling symmetry and gives rise to an infinite
number of three-body bound states whose ener-
gies obey a geometric scaling symmetry. This so-
called Efimov effect (14, 15) has been observed in
cold atom experiments (16–23), with recent work
confirming the geometric scaling of the energy
spectrum (24–27).
For a harmonic trapped gas, the expansion

dynamics offers great insight to the property of
the gas (28–33). Here, we consider what happens
to a scale-invariant quantum gas held in a har-
monic trap when the trap is gradually opened up
by decreasing the trap frequency w as 1=ð

ffiffiffi
l

p
tÞ,

where l is a constant and t is time (Fig. 1, A and
B). Naïvely, by dimensional analysis, one would
expect that the cloud sizeR just increases as

ffiffi
t

p
.

Here we show, both theoretically and experi-
mentally, that when l is smaller than a critical
value, the expansion dynamics displays a discrete
scaling symmetry in the time domain. As a
function of t, R displays a sequence of plateaus,
whichmeans that at a set of discrete times tn the

cloud expansion stops, despite the continuous
decreasing of the trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior.
To explain these dynamics, we first point out

why w ¼ 1=ð
ffiffiffi
l

p
tÞ is special. For simplicity, we

first consider a three-dimensional (3D) isotropic
trap V ðrÞ ¼ mw2r2=2. In the absence of a trap-
ping potential, the system is invariant under a
scale transformation r→ Lr, whereas in the
presence of a static harmonic trap, the fixed har-
monic length introduces an additional length
scale that breaks this spatial scale invariance.
Nevertheless, if w changes as 1=ð

ffiffiffi
l

p
tÞ, the time-

dependent Schrödinger equation exhibits a space-

time scaling symmetry under the transformation
r→ Lr and t → L2t.
Defining the cloud size as R^2 ¼

X

i

r2i =N ,

the equation-of-motion for R^ 2 can be derived as

i ddthR
^ 2i ¼ h½R^2;H^ðtÞ%i ¼ 2i

NhD^ i, where D^ ¼
X

i
1
2ðri ⋅ pi þ pi ⋅ riÞ is the generator of a spatial
scaling transformation. Using the fact that the
system is scale invariant, and by taking higher-
order time derivatives of hR^2i, we conclude that
the cloud size hR^2i obeys the differential equation
(see supplementary text S1):

d3

dt3
hR^2iþ 4

lt2
d
dt

hR^2i − 4
lt3

hR^2i ¼ 0 ð1Þ

In the experiment, we start with a finite initial
trap frequencyw0 before turning it down (Fig. 1B).
The system is at equilibrium for t < t0, and at
t ¼ tþ0 , hR

^2iðt0Þ ¼ R2
0 and dm

dtm hR
^2ijt¼t0 ¼ 0 for

m ¼ 1; 2. This sets a boundary condition for
Eq. 1 that can turn its continuous scaling sym-
metry in the time domain into a discrete one.
The solution of Eq. 1 can be generally written in

a form as hR2ðtÞi ¼ C1 f 21 þ C2 f1 f2 þ C3 f 22 (The
constants C1, C2, and C3 are determined by the
boundary conditions), where f1 and f2 are two
linear independent solutions (see supplementary
text S1) of

d2f
dt2

þ 1
lt2

f ¼ 0 ð2Þ

By replacing f ðtÞ with yðrÞ and t with r and
regarding y as a real wave function and r as the
hyper-radius, Eq. 2 becomes the zero-energy
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Fig. 1. The schematic of the Efimovian expansion. (A and B) A scale-invariant ultracold gas is first
held in a harmonic trap with frequency w0. Then, starting from t0 ¼ 1=ð

ffiffiffi
l

p
w0Þ, the trap frequency starts

to decrease as 1=ð
ffiffiffi
l

p
tÞ, and the cloud expands. (C) The theoretical predication of the Efimovian

expansion: The cloud sizeR as a function of time t follows a log-periodic function and exhibits a series of
plateaus. The locations of the plateaus obey a geometric scaling law.
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spatial-time scaling symmetry. The plateaus are
indeed not observed in the expansion (fig. S2).
We now demonstrate that these dynamics are

universal. First, we should verify that s0 relates to
lz via Eq. 5. In the experiment, lz is determined
by the trap frequencies measured by the para-
metric resonance, and s0 is extracted from the
best fit of the expansion data in Fig. 2. The
universal relation between s0 and g ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=lz − 1=4

p

is plotted in Fig. 3A. s0ðgÞ can fit very well with a
linear function s0 ¼ kg, which gives the slope
k ¼ 1:94 T 0:03 for the noninteracting case and
k ¼ 1:53 T 0:03 for the unitary Fermi gas. These

are in good agreement with wb ¼ 2 for the
noninteracting case and wb ¼

ffiffiffiffiffiffiffiffiffiffi
12=5

p
¼ 1:55 for

the unitary case. The Efimovian expansion is also
robust and insensitive to the temperature and
atom number of the Fermi gas (Fig. 3B).
Second, we notice that the noninteracting and

the unitary cases only differ in the relation
between s0 and l, and once s0 is given to be the
same, the dynamics are exactly identical for
these two different systems (Fig. 3, C and D). In
other words,Rz=Rz (0) is a function of s0 (orϕ)
and t=t0 is a universal function for all scale-
invariant systems.

Finally, we study a time-reversed compression
process. Consider an expansion process from t0
to tf , where the trap frequency decreases from
w0 ¼ 1=ð

ffiffiffi
l

p
t0Þ to wf ¼ 1=ð

ffiffiffi
l

p
tf Þ. Now we con-

sider an inverted process of increasing the trap
frequency as w ¼ 1=ð

ffiffiffi
l

p
ðtf þ t0− tÞÞ, where the

trap frequency increases from wf to w0 when t
changes from t0 to tf . For the compression
dynamics to really invert the expansion dynam-
ics, tf has to be carefully chosen to satisfy
tf ¼ e2pn=s0 t0. We perform such an experiment
(Fig. 4) showing that the dynamical process with
a carefully chosen boundary is time-reversal
symmetric. The small asymmetry arises because
the lowering of the trap during expansion (black
dots) causes evaporative cooling, which decreases
cloud sizes correspondingly.
Our results are universal for all scale-invariant

quantumgases. Future experiments can test them
with a Tonks gas in 1D and in a 2D quantum gas,
where the deviation from the log-periodic be-
havior can be used to calibrate the scaling sym-
metry anomaly in 2D (36–39). In the 3D case, it
will be interesting to investigate the scaling sym-
metry breaking when the system is tuned away
from the scale-invariant points of zero and infinite
s-wave scattering length. The study could also be
generalized to observe a dynamic analogy of a re-
cently proposed super-Efimov effect (40–42).
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Fig. 3. Universality of the Efimovian expansion. (A) s0 obtained from fitting the expansion curves

v.s. g ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=lz − 1=4

p
. The solid lines are the linear fitting curves, and the dashed lines are s0 ¼ wbg,

with wb ¼ 2 for the noninteracting fermions and wb ¼
ffiffiffiffiffiffiffiffiffiffiffi
12=5

p
for the unitary Fermi gas. (B) For a given

lz ¼ 0:017 and for the unitary Fermi gas, s0 is obtained from fitting the expansion curves for different
fermion numbers and temperatures as indicated (TF is the Fermi temperature). The solid line is the
theory value for the unitary Fermi gas, and the arrow indicates the theory value for the non-
interacting Fermi gas with the same lz . sz=sz;0 as a function of texp=t0 for the noninteracting (red
dots) and the unitary Fermi gas (blue dots) with s0 ¼ 10:53 in (C) and s0 ¼ 5:88 in (D). Error bars,
mean ± SD.

Fig. 4. Time-reversal symmetry
of the Efimovian expansion. sz for
the expansion and its inverted
compression process from t0 to
tf . texp ¼ t − t0. Black dots are the
expansion process, with
w ¼ 1=ð

ffiffiffi
l

p
tÞ and the frequency

changing from w0 ¼ 1=ð
ffiffiffi
l

p
t0Þ (at

t0) to wf ¼ 1=ð
ffiffiffi
l

p
tfÞ (at tf). Blue

dots are the inverted compression
process, with w ¼ 1=ð

ffiffiffi
l

p
ðtf þ t0 − tÞÞ

and the frequency changing from
wf (at t0) to w0 (at tf). Here,
lz ¼ 0:01 and the data are taken in
the unitary regime. Error bars,
mean ± SD.
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as

The Haldane Model

A two-band Chern Insulator

For instance, 
the Haldane model:

How do I know the Chern Number of the Hamiltonian ? 
At equilibrium: 
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charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
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that the experimental investigation of the dynamic pro-
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shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
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cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
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which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
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all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
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In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
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is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds
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hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as

The Haldane Model

A two-band Chern Insulator

For instance, 
the Haldane model:

How do I know the Chern Number of the Hamiltonian ? 
At equilibrium: 

Bulk Chern 
Number

Number of Edge 
States

Quantized Hall 
Conductance = =

(b)(a)

A A

A

B B

B
0J

1
φiJ e

1
/(
3
3
)

M
J

/φ π

1 1=C1 1= −C

1 0=C



Measuring Topological Number of a Chern-Insulator from Quench Dynamics

Ce Wang, Pengfei Zhang,⇤ Xin Chen, Jinlong Yu, and Hui Zhai†

Institute for Advanced Study, Tsinghua University, Beijing, 100084, China

(Dated: November 30, 2016)

In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.

(b)(a)
0J

1
φiJ e

1
/(
3
3
)

M
J

/φ π

iM

fM

=

↓1 1=C1 1= −C

1 0=C

FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as

The Haldane Model

A two-band Chern Insulator

For instance, 
the Haldane model:

(b)(a)

A A

A

B B

B
0J

1
φiJ e

1
/(
3
3
)

M
J

/φ π

1 1=C1 1= −C

1 0=C

How do I know the Chern Number of the Hamiltonian ? 
Quench: 



Measuring Topological Number of a Chern-Insulator from Quench Dynamics

Ce Wang, Pengfei Zhang,⇤ Xin Chen, Jinlong Yu, and Hui Zhai†

Institute for Advanced Study, Tsinghua University, Beijing, 100084, China

(Dated: November 30, 2016)

In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.

(b)(a)
0J

1
φiJ e

1
/(
3
3
)

M
J

/φ π

iM

fM

=

↓1 1=C1 1= −C

1 0=C

FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x
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z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as

Our Proposal 

A two-band Chern Insulator

2

FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
i

). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫

n⇥ @
�

n), (9)
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
i

). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫

n⇥ @
�

n), (9)

2

FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
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â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
i

). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫

n⇥ @
�

n), (9)
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
i

). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1
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✏µ⌫�n · (@
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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(k) = �2J0
X
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cos(k · d
i

), (6)
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(k) = �2J0
X

i

sin(k · d
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(k) = 2M + 4J1 sin�
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sin(k · a
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
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⇣
â†ri b̂ri+dj + h.c.
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3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫

n⇥ @
�

n), (9)

2

FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
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with M = �1 and � = ⇡/2 to hf(k) with M = 0.33
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M = 0.27
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(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t
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⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
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The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k
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, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j
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â†ri b̂ri+dj + h.c.
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(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X
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(â†k, b̂
†
k)H(k)
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and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33
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� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x
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y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
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⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
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(â†k, b̂
†
k)H(k)
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and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
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⇣
â†ri âri � b̂†ri b̂ri

⌘
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ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
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X
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cos(k · d
i

), (6)
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sin(k · d
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), (7)

h
z

(k) = 2M + 4J1 sin�
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sin(k · a
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). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
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In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
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⇣
â†ri âri � b̂†ri b̂ri
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⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
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(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
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sin(k · d
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), (7)

h
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(k) = 2M + 4J1 sin�
X

i

sin(k · a
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). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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particle annihilation operators at two sublattices of the
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inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫

n⇥ @
�

n), (9)

2

FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
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binding model is written as
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Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
i

). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫
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�

n), (9)
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as

Our Proposal 
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
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⇣
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⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
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). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.

(b)(a)
0J

1
φiJ e

1
/(
3
3
)

M
J

/φ π

iM

fM

=

↓1 1=C1 1= −C

1 0=C

FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k
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, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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(k) = �2J0
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cos(k · d
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), (6)
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(k) = 2M + 4J1 sin�
X

i

sin(k · a
i
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33
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3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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â†ri b̂ri+dj + h.c.
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where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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k)H(k)
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and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp
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hf(k) · �t
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⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
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and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k
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, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
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and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t
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⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
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, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
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⇣
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⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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(â†k, b̂
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k)H(k)
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and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j
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â†ri b̂ri+dj + h.c.

⌘
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⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
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, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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cos(k · d
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
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) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.
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,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
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(k) = �2J0
X
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cos(k · d
i

), (6)

h
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sin(k · d
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sin(k · a
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫

n⇥ @
�

n), (9)

2

FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
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on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
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ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
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cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
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the inverse images of the north and the south pole. As
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is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
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two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
✏µ⌫�n · (@

⌫

n⇥ @
�

n), (9)



Measuring Topological Number of a Chern-Insulator from Quench Dynamics

Ce Wang, Pengfei Zhang,⇤ Xin Chen, Jinlong Yu, and Hui Zhai†

Institute for Advanced Study, Tsinghua University, Beijing, 100084, China

(Dated: November 30, 2016)

In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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Here we consider the quench process that corresponds
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2

FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
i

). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
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The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
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Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as
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⇣ i(k), (2)
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The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k
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, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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and by introducing a Bloch vector
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The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
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Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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3/2, 1/2)a0, d3 = (0,�1)a0 are the
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the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as
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and by introducing a Bloch vector
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Eq. 2 and Eq. 3 together define a mapping f from
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and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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and aside from a term proportional to the identity ma-
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as
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and by introducing a Bloch vector
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The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
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within the first Brillouin zone.
Here we should put a remark of how to determine the
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each trajectory actually has a direction, defining as the
direction of J with [22]
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Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j
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â†ri b̂ri+dj + h.c.

⌘
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e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X
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(â†k, b̂
†
k)H(k)
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, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
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â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
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and a1,2 = (�p
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sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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3/2, 1/2)a0, d3 = (0,�1)a0 are the
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and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
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3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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and aside from a term proportional to the identity ma-
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp
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and by introducing a Bloch vector
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and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
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3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
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âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp
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and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
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and f�1(n2) are two trajectories in the [k
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The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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ri,j
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â†ri b̂ri+dj + h.c.
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3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
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3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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and aside from a term proportional to the identity ma-
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]
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FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp
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2
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and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
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The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k
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The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the
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withM = �1 (topologically trivial regime) to hf(k) with � =
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as
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and by introducing a Bloch vector
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x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
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3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes
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and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with
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The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
1

8⇡
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n), (9)
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [20]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
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question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
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tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14–17]. Second, without dephasing, the Hall re-
sponse will not be well quantized for either a slow or a
sudden quench [18, 19]. While it is also found that the
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tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
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bands, respectively. We further consider at each k, |h(k)|
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filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as

2

FIG. 2: (a-b) The inverse images of two vectors n and �n on
the equator, when the Hamiltonian is quenched from hi(k)
withM = �1 (topologically trivial regime) to hf(k) with � =
0.1 and M = 1 (topologically trivial regime)(a), and to hf(k)
with � = ⇡/2 and M = 0 (topologically nontrivial regime)(b),
respectively; (c-d) The inverse images of the north and the
south poles, when the Hamiltonian is quenched from hi(k)
with M = �1 and � = ⇡/2 to hf(k) with M = 0.33

p
3 and

� = ⇡/2 (topologically trivial regime) (c), and to hf(k) with
M = 0.27

p
3 and � = ⇡/2 (topologically nontrivial regime)

(d). For all plots we have taken J0 = 1 and J1 = 0.1.

the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp

⇢
� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as

Ĥ =� J0
X

ri,j

⇣
â†ri b̂ri+dj + h.c.

⌘
+M

X

ri

⇣
â†ri âri � b̂†ri b̂ri

⌘

+ J1
X

ri,j

⇣
e�i�â†ri âri+aj + ei�b̂†ri b̂ri+aj + h.c.

⌘
,

(4)

where d1,2 = (±p
3/2, 1/2)a0, d3 = (0,�1)a0 are the

three vectors connecting the nearest neighboring sites;
and a1,2 = (�p

3/2,±3/2)a0 and a3 = (
p
3, 0)a0 are

the three vectors connecting the next nearest neighboring
sites, with a0 being the lattice spacing. The next nearest
hopping has phase factor that is opposite between A and
B sublattices. In the momentum space, Eq. 4 becomes

Ĥ =
X

k

(â†k, b̂
†
k)H(k)

✓
âk
b̂k

◆
, (5)

and aside from a term proportional to the identity ma-
trix, H(k) takes the same form as Eq. 1 with

h
x

(k) = �2J0
X

i

cos(k · d
i

), (6)

h
y

(k) = �2J0
X

i

sin(k · d
i

), (7)

h
z

(k) = 2M + 4J1 sin�
X

i

sin(k · a
i

). (8)

The phase diagram of this Haldane model at half filling
(with the lower-band filled) is shown in Fig. 1(b), where
two topologically nontrivial regimes have the Chern num-
bers +1 and �1, respectively. Here we consider a sudden
change of M and � starting from the topologically trivial
regime, as indicated by the arrow in Fig. 1(b).
In Fig. 2 we show two sets of examples. In Fig. 2(a-b),

we consider the inverse image of two vectors n and �n
on the equator. One can see that if Hf is in the topolog-
ically trivial regime, as shown in Fig. 2(a), f�1(n) sets
inside the trajectory of f�1(�n), and the linking num-
ber is zero; while if Hf is in the topologically nontrivial
regime, as shown in Fig. 2(b), these two trajectories
link three times. This is because, to avoid the disconti-
nuity of the trajectory across the boundary of the first
Brillouin zone, our plot spans the momentum regime in-
cluding three replicas of the first Brillouin zone. Within
the first Brillouin zone, the linking number is unity that
equals to the Chern number of Hf. Similarly, we consider
the inverse images of the north and the south pole. As
shown in Fig. 2(c-d), the inverse image of the north pole
is a straight line in the K and K 0 points. While the in-
verse image of the south pole does not enclose the K or
K 0 point if Hf is in the topologically trivial regime [Fig.
2(c)], giving rise to linking number zero; and it encloses
three equivalent K or K 0 point when Hf is topologically
nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the

sign of the linking number. First of all, we note that
each trajectory actually has a direction, defining as the
direction of J with [22]

J µ =
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the lower-band eigenstate of the initial Hamiltonian. Af-
ter the quench, the wave function will involve according
to the final Hamiltonian as

⇣(k, t) = exp
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� i

2
hf(k) · �t

�
⇣ i(k), (2)

and by introducing a Bloch vector

n = ⇣†(k, t)�⇣(k, t), (3)

Eq. 2 and Eq. 3 together define a mapping f from
[k

x

, k
y

, t] to the Bloch sphere n.
The Scheme: Taking any two constant vectors n1

and n2 on the Bloch sphere, their inverse images f�1(n1)
and f�1(n2) are two trajectories in the [k

x

, k
y

, t] space.
The linking number of these two trajectories within the
first Brillouin zone equals to the Chern number of the
ground state for the final Hamiltonian at the same filling
[21].

Example to Illustrate the Scheme. As a concrete ex-
ample to illustrate our proposal, we consider the Hal-
dane model in a honeycomb lattice [see Fig. 1(a)]. The
particle annihilation operators at two sublattices of the
honeycomb lattices are denoted by âri and b̂ri . The tight-
binding model is written as
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(with the lower-band filled) is shown in Fig. 1(b), where
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nontrivial [Fig. 2(d)], giving rise to linking number unity
within the first Brillouin zone.
Here we should put a remark of how to determine the
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(â†k, b̂
†
k)H(k)

✓
âk
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FIG. 1. (Color online) (a) The typical energy structure under
consideration. (b) The laser setup of the one-dimensional shaking
optical lattice. Solid and dashed lines represent lattice potential at two
different times. (c) The laser setup of the two-dimensional honeycomb
optical lattice. The dashed circle with arrow indicates how each lattice
potential rotates in time.

Method II. We can introduce a time-independent effective
Hamiltonian Ĥeff via F̂ = e−iĤeffT . Expanding Ĥ (t) as Ĥ (t) =∑∞

n=−∞ Ĥn(t)einωt with ω = 2π/T , we consider a situation as
shown in Fig. 1(a), that is, the static component Ĥ0 contains
m bands within an energy range of # and ω ≫ #. The
two concrete examples discussed below either belong to this
situation or can be transferred into this situation by a rotating
wave transformation, with m = 2. Under this condition, it is
straightforward to show that to the leading order of #/ω, Ĥeff
can be deduced as

Ĥeff = Ĥ0 +
∞∑

n=1

{
[Ĥn,Ĥ−n]

nω
− [Ĥn,Ĥ0]

e−2πniαnω
+ [Ĥ−n,Ĥ0]

e2πniαnω

}
,

(3)

where Ti is taken as αT with 0 ! α < 1. Since F̂ with
different choices of initial time Ti relate to each other by
a unitary transformation, quasienergy is independent of the
choice of Ti . In particular, we can choose an optimal α that
simplifies Ĥeff . Then we can apply schemes developed for
a time-independent Hamiltonian to Ĥeff for classifying the
topology of this time-periodic system. Although this method
involves further approximations, it has the advantage that it is
physically more transparent and can bring out the connection
to topological phenomena in equilibrium systems.

One-dimensional case. A one-dimensional lattice is formed
by two counterpropagating lasers. As one time-periodically
modulates the relative phase θ between two lasers, it will
result in a time-dependent lattice potential [31,32], as shown
in Fig. 1(b),

H (t) = k̂2
x

2m
+ V cos2[krx + θ (t)], (4)

where θ (t) = krb cos (ωt), and b is the maximum lattice
displacement. By transferring to the comoving frame, x →
x + b cos (ωt), the Hamiltonian acquires a time-dependent
vector potential term as

H (t) = k̂2
x

2m
+ V cos2(krx) − bω sin(ωt) · k̂x . (5)

The first two static terms give a static band structure with Bloch
wave function ϕλ(kx). In this basis, by only keeping the s and
p bands, we can write down a tight-binding Hamiltonian as

Ĥ (t) =
∑

i

(̂
†
i K(t)(̂i +

∑

i

[(̂†
i J (t)(̂i+1 + H.c.], (6)

where (̂
†
i = (â†

p,i ,â
†
s,i) are creation operators for s and p

orbitals, and

K(t) =
(

ϵp ih
sp
0 sin(ωt)

−ih
sp
0 sin(ωt) ϵs

)
, (7)

J (t) =
(

tp − ih
pp
1 sin(ωt) ih

sp
1 sin(ωt)

−ih
sp
1 sin(ωt) ts − ihss

1 sin(ωt)

)
, (8)

where ϵs and ϵp are the on-site energy, ts and tp are
the hopping amplitude from the static part, and h

sp
0 =

bω
∫

dx φs (x) ∂xφp (x) denotes shaking-induced on-site cou-
pling processes. hλλ′

1 = bω
∫

dx φλ (x − a) ∂xφλ′ (x), where
λλ′ = ss,pp,sp denotes shaking-induced nearest neighboring
hopping processes. Here φs (x) and φp (x) are the Wannier
wave functions of the s orbit and the p orbit, and a = π/kr is
the lattice constant. For a given lattice depth V , ϵs , ϵp, ts , and
tp are fixed, and h

sp
0 , hss

1 , h
pp
1 , and h

sp
1 scale linearly with krb.

With the Hamiltonian equations (6)–(8) and method I, we
find phase transitions between topological trivial and nontrivial
phases, by changing frequency via #0 = (ϵp − ϵs − 2ω)/2
and shaking amplitude krb. A phase diagram is shown in
Fig. 2(a). The topological nontrivial state possesses a pair

FIG. 2. (Color online) (a) Phase diagram in terms of shaking
frequency #0/Er and shaking amplitude krb. V = 3Er is fixed.
(b), (d) Quasienergy spectrum of a finite size one-dimensional shaking
optical lattice. #0/Er = 0 and krb = 0.5 for (b); and #0/Er = 0.8
and krb = 0.5 for (d), as marked in (a). Inset: Winding of B(kx) in
the yz plane as kx changes from −π to π . See text for a definition of
B(kx). (c) The wave functions for the in-gap states of (b).
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to the geometric phase picked up along an infinitesimal loop. When
only IS is broken, the Berry curvature is point-antisymmetric, and its
sign inverts for oppositeDAB; see Fig. 2e. The spread ofV(q) increases
with the size of the gap. Its integral over the first Brillouin zone, theChern
number n, is zero, corresponding to a topologically trivial system.How-
ever,withonlyTRSbroken, n561,V(q) is point-symmetric, and its sign
changeswhen reversing the rotation direction of the latticemodulation.
To determine the topology of the lowest band, we move the atoms

along the ydirection such that their trajectories sample the regionswhere
the Berry curvature is concentrated, and record their final position. As
atomsmove through regions of q-space with non-zero curvature, they
acquire anorthogonal velocityproportional to the applied force andV(q)
(refs 23–26). The underlyingharmonic confinement causedby the laser
beams in the experiment couples real andmomentum space, meaning
that a displacement in real space leads to a drift in quasi-momentum.
We apply a gradient of DE/h5 114.6(1)Hz per site and measure the
centre ofmass of the quasi-momentumdistribution in the lowest band
after one full Bloch cycle. Because the velocity caused by the Berry cur-
vature inverts when inverting the force, we subtract the result for the
opposite gradient toobtain thedifferential driftD. This quantity ismore
suitable for distinguishing trivial fromnon-trivial Berry-curvature dis-
tributions than the response to a single gradient (Methods)25. The latter
does however provide information about the local Berry curvature and
is shown in Extended Data Fig. 2.
Whenbreakingonly IS,weobserve thatD vanishes and is independent

ofDAB, because the Berry curvature is point-antisymmetric; see Fig. 2c.
In contrast,whenonlyTRS is broken,we explore the topological regime
of the Haldanemodel withDAB5 0. A differential drift is observed for
Q5 90u, which, as expected, is opposite for Q5290u; see Figs 2d and
4c. This is a direct consequence of the Berry curvature being point-
symmetric,with its sign givenby the rotationdirectionof the latticemod-
ulation. In fact, here a non-zeroD can only originate from a non-zero
integratedBerry curvature (Methods).As themodulationbecomes linear,
the drift disappears. This is smoothed by the increased transfer to the
higher bandwhen thegapbecomes smaller,whichpredominantly affects
atoms thatwould experience the strongest Berry curvature. These obser-
vations are qualitatively confirmedby semiclassical simulations shown
in Extended Data Fig. 1.
Within theHaldanemodel, the competitionof simultaneouslybroken

TRS and IS is of particular interest, as it features a topological transition
betweena trivial band insulator andaChern insulator. In this regime, both
the band structure and Berry curvature are no longer point-symmetric
and the energy gap G6 at the two Dirac points is given by

G+~ DAB+Dmax
T sin Qð Þ

!! !! ð3Þ

On the transition lines the system is gapless with one closed and one
gappedDirac point,G15 0orG25 0.Wenowdiscussmeasurements
inwhichwe extend the parameter regime to allow for the simultaneous
breaking of both symmetries.
Wemapout the transitionbymeasuring the transferj6 for eachDirac

point separately, see Fig. 3a. j1 (j2) is the fraction of atoms occupying
theupper (lower) half of the secondBrillouin zone after oneBlochoscil-
lation along the x direction. We observe a difference between j1 and
j2, which shows that the band structure is no longer point-symmetric,
allowing for theparity anomaly predictedbyHaldane1.When the topol-
ogy of the band changes, the gap at one of the Dirac point closes. We
identify the closingof a gapwith thepointofmaximummeasured transfer
whenvaryingDAB. ForQ5 0uwe find, as expected forpreservedTRS, that
the maxima of both j1 and j2 coincide; see Fig. 3b. The maxima are
shifted in opposite directions for Q5 90u, showing that the minimum
gap for each Dirac point occurs at different values of DAB. In between
these values the system is in the topologically non-trivial regime. We
explore the position of eachmaximum for varying Q and find opposite
shifts for negative Q as predicted by equation (3) using no free param-
eters; see Fig. 3c.

In Fig. 4 we show themeasured differential driftD for all topological
regimes, allowing for simultaneouslybroken IS andTRS.Here,we reduce
the modulation frequency to 3.75 kHz, where the signal-to-noise ratio
ofD is larger, but which is less suited for a quantitative comparison of
the transfer j because the lattice modulation ramps are expected to be
less adiabatic.D is non-zeroonly forbrokenTRSand shows the expected
antisymmetrywithQ and symmetrywithDAB. For largeDAB, deep inside
the topologically trivial regime,D vanishes for all Q. For smallerDAB, the
differential drift shows precursors of the regimes with non-zero Chern
number: non-zero values ofD extend well beyond the transition lines
when IS and TRS are both broken. Semiclassical simulations (see Ex-
tended Data Fig. 1c) suggest that the main contribution to this effect
arises from the transfer to the higher band.
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Figure 3 | Mapping out the transition line. a, Atomic quasi-momentum
distribution (averaged over six runs) after one Bloch oscillation for Q5190u,
DAB/h5 292(7)Hz. A line sum along qx shows the atomic density in the first
Brillouin zone in grey; atoms transferred at the upper (lower) Dirac point
are shown in orange (green) throughout. The fraction of atoms in the
second Brillouin zone differs for qywv0. This is a direct consequence of
simultaneously broken IS and TRS, which allows band structures that are not
point-symmetric. b, Fractions of atoms j6 in each half of the second Brillouin
zone. For linear modulation (left) the gap vanishes at DAB5 0 for both
Dirac points, while for circularmodulation (right) it vanishes at opposite values
of DAB. Gaussian fits (solid lines) are used to find the maximum transfer,
which signals the topological transition. Data are mean6 s.d. of at least six
measurements. c, Solid lines show the theoretically computed topological
transitions, without free parameters. Dotted lines represent the uncertainty
of themaximumgap Dmax

T

!! !!"h~88z10
{34 Hz, originating from the uncertainty of

the lattice parameters. Data are the points of maximum transfer for each Dirac
point,6 the fitting error, obtained from measurements as in b for various Q.
Data points for Q56180u correspond to the same measurements. Between
the lines, the system is in the topologically non-trivial regime.
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FIG. 1. (Color online) (a) The typical energy structure under
consideration. (b) The laser setup of the one-dimensional shaking
optical lattice. Solid and dashed lines represent lattice potential at two
different times. (c) The laser setup of the two-dimensional honeycomb
optical lattice. The dashed circle with arrow indicates how each lattice
potential rotates in time.

Method II. We can introduce a time-independent effective
Hamiltonian Ĥeff via F̂ = e−iĤeffT . Expanding Ĥ (t) as Ĥ (t) =∑∞

n=−∞ Ĥn(t)einωt with ω = 2π/T , we consider a situation as
shown in Fig. 1(a), that is, the static component Ĥ0 contains
m bands within an energy range of # and ω ≫ #. The
two concrete examples discussed below either belong to this
situation or can be transferred into this situation by a rotating
wave transformation, with m = 2. Under this condition, it is
straightforward to show that to the leading order of #/ω, Ĥeff
can be deduced as

Ĥeff = Ĥ0 +
∞∑

n=1

{
[Ĥn,Ĥ−n]

nω
− [Ĥn,Ĥ0]

e−2πniαnω
+ [Ĥ−n,Ĥ0]

e2πniαnω

}
,

(3)

where Ti is taken as αT with 0 ! α < 1. Since F̂ with
different choices of initial time Ti relate to each other by
a unitary transformation, quasienergy is independent of the
choice of Ti . In particular, we can choose an optimal α that
simplifies Ĥeff . Then we can apply schemes developed for
a time-independent Hamiltonian to Ĥeff for classifying the
topology of this time-periodic system. Although this method
involves further approximations, it has the advantage that it is
physically more transparent and can bring out the connection
to topological phenomena in equilibrium systems.

One-dimensional case. A one-dimensional lattice is formed
by two counterpropagating lasers. As one time-periodically
modulates the relative phase θ between two lasers, it will
result in a time-dependent lattice potential [31,32], as shown
in Fig. 1(b),

H (t) = k̂2
x

2m
+ V cos2[krx + θ (t)], (4)

where θ (t) = krb cos (ωt), and b is the maximum lattice
displacement. By transferring to the comoving frame, x →
x + b cos (ωt), the Hamiltonian acquires a time-dependent
vector potential term as

H (t) = k̂2
x

2m
+ V cos2(krx) − bω sin(ωt) · k̂x . (5)

The first two static terms give a static band structure with Bloch
wave function ϕλ(kx). In this basis, by only keeping the s and
p bands, we can write down a tight-binding Hamiltonian as

Ĥ (t) =
∑

i

(̂
†
i K(t)(̂i +

∑

i

[(̂†
i J (t)(̂i+1 + H.c.], (6)

where (̂
†
i = (â†

p,i ,â
†
s,i) are creation operators for s and p

orbitals, and

K(t) =
(

ϵp ih
sp
0 sin(ωt)

−ih
sp
0 sin(ωt) ϵs

)
, (7)

J (t) =
(

tp − ih
pp
1 sin(ωt) ih

sp
1 sin(ωt)

−ih
sp
1 sin(ωt) ts − ihss

1 sin(ωt)

)
, (8)

where ϵs and ϵp are the on-site energy, ts and tp are
the hopping amplitude from the static part, and h

sp
0 =

bω
∫

dx φs (x) ∂xφp (x) denotes shaking-induced on-site cou-
pling processes. hλλ′

1 = bω
∫

dx φλ (x − a) ∂xφλ′ (x), where
λλ′ = ss,pp,sp denotes shaking-induced nearest neighboring
hopping processes. Here φs (x) and φp (x) are the Wannier
wave functions of the s orbit and the p orbit, and a = π/kr is
the lattice constant. For a given lattice depth V , ϵs , ϵp, ts , and
tp are fixed, and h

sp
0 , hss

1 , h
pp
1 , and h

sp
1 scale linearly with krb.

With the Hamiltonian equations (6)–(8) and method I, we
find phase transitions between topological trivial and nontrivial
phases, by changing frequency via #0 = (ϵp − ϵs − 2ω)/2
and shaking amplitude krb. A phase diagram is shown in
Fig. 2(a). The topological nontrivial state possesses a pair

FIG. 2. (Color online) (a) Phase diagram in terms of shaking
frequency #0/Er and shaking amplitude krb. V = 3Er is fixed.
(b), (d) Quasienergy spectrum of a finite size one-dimensional shaking
optical lattice. #0/Er = 0 and krb = 0.5 for (b); and #0/Er = 0.8
and krb = 0.5 for (d), as marked in (a). Inset: Winding of B(kx) in
the yz plane as kx changes from −π to π . See text for a definition of
B(kx). (c) The wave functions for the in-gap states of (b).
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to the geometric phase picked up along an infinitesimal loop. When
only IS is broken, the Berry curvature is point-antisymmetric, and its
sign inverts for oppositeDAB; see Fig. 2e. The spread ofV(q) increases
with the size of the gap. Its integral over the first Brillouin zone, theChern
number n, is zero, corresponding to a topologically trivial system.How-
ever,withonlyTRSbroken, n561,V(q) is point-symmetric, and its sign
changeswhen reversing the rotation direction of the latticemodulation.
To determine the topology of the lowest band, we move the atoms

along the ydirection such that their trajectories sample the regionswhere
the Berry curvature is concentrated, and record their final position. As
atomsmove through regions of q-space with non-zero curvature, they
acquire anorthogonal velocityproportional to the applied force andV(q)
(refs 23–26). The underlyingharmonic confinement causedby the laser
beams in the experiment couples real andmomentum space, meaning
that a displacement in real space leads to a drift in quasi-momentum.
We apply a gradient of DE/h5 114.6(1)Hz per site and measure the
centre ofmass of the quasi-momentumdistribution in the lowest band
after one full Bloch cycle. Because the velocity caused by the Berry cur-
vature inverts when inverting the force, we subtract the result for the
opposite gradient toobtain thedifferential driftD. This quantity ismore
suitable for distinguishing trivial fromnon-trivial Berry-curvature dis-
tributions than the response to a single gradient (Methods)25. The latter
does however provide information about the local Berry curvature and
is shown in Extended Data Fig. 2.
Whenbreakingonly IS,weobserve thatD vanishes and is independent

ofDAB, because the Berry curvature is point-antisymmetric; see Fig. 2c.
In contrast,whenonlyTRS is broken,we explore the topological regime
of the Haldanemodel withDAB5 0. A differential drift is observed for
Q5 90u, which, as expected, is opposite for Q5290u; see Figs 2d and
4c. This is a direct consequence of the Berry curvature being point-
symmetric,with its sign givenby the rotationdirectionof the latticemod-
ulation. In fact, here a non-zeroD can only originate from a non-zero
integratedBerry curvature (Methods).As themodulationbecomes linear,
the drift disappears. This is smoothed by the increased transfer to the
higher bandwhen thegapbecomes smaller,whichpredominantly affects
atoms thatwould experience the strongest Berry curvature. These obser-
vations are qualitatively confirmedby semiclassical simulations shown
in Extended Data Fig. 1.
Within theHaldanemodel, the competitionof simultaneouslybroken

TRS and IS is of particular interest, as it features a topological transition
betweena trivial band insulator andaChern insulator. In this regime, both
the band structure and Berry curvature are no longer point-symmetric
and the energy gap G6 at the two Dirac points is given by

G+~ DAB+Dmax
T sin Qð Þ

!! !! ð3Þ

On the transition lines the system is gapless with one closed and one
gappedDirac point,G15 0orG25 0.Wenowdiscussmeasurements
inwhichwe extend the parameter regime to allow for the simultaneous
breaking of both symmetries.
Wemapout the transitionbymeasuring the transferj6 for eachDirac

point separately, see Fig. 3a. j1 (j2) is the fraction of atoms occupying
theupper (lower) half of the secondBrillouin zone after oneBlochoscil-
lation along the x direction. We observe a difference between j1 and
j2, which shows that the band structure is no longer point-symmetric,
allowing for theparity anomaly predictedbyHaldane1.When the topol-
ogy of the band changes, the gap at one of the Dirac point closes. We
identify the closingof a gapwith thepointofmaximummeasured transfer
whenvaryingDAB. ForQ5 0uwe find, as expected forpreservedTRS, that
the maxima of both j1 and j2 coincide; see Fig. 3b. The maxima are
shifted in opposite directions for Q5 90u, showing that the minimum
gap for each Dirac point occurs at different values of DAB. In between
these values the system is in the topologically non-trivial regime. We
explore the position of eachmaximum for varying Q and find opposite
shifts for negative Q as predicted by equation (3) using no free param-
eters; see Fig. 3c.

In Fig. 4 we show themeasured differential driftD for all topological
regimes, allowing for simultaneouslybroken IS andTRS.Here,we reduce
the modulation frequency to 3.75 kHz, where the signal-to-noise ratio
ofD is larger, but which is less suited for a quantitative comparison of
the transfer j because the lattice modulation ramps are expected to be
less adiabatic.D is non-zeroonly forbrokenTRSand shows the expected
antisymmetrywithQ and symmetrywithDAB. For largeDAB, deep inside
the topologically trivial regime,D vanishes for all Q. For smallerDAB, the
differential drift shows precursors of the regimes with non-zero Chern
number: non-zero values ofD extend well beyond the transition lines
when IS and TRS are both broken. Semiclassical simulations (see Ex-
tended Data Fig. 1c) suggest that the main contribution to this effect
arises from the transfer to the higher band.
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Figure 3 | Mapping out the transition line. a, Atomic quasi-momentum
distribution (averaged over six runs) after one Bloch oscillation for Q5190u,
DAB/h5 292(7)Hz. A line sum along qx shows the atomic density in the first
Brillouin zone in grey; atoms transferred at the upper (lower) Dirac point
are shown in orange (green) throughout. The fraction of atoms in the
second Brillouin zone differs for qywv0. This is a direct consequence of
simultaneously broken IS and TRS, which allows band structures that are not
point-symmetric. b, Fractions of atoms j6 in each half of the second Brillouin
zone. For linear modulation (left) the gap vanishes at DAB5 0 for both
Dirac points, while for circularmodulation (right) it vanishes at opposite values
of DAB. Gaussian fits (solid lines) are used to find the maximum transfer,
which signals the topological transition. Data are mean6 s.d. of at least six
measurements. c, Solid lines show the theoretically computed topological
transitions, without free parameters. Dotted lines represent the uncertainty
of themaximumgap Dmax

T

!! !!"h~88z10
{34 Hz, originating from the uncertainty of

the lattice parameters. Data are the points of maximum transfer for each Dirac
point,6 the fitting error, obtained from measurements as in b for various Q.
Data points for Q56180u correspond to the same measurements. Between
the lines, the system is in the topologically non-trivial regime.
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state as ⇣ i(k) = U(k)⇣0, where U(k) is smooth func-
tion of k and smoothly connects to the identity matrix.
Hence, it does not change the linking number. Finally,
continuously deforming f1 also does not change the link-
ing number, which releases the condition (iii). Therefore,
we prove our results for a general situation.

Application to Cold Atom Experiments. Finally, we
discuss applying our theory to recent cold atom exper-
iments, such as the one from the Hamburg group [10].
The initial state is prepared with all n pointing around
the north pole, and they quench the system by turning
on a periodic shaking which can induce gauge field and
topological Haldane model [4, 10, 11, 28–32]. Using the
method of momentum resolved quantum state tomogra-
phy [11], they are able to measure the wave function in

the pseudo-spin bases as ⇣(k) =

✓
sin(✓k/2)

� cos(✓k/2)ei'k

◆
.

Two types vortices of the phase 'k are found in the mo-
mentum space. The first type of the phase vortices are
naturally located in the K and � points and their loca-
tions do not evolve with time, where n always points to
the north pole; while the second type of phase vortices lo-
cate at certain momenta, at which n rotates to the south
pole. The second type of vortices can be pair-wisely cre-
ated and annihilated in the momentum space, tracing a
trajectory in the [k

x

, k
y

, t] space.
In Ref. [10], they use the appearance of the second

type of phase vortex as criterion to determine what they
call a “dynamical phase transition”. And they find that
the phase diagram for the “dynamical phase transition”
is much wider than the expected topological regime for
the static Hamiltonian. With our results, the topolog-
ical regime of the static Hamiltonian is determined by
whether the trajectories of the second type of vortices
wind around the trajectories of the first type of vortices,
because these two trajectories are the inverse images of
the south and the north poles, respectively. Thus, the
linking number of these trajectories, as we shown in Fig.
2(c-d), determines the Chern number. For the Haldane
model, it can be shown that, if the initial state uniformly
points to the north pole for all momenta, once the sec-
ond type vortices appear, their trajectories always wind
around K or K 0 points [33]. However, if the initial state
spreads a finite regime around the north pole, as in the
case of the real experiment, there exists certain regime
where the second type of vortices appear but their tra-
jectory enclose neither K nor K 0 [33]. In these regime,
the final Hamiltonians are still topological trivial ones.

To summary, our result establishes a unique relation
between quench dynamics and equilibrium property re-
garding the topological band structure. Our result can be
apply to the Haldane model realized by the ETH [4] and
the Hamburg group [10], with measurements of the mo-
mentum resolved quantum state tomography measure-
ment, and can also be applied to the Haldane-like model
realized by the USTC group [5], where the real spin is

used instead of the pseudo-spin, and momentum and spin
resolved measurement will be su�cient. On the theory
side, future generalizations include quench from topolog-
ical nontrivial initial state, and quench in other classes
of topological model, such as the time-reversal invariant
Z2 topological insulator.
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[11] N. Fläschner, B. S. Rem, M. Tarnowski, D. Vogel, D.-S.
Lühmann, K. Sengstock, C. Weitenberg, Science, 352,
1091 (2016).

[12] E. Alba, X. Fernandez-Gonzalvo, J. Mur-Petit, J. K.
Pachos, and J. J. Garcia-Ripoll, Phys. Rev. Lett. 107,
235301 (2011).

[13] P. Hauke, M. Lewenstein, and A. Eckardt, Phys. Rev.
Lett. 113, 045303 (2014).

[14] L. D’Alessio and M. Rigol, Nat. Comm. 6, 8336 (2015).
[15] M. D. Caio, N. R. Cooper, and M. J. Bhaseen, Phys.

Rev. Lett. 115, 236403 (2015); Phys. Rev. B 94, 155104
(2016)

[16] P. Wang and S. Kehrein, New J. Phys. 18, 053003 (2016).
[17] P. Wang, M. Schmitt, and S. Kehrein, Phys. Rev. B 93,

085134 (2016).
[18] Y. Hu, P. Zoller, and J. C. Budich, Phys. Rev. Lett. 117,

126803 (2016).
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Fig. 3. Observation of a dynamical topological phase transition. (A) Experimental phase profiles 𝜑𝒌(𝑡) 

for different stroboscopic evolution times (multiples of 89 µs starting with 267 µs; labeled by Roman 

numbers). The hexagon marks the first Brillouin zone. Static vortices (marked by orange circles in (I)) are 

imprinted from the final Hamiltonian (23) and remain fixed for all times. Additionally, dynamical vortices 

appear, move and disappear during the time evolution (marked by red circles). (B) Zoom into the phase 

profile at time step (IV) demonstrating also our high momentum resolution. (C) The number of dynamical 

vortices in the first Brillouin zone serves as a dynamical order parameter, which changes at the critical times 

(grey shading indicates the presence of dynamical order). (D) Position of the vortices summed over all 

observed evolution times (blue and red dots for clockwise and counter-clockwise phase winding, 

respectively). The dynamical vortices are created and annihilated as vortex-anti-vortex pairs and they move 

on a closed contour in momentum space. 
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FIG. 1. (Color online) (a) The typical energy structure under
consideration. (b) The laser setup of the one-dimensional shaking
optical lattice. Solid and dashed lines represent lattice potential at two
different times. (c) The laser setup of the two-dimensional honeycomb
optical lattice. The dashed circle with arrow indicates how each lattice
potential rotates in time.

Method II. We can introduce a time-independent effective
Hamiltonian Ĥeff via F̂ = e−iĤeffT . Expanding Ĥ (t) as Ĥ (t) =∑∞

n=−∞ Ĥn(t)einωt with ω = 2π/T , we consider a situation as
shown in Fig. 1(a), that is, the static component Ĥ0 contains
m bands within an energy range of # and ω ≫ #. The
two concrete examples discussed below either belong to this
situation or can be transferred into this situation by a rotating
wave transformation, with m = 2. Under this condition, it is
straightforward to show that to the leading order of #/ω, Ĥeff
can be deduced as

Ĥeff = Ĥ0 +
∞∑

n=1

{
[Ĥn,Ĥ−n]

nω
− [Ĥn,Ĥ0]

e−2πniαnω
+ [Ĥ−n,Ĥ0]

e2πniαnω

}
,

(3)

where Ti is taken as αT with 0 ! α < 1. Since F̂ with
different choices of initial time Ti relate to each other by
a unitary transformation, quasienergy is independent of the
choice of Ti . In particular, we can choose an optimal α that
simplifies Ĥeff . Then we can apply schemes developed for
a time-independent Hamiltonian to Ĥeff for classifying the
topology of this time-periodic system. Although this method
involves further approximations, it has the advantage that it is
physically more transparent and can bring out the connection
to topological phenomena in equilibrium systems.

One-dimensional case. A one-dimensional lattice is formed
by two counterpropagating lasers. As one time-periodically
modulates the relative phase θ between two lasers, it will
result in a time-dependent lattice potential [31,32], as shown
in Fig. 1(b),

H (t) = k̂2
x

2m
+ V cos2[krx + θ (t)], (4)

where θ (t) = krb cos (ωt), and b is the maximum lattice
displacement. By transferring to the comoving frame, x →
x + b cos (ωt), the Hamiltonian acquires a time-dependent
vector potential term as

H (t) = k̂2
x

2m
+ V cos2(krx) − bω sin(ωt) · k̂x . (5)

The first two static terms give a static band structure with Bloch
wave function ϕλ(kx). In this basis, by only keeping the s and
p bands, we can write down a tight-binding Hamiltonian as

Ĥ (t) =
∑

i

(̂
†
i K(t)(̂i +

∑

i

[(̂†
i J (t)(̂i+1 + H.c.], (6)

where (̂
†
i = (â†

p,i ,â
†
s,i) are creation operators for s and p

orbitals, and

K(t) =
(

ϵp ih
sp
0 sin(ωt)

−ih
sp
0 sin(ωt) ϵs

)
, (7)

J (t) =
(

tp − ih
pp
1 sin(ωt) ih

sp
1 sin(ωt)

−ih
sp
1 sin(ωt) ts − ihss

1 sin(ωt)

)
, (8)

where ϵs and ϵp are the on-site energy, ts and tp are
the hopping amplitude from the static part, and h

sp
0 =

bω
∫

dx φs (x) ∂xφp (x) denotes shaking-induced on-site cou-
pling processes. hλλ′

1 = bω
∫

dx φλ (x − a) ∂xφλ′ (x), where
λλ′ = ss,pp,sp denotes shaking-induced nearest neighboring
hopping processes. Here φs (x) and φp (x) are the Wannier
wave functions of the s orbit and the p orbit, and a = π/kr is
the lattice constant. For a given lattice depth V , ϵs , ϵp, ts , and
tp are fixed, and h

sp
0 , hss

1 , h
pp
1 , and h

sp
1 scale linearly with krb.

With the Hamiltonian equations (6)–(8) and method I, we
find phase transitions between topological trivial and nontrivial
phases, by changing frequency via #0 = (ϵp − ϵs − 2ω)/2
and shaking amplitude krb. A phase diagram is shown in
Fig. 2(a). The topological nontrivial state possesses a pair

FIG. 2. (Color online) (a) Phase diagram in terms of shaking
frequency #0/Er and shaking amplitude krb. V = 3Er is fixed.
(b), (d) Quasienergy spectrum of a finite size one-dimensional shaking
optical lattice. #0/Er = 0 and krb = 0.5 for (b); and #0/Er = 0.8
and krb = 0.5 for (d), as marked in (a). Inset: Winding of B(kx) in
the yz plane as kx changes from −π to π . See text for a definition of
B(kx). (c) The wave functions for the in-gap states of (b).
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to the geometric phase picked up along an infinitesimal loop. When
only IS is broken, the Berry curvature is point-antisymmetric, and its
sign inverts for oppositeDAB; see Fig. 2e. The spread ofV(q) increases
with the size of the gap. Its integral over the first Brillouin zone, theChern
number n, is zero, corresponding to a topologically trivial system.How-
ever,withonlyTRSbroken, n561,V(q) is point-symmetric, and its sign
changeswhen reversing the rotation direction of the latticemodulation.
To determine the topology of the lowest band, we move the atoms

along the ydirection such that their trajectories sample the regionswhere
the Berry curvature is concentrated, and record their final position. As
atomsmove through regions of q-space with non-zero curvature, they
acquire anorthogonal velocityproportional to the applied force andV(q)
(refs 23–26). The underlyingharmonic confinement causedby the laser
beams in the experiment couples real andmomentum space, meaning
that a displacement in real space leads to a drift in quasi-momentum.
We apply a gradient of DE/h5 114.6(1)Hz per site and measure the
centre ofmass of the quasi-momentumdistribution in the lowest band
after one full Bloch cycle. Because the velocity caused by the Berry cur-
vature inverts when inverting the force, we subtract the result for the
opposite gradient toobtain thedifferential driftD. This quantity ismore
suitable for distinguishing trivial fromnon-trivial Berry-curvature dis-
tributions than the response to a single gradient (Methods)25. The latter
does however provide information about the local Berry curvature and
is shown in Extended Data Fig. 2.
Whenbreakingonly IS,weobserve thatD vanishes and is independent

ofDAB, because the Berry curvature is point-antisymmetric; see Fig. 2c.
In contrast,whenonlyTRS is broken,we explore the topological regime
of the Haldanemodel withDAB5 0. A differential drift is observed for
Q5 90u, which, as expected, is opposite for Q5290u; see Figs 2d and
4c. This is a direct consequence of the Berry curvature being point-
symmetric,with its sign givenby the rotationdirectionof the latticemod-
ulation. In fact, here a non-zeroD can only originate from a non-zero
integratedBerry curvature (Methods).As themodulationbecomes linear,
the drift disappears. This is smoothed by the increased transfer to the
higher bandwhen thegapbecomes smaller,whichpredominantly affects
atoms thatwould experience the strongest Berry curvature. These obser-
vations are qualitatively confirmedby semiclassical simulations shown
in Extended Data Fig. 1.
Within theHaldanemodel, the competitionof simultaneouslybroken

TRS and IS is of particular interest, as it features a topological transition
betweena trivial band insulator andaChern insulator. In this regime, both
the band structure and Berry curvature are no longer point-symmetric
and the energy gap G6 at the two Dirac points is given by

G+~ DAB+Dmax
T sin Qð Þ

!! !! ð3Þ

On the transition lines the system is gapless with one closed and one
gappedDirac point,G15 0orG25 0.Wenowdiscussmeasurements
inwhichwe extend the parameter regime to allow for the simultaneous
breaking of both symmetries.
Wemapout the transitionbymeasuring the transferj6 for eachDirac

point separately, see Fig. 3a. j1 (j2) is the fraction of atoms occupying
theupper (lower) half of the secondBrillouin zone after oneBlochoscil-
lation along the x direction. We observe a difference between j1 and
j2, which shows that the band structure is no longer point-symmetric,
allowing for theparity anomaly predictedbyHaldane1.When the topol-
ogy of the band changes, the gap at one of the Dirac point closes. We
identify the closingof a gapwith thepointofmaximummeasured transfer
whenvaryingDAB. ForQ5 0uwe find, as expected forpreservedTRS, that
the maxima of both j1 and j2 coincide; see Fig. 3b. The maxima are
shifted in opposite directions for Q5 90u, showing that the minimum
gap for each Dirac point occurs at different values of DAB. In between
these values the system is in the topologically non-trivial regime. We
explore the position of eachmaximum for varying Q and find opposite
shifts for negative Q as predicted by equation (3) using no free param-
eters; see Fig. 3c.

In Fig. 4 we show themeasured differential driftD for all topological
regimes, allowing for simultaneouslybroken IS andTRS.Here,we reduce
the modulation frequency to 3.75 kHz, where the signal-to-noise ratio
ofD is larger, but which is less suited for a quantitative comparison of
the transfer j because the lattice modulation ramps are expected to be
less adiabatic.D is non-zeroonly forbrokenTRSand shows the expected
antisymmetrywithQ and symmetrywithDAB. For largeDAB, deep inside
the topologically trivial regime,D vanishes for all Q. For smallerDAB, the
differential drift shows precursors of the regimes with non-zero Chern
number: non-zero values ofD extend well beyond the transition lines
when IS and TRS are both broken. Semiclassical simulations (see Ex-
tended Data Fig. 1c) suggest that the main contribution to this effect
arises from the transfer to the higher band.
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Figure 3 | Mapping out the transition line. a, Atomic quasi-momentum
distribution (averaged over six runs) after one Bloch oscillation for Q5190u,
DAB/h5 292(7)Hz. A line sum along qx shows the atomic density in the first
Brillouin zone in grey; atoms transferred at the upper (lower) Dirac point
are shown in orange (green) throughout. The fraction of atoms in the
second Brillouin zone differs for qywv0. This is a direct consequence of
simultaneously broken IS and TRS, which allows band structures that are not
point-symmetric. b, Fractions of atoms j6 in each half of the second Brillouin
zone. For linear modulation (left) the gap vanishes at DAB5 0 for both
Dirac points, while for circularmodulation (right) it vanishes at opposite values
of DAB. Gaussian fits (solid lines) are used to find the maximum transfer,
which signals the topological transition. Data are mean6 s.d. of at least six
measurements. c, Solid lines show the theoretically computed topological
transitions, without free parameters. Dotted lines represent the uncertainty
of themaximumgap Dmax

T

!! !!"h~88z10
{34 Hz, originating from the uncertainty of

the lattice parameters. Data are the points of maximum transfer for each Dirac
point,6 the fitting error, obtained from measurements as in b for various Q.
Data points for Q56180u correspond to the same measurements. Between
the lines, the system is in the topologically non-trivial regime.
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state as ⇣ i(k) = U(k)⇣0, where U(k) is smooth func-
tion of k and smoothly connects to the identity matrix.
Hence, it does not change the linking number. Finally,
continuously deforming f1 also does not change the link-
ing number, which releases the condition (iii). Therefore,
we prove our results for a general situation.

Application to Cold Atom Experiments. Finally, we
discuss applying our theory to recent cold atom exper-
iments, such as the one from the Hamburg group [10].
The initial state is prepared with all n pointing around
the north pole, and they quench the system by turning
on a periodic shaking which can induce gauge field and
topological Haldane model [4, 10, 11, 28–32]. Using the
method of momentum resolved quantum state tomogra-
phy [11], they are able to measure the wave function in

the pseudo-spin bases as ⇣(k) =

✓
sin(✓k/2)

� cos(✓k/2)ei'k

◆
.

Two types vortices of the phase 'k are found in the mo-
mentum space. The first type of the phase vortices are
naturally located in the K and � points and their loca-
tions do not evolve with time, where n always points to
the north pole; while the second type of phase vortices lo-
cate at certain momenta, at which n rotates to the south
pole. The second type of vortices can be pair-wisely cre-
ated and annihilated in the momentum space, tracing a
trajectory in the [k

x

, k
y

, t] space.
In Ref. [10], they use the appearance of the second

type of phase vortex as criterion to determine what they
call a “dynamical phase transition”. And they find that
the phase diagram for the “dynamical phase transition”
is much wider than the expected topological regime for
the static Hamiltonian. With our results, the topolog-
ical regime of the static Hamiltonian is determined by
whether the trajectories of the second type of vortices
wind around the trajectories of the first type of vortices,
because these two trajectories are the inverse images of
the south and the north poles, respectively. Thus, the
linking number of these trajectories, as we shown in Fig.
2(c-d), determines the Chern number. For the Haldane
model, it can be shown that, if the initial state uniformly
points to the north pole for all momenta, once the sec-
ond type vortices appear, their trajectories always wind
around K or K 0 points [33]. However, if the initial state
spreads a finite regime around the north pole, as in the
case of the real experiment, there exists certain regime
where the second type of vortices appear but their tra-
jectory enclose neither K nor K 0 [33]. In these regime,
the final Hamiltonians are still topological trivial ones.

To summary, our result establishes a unique relation
between quench dynamics and equilibrium property re-
garding the topological band structure. Our result can be
apply to the Haldane model realized by the ETH [4] and
the Hamburg group [10], with measurements of the mo-
mentum resolved quantum state tomography measure-
ment, and can also be applied to the Haldane-like model
realized by the USTC group [5], where the real spin is

used instead of the pseudo-spin, and momentum and spin
resolved measurement will be su�cient. On the theory
side, future generalizations include quench from topolog-
ical nontrivial initial state, and quench in other classes
of topological model, such as the time-reversal invariant
Z2 topological insulator.
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[11] N. Fläschner, B. S. Rem, M. Tarnowski, D. Vogel, D.-S.
Lühmann, K. Sengstock, C. Weitenberg, Science, 352,
1091 (2016).

[12] E. Alba, X. Fernandez-Gonzalvo, J. Mur-Petit, J. K.
Pachos, and J. J. Garcia-Ripoll, Phys. Rev. Lett. 107,
235301 (2011).

[13] P. Hauke, M. Lewenstein, and A. Eckardt, Phys. Rev.
Lett. 113, 045303 (2014).

[14] L. D’Alessio and M. Rigol, Nat. Comm. 6, 8336 (2015).
[15] M. D. Caio, N. R. Cooper, and M. J. Bhaseen, Phys.

Rev. Lett. 115, 236403 (2015); Phys. Rev. B 94, 155104
(2016)

[16] P. Wang and S. Kehrein, New J. Phys. 18, 053003 (2016).
[17] P. Wang, M. Schmitt, and S. Kehrein, Phys. Rev. B 93,

085134 (2016).
[18] Y. Hu, P. Zoller, and J. C. Budich, Phys. Rev. Lett. 117,

126803 (2016).
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Fig. 3. Observation of a dynamical topological phase transition. (A) Experimental phase profiles 𝜑𝒌(𝑡) 

for different stroboscopic evolution times (multiples of 89 µs starting with 267 µs; labeled by Roman 

numbers). The hexagon marks the first Brillouin zone. Static vortices (marked by orange circles in (I)) are 

imprinted from the final Hamiltonian (23) and remain fixed for all times. Additionally, dynamical vortices 

appear, move and disappear during the time evolution (marked by red circles). (B) Zoom into the phase 

profile at time step (IV) demonstrating also our high momentum resolution. (C) The number of dynamical 

vortices in the first Brillouin zone serves as a dynamical order parameter, which changes at the critical times 

(grey shading indicates the presence of dynamical order). (D) Position of the vortices summed over all 

observed evolution times (blue and red dots for clockwise and counter-clockwise phase winding, 

respectively). The dynamical vortices are created and annihilated as vortex-anti-vortex pairs and they move 

on a closed contour in momentum space. 
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In this letter we show how the topological number of a static Hamiltonian can be measured
from a dynamical quench process. We focus on a two-band Chern insulator in two-dimension, for
instance, the Haldane model, whose dynamical process can be described by a mapping from the
[k

x

, k
y

, t] space to the Bloch sphere, characterized by the Hopf invariant. Such a mapping has been
constructed experimentally by measurements in cold atom systems. We show that, taking any two
constant vectors on the Bloch sphere, their inverse images of this mapping are two trajectories in
the [k

x

, k
y

, t] space, and the linking number of these two trajectories exactly equals to the Chern
number of the static Hamiltonian. Applying this result to a recent experiment from the Hamburg
group, we show that the linking number of the trajectories of the phase vortices determines the
phase boundary of the static Hamiltonian.

Recently cold atom experiments have realized a num-
ber of topological models including the Hofstadter model
[1–3], the Haldane (and the Haldane-type) model [4,
5], the Su-Schrie↵er-Heeger model [6] and its Thouless
charge pumping [7–9]. One major advantage of studying
topological models in the context of cold atom systems,
in comparison with its condensed matter counterpart, is
that the experimental investigation of the dynamic pro-
cesses can be more easily accessible. For example, consid-
ering non-interacting fermions initially in a topologically
trivial insulator state of the initial Hamiltonian Hi, we
shall focus on a sudden quench to a final Hamiltonian
Hf, whose ground state is a topologically nontrivial insu-
lator (e.g. a Chern insulator) at the same filling, and the
question is whether the change of the topological number
can be revealed from measuring the dynamical process af-
ter the quench. In fact, such a quench experiment has
been performed recently in a Haldane-type model with
cold atoms by the Hamburg group [10]. Using a momen-
tum resolved quantum state tomography method [11–13],
they can map out the evolution of the wave function as
time evolves after the quench.

At equilibrium, for a Chern insulator, it is known that
the bulk Chern number, the number of edge states and
the quantization value of the Hall conductance are equal,
which is termed as “ the bulk-edge correspondence ”.
While for the non-equilibrium process after the quench,
there is no such clear relations between them. First of
all, because the time evolution after the quench is unitary,
the Chern number of the quantum state does not change
and does not reflect the topological number of the final
Hamiltonian [14]. Nevertheless, the edge state gradually
emerges [14, 15]. Second, without dephasing, the Hall
response will not be well quantized for either a slow or a
sudden quench [16, 17]. While it is also found that the
Hall conductance can become finite even after quenching
to a topologically trivial final Hamiltonian [18]. There-
fore, it is desirable to know whether there is a way to
rigorously map out the topology of the band structure of
Hf through the quench dynamics.
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↓1 1=C1 1= −C
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FIG. 1: (a) Schematic of hopping in the Haldane model in
a honeycomb lattice; (b) The phase diagram of the Haldane
model. The arrow indicates a quench from topologically triv-
ial regime to a topologically nontrivial regime.

In this letter we present a scheme to extract a quan-

tized value from the dynamical process after the quench,
and this quantized value is exactly the same as the topo-
logical Chern number of the final Hamiltonian Hf. This
scheme can be directly applied to analyze the recent ex-
perimental data from the Hamburg group (Ref. [10]), as
well as other similar systems (such as the ETH [4] and
the USTC experiments [5]), to determine the topological
phase diagram.
Summary of the Scheme. Before proceeding to details,

let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model

in two-dimension, and at each momentum, the Hamilto-
nian can be written as

H(k) =
1

2
h(k) · �, (1)

where � = (�
x

, �
y

, �
z

) is a vector of the Pauli matri-
ces. Thus, the eigen-energies of the Hamiltonian are
±|h(k)|/2, corresponding to the upper- and the lower-
bands, respectively. We further consider at each k, |h(k)|
is always non-zero, and the system is an insulator at half
filling. The two-component wave function is denoted by
⇣(k).
Here we consider the quench process that corresponds

to a sudden change of h(k) from a topologically trivial
hi(k) to hf(k). The initial wave function ⇣ i(k) is taken as
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Quench Experiment

A B

2

to

F (t) = cos (4Jijt) . (4)

Further averaging over all random configurations results
in

F (t) =
sin(4J exp(�|i� j|/⇠)t)

4J exp(�|i� j|/⇠)t . (5)

Before proceeding, we would like to make a few com-
ments on the result Eq. 5. (i) Eq. 5 can be expanded as
1+↵t2 for the early-time behavior. The absence of linear
t term means that at early time the OTOC deviates from
unity in power law instead of exponentially. This shows
the di↵erence in the OTOC between an MBL state and
a thermalized state. When the distribution function of
J̃ij changes or higher order terms in the Hamiltonian Eq.
2 are included, this power law behavior is quite robust
while ↵ is a non-universal value and will change corre-
spondingly. (ii) J = 0 describes the AL limit where F (t)
becomes a constant. This shows that the OTOC can also
distinguish the MBL phase from the AL phase. (iii) The
typical time scale of the decay time is given by

t0 =
⇡

4J
e|i�j|/⇠, (6)

which increases exponentially as the the distance between
i- and j-sites increases.

OTOC in a Random-field XXZ Model. We now
come to a more microscopic model for MBL, that is
the one-dimensional XXZ model in a random magnetic
field28,29,36

Ĥ =
X

i

J?(ŝ
x
i ŝ

x
i+1 + ŝyi ŝ

y
i+1) + Jz ŝ

z
i ŝ

z
i+1 + hiŝ

z
i . (7)

Here ŝx,y,zi are three spin operators at site-i, J? and Jz
are both constants, and hi are random fields uniformly
distributed among [�h, h]. Using a Jordan-Wigner trans-
formation to map this model into a spinless fermion
model, ŝzi ŝ

z
i+1 gives a nearest neighbour interaction be-

tween fermions. Thus in this model, Jz represents the
interaction e↵ect.

In Fig. 1 we show the entanglement von Neumann en-
tropy, the second Rényi entropy and the OTOC for both
the MBL case and the AL case. For the EE calculation,
the system is divided into two parts A and B, where A
(B) is the left (right) half of this eight-site system. The

second Rényi EE is defined as S(2)
A = � log TrA⇢̂2A and

⇢A = TrB⇢. The initial state is prepared in a Néel state
along ẑ direction, and evolves from there under the XXZ
Hamiltonian Eq. 7. This initial state preparation can in
fact be viewed as a global quench. For the OTOC cal-
culation, we choose Ŵ as ŝx at site i = 2 and V̂ as ŝx
at site j = 8. The temperature is also set at infinity and
we sum over all configurations with equal weight. We do
check other choices of operators and most of the OTOCs
all behave similarly.

FIG. 1: The calculation of the von Neumann EE, the second
Rényi EE and the OTOC for the MBL and the AL cases
in random-field XXZ model Eq. 7. The OTOC has been
rescaled to drop from unity. The horizontal axis is tJ? in
the logarithmic scale. The calculation is done for on an 8-site
model with open boundary condition, and is averaged over
103 disorder configurations. Here J? > 0, h

i

/J? is uniformly
distributed between [�5, 5]. For the MBL case J

z

/J? = 0.2
where the system is known to be fully localized36. For the AL
case J

z

= 0. The dashed line indicates a logarithmic growth
of the von Neumann and the second Rényi EE.

From Fig. 1 one can see that, after a linear increase at
the initial time (0 < t . 1/J?), both two EEs saturate
for the AL case, while they continuously grow logarithmi-
cally for the MBL case. The von Neumann EE and the
second Rényi EE behave similarly. For the MBL case,
at the time scale that EE starts logarithmic growth, the
OTOC also starts to drop. While in the AL case, the
OTOC always remains constant. We also calculate the
normal correlators in this model and find they always re-
main as constants in both the MBL phase and the AL
phase. These results are consistent with the results from
the phenomenological model.
OTOC-EE Theorem. Motivated by the calculation

above, here we prove a general theorem as
Theorem. For a system at T = 1 quenched by an

arbitrary operator Ô at t = 0, we divide it into two sub-
parts A and B and considering the second Rényi entropy

S(2)
A . The growth of this second Rényi EE is related to

the OTOC of the original equilibrium state via

exp(�S(2)
A ) =

X

M̂2B

hM̂(t)V̂ (0)M̂(t)V̂ (0)i�=0 (8)

where V̂ = ÔÔ† and the summation is taken over a
complete set of operators M̂ in the part B. Here we
have chosen the normalization condition for M̂ and Ô
as

P
M̂2B MijMlm = �im�lj , Tr[ÔÔ†] = 1.

Before the proof of this theorem, we would like to add
a few remarks on this theorem:
i) This theorem applies to generic quantum systems, no

matter whether they are chaotic, thermalized, localized
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From Fig. 1 one can see that, after a linear increase at
the initial time (0 < t . 1/J?), both two EEs saturate
for the AL case, while they continuously grow logarithmi-
cally for the MBL case. The von Neumann EE and the
second Rényi EE behave similarly. For the MBL case,
at the time scale that EE starts logarithmic growth, the
OTOC also starts to drop. While in the AL case, the
OTOC always remains constant. We also calculate the
normal correlators in this model and find they always re-
main as constants in both the MBL phase and the AL
phase. These results are consistent with the results from
the phenomenological model.
OTOC-EE Theorem. Motivated by the calculation

above, here we prove a general theorem as
Theorem. For a system at T = 1 quenched by an

arbitrary operator Ô at t = 0, we divide it into two sub-
parts A and B and considering the second Rényi entropy

S(2)
A . The growth of this second Rényi EE is related to

the OTOC of the original equilibrium state via

exp(�S(2)
A ) =
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hM̂(t)V̂ (0)M̂(t)V̂ (0)i�=0 (8)

where V̂ = ÔÔ† and the summation is taken over a
complete set of operators M̂ in the part B. Here we
have chosen the normalization condition for M̂ and Ô
as

P
M̂2B MijMlm = �im�lj , Tr[ÔÔ†] = 1.

Before the proof of this theorem, we would like to add
a few remarks on this theorem:
i) This theorem applies to generic quantum systems, no

matter whether they are chaotic, thermalized, localized
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Before proceeding, we would like to make a few com-
ments on the result Eq. 5. (i) Eq. 5 can be expanded as
1+↵t2 for the early-time behavior. The absence of linear
t term means that at early time the OTOC deviates from
unity in power law instead of exponentially. This shows
the di↵erence in the OTOC between an MBL state and
a thermalized state. When the distribution function of
J̃ij changes or higher order terms in the Hamiltonian Eq.
2 are included, this power law behavior is quite robust
while ↵ is a non-universal value and will change corre-
spondingly. (ii) J = 0 describes the AL limit where F (t)
becomes a constant. This shows that the OTOC can also
distinguish the MBL phase from the AL phase. (iii) The
typical time scale of the decay time is given by

t0 =
⇡

4J
e|i�j|/⇠, (6)

which increases exponentially as the the distance between
i- and j-sites increases.

OTOC in a Random-field XXZ Model. We now
come to a more microscopic model for MBL, that is
the one-dimensional XXZ model in a random magnetic
field28,29,36
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Here ŝx,y,zi are three spin operators at site-i, J? and Jz
are both constants, and hi are random fields uniformly
distributed among [�h, h]. Using a Jordan-Wigner trans-
formation to map this model into a spinless fermion
model, ŝzi ŝ

z
i+1 gives a nearest neighbour interaction be-

tween fermions. Thus in this model, Jz represents the
interaction e↵ect.

In Fig. 1 we show the entanglement von Neumann en-
tropy, the second Rényi entropy and the OTOC for both
the MBL case and the AL case. For the EE calculation,
the system is divided into two parts A and B, where A
(B) is the left (right) half of this eight-site system. The

second Rényi EE is defined as S(2)
A = � log TrA⇢̂2A and

⇢A = TrB⇢. The initial state is prepared in a Néel state
along ẑ direction, and evolves from there under the XXZ
Hamiltonian Eq. 7. This initial state preparation can in
fact be viewed as a global quench. For the OTOC cal-
culation, we choose Ŵ as ŝx at site i = 2 and V̂ as ŝx
at site j = 8. The temperature is also set at infinity and
we sum over all configurations with equal weight. We do
check other choices of operators and most of the OTOCs
all behave similarly.
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as

P
M̂2B MijMlm = �im�lj , Tr[ÔÔ†] = 1.
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�iĤt

OTOC = hy|xi
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This correlation function is useful in diagnosing chaos for quantum mechanical mod-

els.

• We will then focus on a quantum mechanical model, now known as Sachdev-Ye-

Kitaev model, that is claimed to be maximally chaotic. The model itself has some

interesting features and those features are shared by a gravity model, therefore this

model is believed to be important in understanding quantum holography. We will

only talk about the SYK model side and leave the holographic part to audience.

• References:

– “Black holes and the butterfly e↵ect” Shenker-Stanford arXiv:1306.0622;

– “A bound on chaos” Maldacena-Shenker-Stanford arXiv:1503.01409;

– Sachdev-Ye-Kitaev model:

1. Sachdev-Ye model, arXiv: cond-mat/9212030

2. Kitaev’s talks at KITP, 2015

3. Sachdev arXiv:1506.05111; Polchinski-Rosenhaus arXiv:1601.06768; Fu-Sachdev

arXiv:1603.05246;

4. Maldacena-Stanford arXiv:1604.07818;

– Gravity side:

1. Almheiri-Polchiski: arXiv:1402.6334;

2. Maldacena-Stanford-Yang: arXiv:1606.01857

3. Engelsöy-Mertens-Verlinde: arXiv:1606.03438

2 Quantum butterfly e↵ect

Outline for the introduction to quantum butterfly e↵ect:

• Classical chaos: Poisson bracket {q(t), p(0)} = @q(t)
@q(0) ⇠ e�Lt, �L: Lyapunov exponent.

• Semi-classical treatment: {q(t), p(0)}PB ! i
~ [bq(t), bp(0)] (Larkin, Ovchinnikov 1969).

• Semiclassical to quantum: commutator square C(t) = h|[W (t), V (0)]|2i�

3

This correlation function is useful in diagnosing chaos for quantum mechanical mod-

els.

• We will then focus on a quantum mechanical model, now known as Sachdev-Ye-

Kitaev model, that is claimed to be maximally chaotic. The model itself has some

interesting features and those features are shared by a gravity model, therefore this

model is believed to be important in understanding quantum holography. We will

only talk about the SYK model side and leave the holographic part to audience.

• References:

– “Black holes and the butterfly e↵ect” Shenker-Stanford arXiv:1306.0622;

– “A bound on chaos” Maldacena-Shenker-Stanford arXiv:1503.01409;

– Sachdev-Ye-Kitaev model:

1. Sachdev-Ye model, arXiv: cond-mat/9212030

2. Kitaev’s talks at KITP, 2015

3. Sachdev arXiv:1506.05111; Polchinski-Rosenhaus arXiv:1601.06768; Fu-Sachdev

arXiv:1603.05246;

4. Maldacena-Stanford arXiv:1604.07818;

– Gravity side:

1. Almheiri-Polchiski: arXiv:1402.6334;

2. Maldacena-Stanford-Yang: arXiv:1606.01857
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Ŵe

�iĤt
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• C(t) contains four terms.

C(t) =hV †(0)W †(t)W (t)V (0) +W †(t)V †(0)V (0)W (t)| {z }
“Accessible correlators”

�W †(t)V †(0)W (t)V (0)� V †(0)W †(t)V (0)W (t)| {z }
“Out-of-time-ordered correlators”

i� (2)

t
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Figure 1: Accessible correlators and out-of-time-ordered correlators

– Accessible correlators: appear in (non-linear) response functions.

– Out-of-time-ordered correlators: hard to measure. (Cold atom experiment pro-

posal: arXiv:1602.06271, 1606.02454)

• Focus on out-of-time-ordered-correlator

f(t) := hW †(t)V †(0)W (t)V (0)i� (3)

• |�i pure state that mimics the thermal equilibrium at T = 1/�.

|�i = 1p
Z

X

n

e�
�En
2 |ni|ni, |ni 2 H, |ni 2 H : thermal bath (4)

• Wave-function inner product interpretation: quantum butterfly e↵ect:

f(t) = hy|xi; |xi = W (t)V (0)|�i, |yi = V (0)W (t)|�i (5)

– If no perturbation W , |xi = |yi = V |�i;

– Perturbation W destroys the delicated cancellation

– OTOC f(t) = hy|xi measures the di↵erence: quantify the butterfly e↵ect;
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�iĤt

OTOC = hy|xi
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A quantum system with holographic duality saturates the bound   
An example is the SYK model
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A quantum system with holographic duality saturates the bound   
An example is the SYK model

Holographic duality: A quantum many body 
system (strongly interacting, emergent 
conformal field symmetry) in D-dimension can 
be “mapped” to an Einstein gravity theory in 
D+1-dimension 
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An example is the SYK model

Delocalization of information is closely related to 
the decay of the OTOC,  and the butterfly effect in 
quantum system implies the information-theoretic 
definition of scrambling.
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hŴ †(t)V̂ †(0)Ŵ (t)V̂ (0)i�
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Figure 1: Illustration of the physical system, the Ising model and the experimental scheme. (a)
The structure of the C2F3I molecule used for the NMR simulation. (b) The four sites Ising spin
chain, A and B label dividing the entire system into two subsystems in the later discussion of
entanglement entropy. (c) Quantum circuit for measuring the OTOC for general N -site Ising
chain when � = 0 (in our case N = 4). Here ˆR = 1, ˆRx(�⇡/2), ˆRy(⇡/2) for ˆA = �̂z
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y
1 , �̂

x
1 ,

respectively.
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chaotic behavior of many-body quantum systems and characterizes the infor-

mation scrambling (1–6). Based on OTOCs, three different concepts – quan-

tum chaos, holographic duality, and information scrambling – are found to be

intimately related to each other. Here we report the measurement of OTOCs

of an Ising spin chain on a nuclear magnetic resonance (NMR) quantum sim-

ulator. We observe that the OTOC behaves differently in the integrable and

chaotic cases (6). Based on the recent discovered relationship between OTOCs

and the growth of entanglement entropy in the many-body system (7), we

extract the entanglement entropy from the measured OTOCs, which clearly

shows that the information entropy oscillates in time for integrable models

and scrambles for chaotic models (6). With OTOCs, we also obtain the but-

terfly velocity in this system, which measures the speed of correlation prop-

agation (5, 6, 8–10). Our experiment paves a way for experimental studying

quantum chaos, holographic duality, and information scrambling in many-

body quantum systems with quantum simulators.

The out-of-time-order correlator (OTOC), given by

F (t) = h ˆB†
(t) ˆA†

(0)

ˆB(t) ˆA(0)i�, (1)

is a quantum generalization of a classical measure of chaos (1,2). Here ˆH is the system Hamil-

tonian and ˆB(t) = eiĤt
ˆBe�iĤt, and h...i� denotes averaging over a thermal ensemble at tem-

perature 1/� = kBT . For a many-body system with local operators ˆA and ˆB, the exponen-

tial deviation from unity of a normalized OTOC gives rise to the Lyapunov exponent �L, i.e.

F (t) ⇠ 1 � #e�Lt for small t. In the recent years, the interests on the OTOCs increase sig-

nificantly. It is found that OTOC emerges in describing a bulk scattering nearby the horizon

and information scrambling of a black hole (3–5). Furthermore, the Lyapunov exponent �L of a

2

quantum system holographic dual to a black hole saturate an upper bound 2⇡/� (11–15). This

establishes a profound connection between the existence of holographic duality and the chaotic

behavior in many-body quantum systems. In the high temperature limit (i.e. � = 0), intimate

connection between the OTOC and the growth of entanglement entropy in quantum many-body

systems are also established (6, 7).

Despite of the significance of the OTOC revealed by recent theories, experimental measure-

ment of the OTOC remains challenging. Unlike the normal correlators, the OTOC cannot be re-

lated to conventional spectroscopy measurements through linear response theory. Recently, sev-

eral theory proposals have been put forward to measure OTOC, using echo- and interferometric-

approaches (16–19). Since the OTOC involves system dynamics and its time reversal, quantum

computers provide an ideal platform to simulate these systems and their dynamics. Histori-

cally, one of the key motivations to develop quantum computers is to simulate the dynamics of

many-body quantum systems (20), and quantum simulation of many-body dynamics has been

theoretically shown to be efficient with practical algorithms proposed (21).

In this work, we report measurements of OTOCs on a NMR quantum simulator. The system

to simulate is an Ising spin chain model, whose Hamiltonian is written as

ˆH =

X

i

�
��̂z

i �̂
z
i+1 + g�̂x

i + h�̂z
i

�
, (2)

where �̂x,y,z
i are Pauli matrices on the i-site. The parameter values g = 1, h = 0 correspond

to the traverse field Ising model, where the system is integrable. The system is non-integrable

whenever both g and h are non-zero. We simulate the dynamics governed by the system Hamil-

tonian ˆH , and measure the OTOCs of operators that are initially acting on different local sites.

The time dynamics of OTOCs is observed, from which entanglement entropy of the system and

butterfly velocities of the chaotic systems are extracted.

NMR Quantum Simulation of OTOC. The physical system to perform the quantum simu-
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Non-Zero h: Non-Integrable case 
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Figure 2: Experimental results of OTOC measurement for an Ising spin chain: (a) ˆA = �̂z
1 at

the first site, and ˆB = �̂x
4 at the fourth site. (b) ˆA = �̂x

1 at the first site, and ˆB = �̂y
4 at the

fourth site. The three columns correspond to g = 1, h = 0; g = 1.05, h = 0.5; and g = 1,
h = 1 of model Eq. (2), respectively. The red points are experimental data, the blue curves are
theoretical calculation of OTOC with model Eq. (2) for four sites.
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quantum system holographic dual to a black hole saturate an upper bound 2⇡/� (11–15). This

establishes a profound connection between the existence of holographic duality and the chaotic

behavior in many-body quantum systems. In the high temperature limit (i.e. � = 0), intimate

connection between the OTOC and the growth of entanglement entropy in quantum many-body

systems are also established (6, 7).

Despite of the significance of the OTOC revealed by recent theories, experimental measure-

ment of the OTOC remains challenging. Unlike the normal correlators, the OTOC cannot be re-

lated to conventional spectroscopy measurements through linear response theory. Recently, sev-

eral theory proposals have been put forward to measure OTOC, using echo- and interferometric-

approaches (16–19). Since the OTOC involves system dynamics and its time reversal, quantum

computers provide an ideal platform to simulate these systems and their dynamics. Histori-

cally, one of the key motivations to develop quantum computers is to simulate the dynamics of

many-body quantum systems (20), and quantum simulation of many-body dynamics has been

theoretically shown to be efficient with practical algorithms proposed (21).

In this work, we report measurements of OTOCs on a NMR quantum simulator. The system

to simulate is an Ising spin chain model, whose Hamiltonian is written as

ˆH =

X
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i + h�̂z
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, (2)

where �̂x,y,z
i are Pauli matrices on the i-site. The parameter values g = 1, h = 0 correspond

to the traverse field Ising model, where the system is integrable. The system is non-integrable

whenever both g and h are non-zero. We simulate the dynamics governed by the system Hamil-

tonian ˆH , and measure the OTOCs of operators that are initially acting on different local sites.

The time dynamics of OTOCs is observed, from which entanglement entropy of the system and

butterfly velocities of the chaotic systems are extracted.

NMR Quantum Simulation of OTOC. The physical system to perform the quantum simu-
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A after a quench. A quench operator (1 + �̂x

1 ) (up to a
normalization factor) is applied to the system at t = 0, and the entropy is measured by tracing
out the fourth site as the subsystem B. Different colors correspond to different parameters of
g and h in the Ising spin model. The points are experimental data, the curves are theoretical
calculations.

14
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Theorem. For a system constituted by subparts A and B at T = 1, after quenching

by an arbitrary operator O, the second entanglement Renyi entropy S2
A defined as

S2
A = log TrA⇢2

A; ⇢A = TrB⇢,

is related to OTOC via

exp(�S
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A ) =

X

M2B

Tr[M̂(t)V̂ (0)M̂(t)V̂ (0)]

where

V̂ = ÔÔ†

and the summation is taken over a complete set of operators M̂ in the subpart B.
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The structure of the C2F3I molecule used for the NMR simulation. (b) The four sites Ising spin
chain, A and B label dividing the entire system into two subsystems in the later discussion of
entanglement entropy. (c) Quantum circuit for measuring the OTOC for general N -site Ising
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Integrable Case: Information Oscillates
Non-Integrable Case: Information Scrambles  
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The idea of out-of-time-order correlator
(OTOC) has recently emerged in the study of
both condensed matter systems and gravitational
systems. It not only plays a key role in investi-
gating the holographic duality between a strongly
interacting quantum system and a gravitational
system, but also diagnoses the chaotic behavior
of many-body quantum systems and character-
izes the information scrambling [1–6]. Based
on OTOCs, three di↵erent concepts – quantum
chaos, holographic duality, and information
scrambling – are found to be intimately related
to each other. Here we report the measurement
of OTOCs of an Ising spin chain on a nuclear
magnetic resonance (NMR) quantum simulator.
We observe that the OTOC behaves di↵erently
in the integrable and chaotic cases [6]. Based
on the recent discovered relationship between
OTOCs and the growth of entanglement entropy
in the many-body system [7], we extract the en-
tanglement entropy from the measured OTOCs,
which clearly shows that the information entropy
oscillates in time for integrable models and
scrambles for chaotic models [6]. With OTOCs,
we also obtain the butterfly velocity in this
system, which measures the speed of correlation
propagation [5, 6, 8–10]. Our experiment paves
a way for experimental studying quantum chaos,
holographic duality, and information scrambling
in many-body quantum systems with quantum
simulators.

The out-of-time-order correlator (OTOC), given by

F (t) = hB̂†(t)Â†(0)B̂(t)Â(0)i� , (1)

is a quantum generalization of a classical measure of
chaos [1, 2]. Here Ĥ is the system Hamiltonian and

B̂(t) = ei
ˆHtB̂e�i ˆHt, and h...i� denotes averaging over

a thermal ensemble at temperature 1/� = k
B

T . For a
many-body system with local operators Â and B̂, the

exponential deviation from unity of a normalized OTOC
gives rise to the Lyapunov exponent �

L

, i.e. F (t) ⇠
1 � #e�Lt for small t. In the recent years, the inter-
ests on the OTOCs increase significantly. It is found that
OTOC emerges in describing a bulk scattering nearby the
horizon and information scrambling of a black hole [3–5].
Furthermore, the Lyapunov exponent �

L

of a quantum
system holographic dual to a black hole saturate an up-
per bound 2⇡/� [11–15]. This establishes a profound
connection between the existence of holographic duality
and the chaotic behavior in many-body quantum sys-
tems. Recent studies also reveal that the OTOC can be
applied to study physical properties beyond chaotic sys-
tems, for instance, to characterize many-body localized
phases, which are not even thermalized [7, 16–19]. In
the high temperature limit (i.e. � = 0), intimate connec-
tion between the OTOC and the growth of entanglement
entropy in quantum many-body systems are also estab-
lished [6, 7].

Despite of the significance of the OTOC revealed
by recent theories, experimental measurement of the
OTOC remains challenging. Unlike the normal correla-
tors, the OTOC cannot be related to conventional spec-
troscopy measurements through linear response theory.
Recently, several theory proposals have been put forward
to measure OTOC, using echo- and interferometric- ap-
proaches [20–23]. Since the OTOC involves system dy-
namics and its time reversal, quantum computers provide
an ideal platform to simulate these systems and their
dynamics. Historically, one of the key motivations to
develop quantum computers is to simulate the dynam-
ics of many-body quantum systems [24], and quantum
simulation of many-body dynamics has been theoreti-
cally shown to be e�cient with practical algorithms pro-
posed [25].

In this work, we report measurements of OTOCs on a
NMR quantum simulator. The system to simulate is an
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(0)i

�
,

(1)

is
a

q
u
an

tu
m

gen
eralization

of
a

classical
m
easu

re
of

ch
aos

[1,
2].

H
ere

Ĥ
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Â
an

d
B̂
,
th
e

ex
p
on

en
tial

d
ev
iation

from
u
n
ity

of
a
n
orm

alized
O
T
O
C

gives
rise

to
th
e
L
yap

u
n
ov

ex
p
on

en
t
�
L

,
i.e.

F
(t)

⇠
1
�

#
e
�
L
t
for

sm
all

t.
In

th
e
recen

t
years,

th
e
in
ter-

ests
on

th
e
O
T
O
C
s
in
crease

sign
ifi
can

tly.
It

is
fou

n
d
th
at

O
T
O
C
em

erges
in

d
escrib

in
g
a
b
u
lk

scatterin
g
n
earb

y
th
e

h
orizon

an
d
in
form

ation
scram

b
lin

g
of

a
b
lack

h
ole

[3–5].
F
u
rth

erm
ore,

th
e
L
yap

u
n
ov

ex
p
on

en
t
�
L

of
a
q
u
an

tu
m

sy
stem

h
olograp

h
ic

d
u
al

to
a
b
lack

h
ole

satu
rate

an
u
p
-

p
er

b
ou

n
d

2⇡
/�

[11–15].
T
h
is

estab
lish

es
a
p
rofou

n
d

con
n
ection

b
etw

een
th
e
ex
isten

ce
of

h
olograp

h
ic

d
u
ality

an
d

th
e
ch
aotic

b
eh
av
ior

in
m
an

y
-b
o
d
y

q
u
an

tu
m

sy
s-

tem
s.

R
ecen

t
stu

d
ies

also
reveal

th
at

th
e
O
T
O
C

can
b
e

ap
p
lied

to
stu

d
y
p
h
y
sical

p
rop

erties
b
eyon

d
ch
aotic

sy
s-

tem
s,

for
in
stan

ce,
to

ch
aracterize

m
an

y
-b
o
d
y
lo
calized

p
h
ases,

w
h
ich

are
n
ot

even
th
erm

alized
[7,

16–19].
In

th
e
h
igh

tem
p
eratu

re
lim

it
(i.e.

�
=

0),
in
tim

ate
con

n
ec-

tion
b
etw

een
th
e
O
T
O
C

an
d
th
e
grow

th
of

en
tan

glem
en
t

en
trop

y
in

q
u
an

tu
m

m
an

y
-b
o
d
y
sy
stem

s
are

also
estab

-
lish

ed
[6,

7].

D
esp

ite
of

th
e

sign
ifi
can

ce
of

th
e

O
T
O
C

revealed
b
y

recen
t
th
eories,

ex
p
erim

en
tal

m
easu

rem
en
t
of

th
e

O
T
O
C

rem
ain

s
ch
allen

gin
g.

U
n
like

th
e
n
orm

al
correla-

tors,
th
e
O
T
O
C

can
n
ot

b
e
related

to
con

ven
tion

al
sp
ec-

troscop
y
m
easu

rem
en
ts

th
rou

gh
lin

ear
resp

on
se

th
eory.

R
ecen

tly,
several

th
eory

p
rop

osals
h
ave

b
een

p
u
t
forw

ard
to

m
easu

re
O
T
O
C
,
u
sin

g
ech

o-
an

d
in
terferom

etric-
ap

-
p
roach

es
[20–23].

S
in
ce

th
e
O
T
O
C

in
volves

sy
stem

d
y
-

n
am

ics
an

d
its

tim
e
reversal,

q
u
an

tu
m

com
p
u
ters

p
rov

id
e

an
id
eal

p
latform

to
sim

u
late

th
ese

sy
stem

s
an

d
th
eir

d
y
n
am

ics.
H
istorically,

on
e
of

th
e
key

m
otivation

s
to

d
evelop

q
u
an

tu
m

com
p
u
ters

is
to

sim
u
late

th
e
d
y
n
am

-
ics

of
m
an

y
-b
o
d
y
q
u
an

tu
m

sy
stem

s
[24],

an
d

q
u
an

tu
m

sim
u
lation

of
m
an

y
-b
o
d
y

d
y
n
am

ics
h
as

b
een

th
eoreti-

cally
sh
ow

n
to

b
e
e�

cien
t
w
ith

p
ractical

algorith
m
s
p
ro-

p
osed

[25].

In
th
is
w
ork

,
w
e
rep

ort
m
easu

rem
en
ts

of
O
T
O
C
s
on

a
N
M
R

q
u
an

tu
m

sim
u
lator.

T
h
e
sy
stem

to
sim

u
late

is
an

arXiv:1609.01246v2  [cond-mat.str-el]  24 Sep 2016

Out-of-Time-Order Correlation for Many-Body Localization

Ruihua Fan,1, 2, ⇤ Pengfei Zhang,1, ⇤ Huitao Shen,1 and Hui Zhai1

1
Institute for Advanced Study, Tsinghua University, Beijing, 100084, China

2
Department of Physics, Peking University, Beijing, 100871, China

(Dated: August 16, 2016)

In this Letter we first compute the out-of-time-order correlators (OTOC) for both a phenomeno-
logical model and a random-field XXZ model in the many-body localized phase. We show that, in
contrast to the exponential deviation in a chaotic system, the OTOC decreases in power law in a
many-body localized system. We show that the OTOC can also be used to distinguish a many-body
localized phase from an Anderson localized phase, while a normal correlator cannot. Furthermore,
we prove an exact theorem that relates the growth of the second Rényi entropy in the quench dy-
namics to the decay of the OTOC in equilibrium. This theorem works for a generic quantum system.
We discuss various implications of this theorem.

Recently, the out-of-time-order correlator (OTOC) has
drawn a lot of attention in both the gravity physics, the
condensed matter physics and quantum information [1–
18]. This correlator is introduced as

F (t) = hŴ †(t)V̂ †(0)Ŵ (t)V̂ (0)i� , (1)

where Ŵ (t) = eiĤtŴe�iĤt and h...i� denotes averaging
over a thermal ensemble at temperature 1/� = kBT . In
the context of condensed matter physics, the OTOC di-
agnoses the chaotic behavior. The exponential deviation
of the OTOC defines the Lyapunov exponent �L [1, 2, 10].
In the gravity context, for systems that can be described
holographically by an Einstein gravity, it is shown that
the Lyapunov exponent saturates 2⇡/� [2, 3, 5]. More
remarkably, it is shown that the Lyapunov exponent will
actually be bounded by 2⇡/� [6]. It is thus conjectured
that a quantum mechanical system that saturates the
bound has a holographic dual to a black hole [6]. A con-
crete “Sachdev-Ye-Kitaev” model [4, 19] has been shown
to display a black hole dual [8] and to have a Lyapunov
exponent �L = 2⇡/� [4, 9].

In this Letter, we ask the question that whether the
OTOC can be used beyond diagnosing the chaos and for
systems that do not have (and are not even close to have)
the holographic dual. For this motivation, we consider
the OTOC in the many-body localized (MBL) system,
which is not chaotic and even does not satisfy the Eigen-
state Thermalization Hypothesis due to the existence of
many local integrals of motion [20–24]. Instead of an ex-
ponential deviation, we analytically show that the OTOC
power-law decays in an MBL system. This is a clear dis-
tinction between an MBL phase and a thermalized phase.

In the discussion of the MBL, it is often asked how
to distinguish an MBL state from an Anderson local-
ized (AL) state [25–28]. The later is known as a non-
interacting phenomenon. It is known that, after a sudden
quench and following a linear growth of the entanglement
entropy (EE) at the initial time, for the AL phase EE will
stay nearly as a constant, while for the MBL phase EE
will continuously grow logarithmically due to the inter-
action induced dephasing [25, 26, 29, 30]. Here we show

that in the MBL phase the OTOC decreases during the
time interval when EE logarithmically grows; while in the
AL phase the OTOC remains as a constant. On the other
hand, the normal correlators always remain constant in
both the MBL phase and the AL phase. Thus we propose
that the behavior of OTOC can be used to distinguish
the MBL and the AL, while normal correlators cannot.
These calculations reveal a potential connection be-

tween the growth of EE after a sudden quench and the
decay of the OTOC. Motivated by this insight, we prove
an exact theorem that builds up a rigorous connection be-
tween these two. We should emphasize that, although the
insight comes from the explicit calculation in the MBL
phase, the theorem holds for any quantum system. Var-
ious implications of this theorem are also discussed.
OTOC in the Phenomenological Model for MBL. A

one-dimensional model with local two-state degrees of
freedom was proposed as a phenomenological model for
an MBL phase [22–24]

Ĥ =
X

i

hi⌧̂
z
i +

X

ij

Jij ⌧̂
z
i ⌧̂

z
j + . . . . (2)

where ⌧̂i are local Pauli operators for the “l-bit” and
denote the local integrals of motion within a localiza-
tion length ⇠. hi are random Zeeman field uniformly
distributed between [�h, h]. Jij = J̃ij exp(�|i � j|/⇠)
describes interaction between di↵erent l-bits, and J̃ij are
uniformly distributed between [�J, J ]. Each eigenstate
of this Hamiltonian can be written as |ni = |⌧z1 ⌧z2 . . . i,
where ⌧zi =" or #.
Let us consider the infinite temperature case where we

can simply sum over all the states with equal weight in
calculating F (t). Here we choose Ŵ = ⌧̂xi , V̂ = ⌧̂xj so the
OTOC is given by

F (t) =
1

2D

X

n

hn|Û†⌧̂xi Û ⌧̂xj Û
†⌧̂xi Û ⌧̂xj |ni, (3)

where Û = e�iĤt and D is the number of sites. It is
straightforward to show that hn|Û †⌧̂xi Û ⌧̂xj Û

†⌧̂xi Û ⌧̂xj |ni =
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