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Simultaneous dimerization and SU(4) symmetry breaking of 4-color fermions on the square lattice
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Using infinite projected entangled pair states (iPEPS), exact diagonalization, and flavor-wave theory, we show
that the SU(4) Heisenberg model undergoes a spontaneous dimerization on the square lattice, in contrast to its
SU(2) and SU(3) counterparts, which develop Néel and three-sublattice stripe-like long-range order. Since the
ground state of a dimer is not a singlet for SU(4) but a 6-dimensional irrep, this leaves the door open for further
symmetry breaking. We provide evidence that, unlike in SU(4) ladders, where dimers pair up to form singlet
plaquettes, here the SU(4) symmetry is additionally broken, leading to a gapless spectrum in spite of the broken
translational symmetry.

PACS numbers: 67.85.-d, 71.10.Fd, 75.10.Jm, 02.70.-c

The search for new quantum phases of matter, one of the
main themes in the field of electronic materials with strong
correlations, has become an important aspect of the physics of
cold atoms too. A recent development concerns the possibility
of loading multi-color fermions in optical lattices, which has
reopened the investigation of the SU(N ) Heisenberg model
that describes the permutation of N -color objects on a lattice
[1–4]. In condensed matter, these models require fine tuning
of parameters. For instance, the SU(3) Heisenberg model is
realized in spin-1 models with equal bilinear and biquadratic
interactions, while in standard antiferromagnetic materials the
biquadratic interaction is much smaller than the bilinear one.
In the same spirit, the SU(4) model can be seen as a symmetric
version of the spin-orbital Kugel-Khomskii model [5], but in
actual materials the orbital-orbital interaction is not rotation-
ally invariant [6]. By contrast, the simple quantum permuta-
tion embodied by the SU(N ) Heisenberg model is a realistic
starting point to describe the Mott phase of N -color fermions
at filling 1/N (one particle per site).

In this paper, motivated by the conflicting results published
so far, we concentrate on the case of 4-color fermions on
the square lattice. In the Mott insulating phase with one
fermion per site and large on-site repulsion, the relevant ef-
fective model is defined by the Hamiltonian

H = J
X

�i,j⇥

Pij , (1)

where the transposition operator Pij exchanges two colors on
neighboring sites, and J > 0.

An investigation of the model based on a variational and
mean-field study suggested a plaquette ground state [7], with-
out a long-range color-order. Exact diagonalizations of 8 and
16 site clusters reported the presence of low lying singlets [9],
and, inspired by the spontaneous singlet plaquette formation
in the SU(4) ladder [10], suggested that these low-lying sin-
glets might live in the subspace of singlet plaquette coverings,
with possibly plaquette long-range order [8]. A different con-

FIG. 1: (Color online) Sketch of dimer and color order realized in the
ground state of the SU(4) Heisenberg model on the square lattice.

clusion has been reached in Ref. 11, where a gapless spin liq-
uid with nodal fermions has been shown to be the variational
ground state for a class of projected fermionic wave functions.
The presence of a long-range color order with wave-vector
(2�/N ,2�/N ) for N = 2 (Néel order) and N = 3 (three-
sublattice order with diagonal stripes [13]) hints to the possi-
bility of extending such an ordering to N = 4. Lastly, a chiral
spin liquid is predicted based on a particular large-N limit, but
not below N=5 [12].

In this Letter, we show that none of these possibilities is
realized, and that in fact both spatial and SU(4) symmetries
are simultaneously broken: the ground state is spontaneously
dimerized, and on each strong dimer, two colors dominate
and combine into a 6-dimensional irrep of SU(4). In the re-
sulting pattern, the same color does not appear on neighbor-
ing dimers, so that if two colors are dominant on one dimer,
nearest-neighbor dimers are dominated by the remaining two
colors, resulting in the Néel-like arrangement sketched in
Fig. 1.

The first hint that simple color ordering is probably not real-
ized appears at the level of linear flavor-wave theory (LFWT),
the very method that confirmed the presence of stripe-order in
the SU(3) case [13]. The starting point is a Hartree approx-
imation based on a site–factorized variational wave function.
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SU(N) Magnetism

Magnetism in Mott insulators in the solid state originates from electron spin 

Interactions (exchange interactions) are typically SU(2) symmetric, for all S 
(disregarding anisotropy effects) 

So far SU(N) models have mostly served as a theoretical playground, 
but no materials were realistically described by SU(N>2) Hamiltonians 
(apart perhaps from idealistic Kugel-Khomskii type spin orbital Hamiltonians) 

Can cold atom systems help us realize SU(N) models and find  
novel quantum phases ?



SU(N) Magnetism with alkaline-earth atoms
Fermionic alkaline-earth are very promising systems:  
M. Cazallilla et al. NJP 2009, A. Gorshkov et al. Nat. Phys 2010 /  
Experimental work in Kyoto, Florence, at LMU, in Amsterdam, … 

nuclear spin decoupled from electronic spin 

nuclear spin can be large (up to I=9/2) 

nuclear spin independent scattering length 
➾ SU(N) symmetric interactions (N up to 10)! 

What are possible Mott insulating states of  
SU(N) fermions in an optical lattice ? 

Not so much is known for N>2 !

+ 9/2 

- 9/2 

mF 

10 internal states of 87Sr 
courtesy of F. Schreck



P(3)
i,j ⇥ (Si · Sj) + (Si · Sj)

2 + const

Quantum Magnetism: 
Strong coupling limit: Mott Insulator (t<<U)

Start with N-flavor Hubbard model at filling of one particle per site 

N=2: At second order (          ) : Standard SU(2) Heisenberg model  

N=3: At second order (          ) : SU(3) Heisenberg model 
(can be cast into a special S=1 bilinear-biquadratic model) 
 

general N: at second order one obtains a nearest-neighbor permutation 
Hamiltonian with SU(N) symmetry, where the local basis transforms as the  
fundamental irreducible representation of SU(N).

H = �t
N�

�i,j⇥,�=1

(c†i,�cj,� + h.c.) + U
N�

i,�=1<⇥

ni,�ni,⇥

t2/U

t2/U

P(2)
i,j = 2 Si · Sj + 1/2



Theoretical (mean-field) predictions for  
square lattice with nearest-neighbour permutation
Phase diagram (Abelian) 27
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CSL: 
Chiral Spin Liquid

VBS:  
Valence Bond Crystal



Outline

Introduction: Why SU(N) Magnetism ? 

SU(3) Square Lattice 

SU(4) Square Lattice  

SU(N>2) Triangular Lattice with additional TRS breaking term 

Thermodynamics of the SU(N) square lattice Heisenberg model  

Conclusion & Outlook



P(3)
i,j ⇥ (Si · Sj) + (Si · Sj)

2 + const

Strong coupling limit: Mott Insulator (t<<U)

Start with N-flavor Hubbard model at filling of one particle per site 

N=2: At second order (          ) : Standard SU(2) Heisenberg model  

N=3: At second order (          ) : SU(3) Heisenberg model 
(can be cast as a S=1 Bilinear-Biquadratic model)

H = �t
N�

�i,j⇥,�=1

(c†i,�cj,� + h.c.) + U
N�

i,�=1<⇥

ni,�ni,⇥

t2/U

t2/U

P(2)
i,j = 2 Si · Sj + 1/2



H = J
X

i,j

h
cos #SiSj + sin# (SiSj)

2
i
� h

X

i

Sz
i

SU(2)/SU(3) Heisenberg models on a square lattice

SU(2): Two-sublattice Néel order  

SU(3): special point of bilinear-biquadratic S=1 model

Quantum Monte-Carlo: 
K. Harada and N. Kawashima, 
Phys. Rev. B 65, 052403 (2002)

?

FM
FQ AFM

SU(3)
SU(3)

� = 0

⇥ = ��/2

⇥ = �

33̄
33

SU(3) Heisenberg AFM ?



First: a variational (semiclassical) approach
 a site-product wave function (similar to Gutzwiller approach for Bosons) 

 minimal, when di and dj on a bond are orthogonal

Evar =
��|H|�⇥
��|�⇥ = J

X

hi,ji

��di · d̄j

��2

|�i� = dA,i|A�i + dB,i|B�i + dC,i|C�i

|�� =
Y

i

| i�



SU(3) classical solutions: macroscopic degeneracy

Degeneracy reminiscent of the 3-state AF Potts model. 

Do quantum fluctuations select a unique state out of the degenerate 
manifold ?

...



SU(3) flavor-wave: dispersion and zero-point energy
(a)
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Unbiased Approach: Exact Diagonalizations

Square samples up to 20 sites 

Energy per site is lowest for 
samples with a multiple of 3 
sites 

Agreement with energy per site 
from flavor wave theory

Erratum: Three-Sublattice Ordering of the SU(3) Heisenberg Model
of Three-Flavor Fermions on the Square and Cubic Lattices

[Phys. Rev. Lett. 105, 265301 (2010)]

Tamás A. Tóth, Andreas M. Läuchli, Frédéric Mila, and Karlo Penc
(Received 9 December 2011; published 13 January 2012)

DOI: 10.1103/PhysRevLett.108.029902 PACS numbers: 67.85.!d, 05.30.Fk, 71.10.Fd, 75.10.Jm, 99.10.Cd

In Figure 3(a) of this Letter, the ground state energy was not reported correctly. Because of an error in processing the
ground state energy values, we have plotted EGS=ð2NÞ ! 1=3 instead of EGS=N. The correct plot is presented in Fig. 1
below. Up to a scaling factor, the overall shape is identical, and the discussion of the Letter is not affected in any respect.
Note that the ground state energies in Fig. 3(b) are shown correctly.

Furthermore, there is a misprint in the caption of Fig. 3: the label A2 of the one-dimensional irreducible representation
should be replaced by B2, as shown in Fig. 3(b) and written in the text.

We would like to thank B. Bauer and P. Corboz for drawing our attention to the issue with the ground state energy in the
original figure.
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FIG. 1 (color online). (a) Energy per site from exact diagonalization of various finite-size square clusters compared to the flavor-
wave (FW) result.
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Comparison to large scale DMRG + iPEPS results

wide cylinders with DMRG, pinned boundary sites on the left/right ends 
 
 
 
 
 
 

iPEPS

B. Bauer, P. Corboz, AML, L. Messio, K. Penc, M. Troyer, and F Mila, 
PRB 85, 125116 (2012)

5

the pattern of our pinning fields allows two different ordered
states, corresponding to the two different orientation of the di-
agonal stripes.18 For these cases, at a sufficiently large bond
dimension, a superposition of both types of order will occur
and lead to a significant decrease of the local moment (ex-
cept on sites where the two types of order coincide) and a
significant increase of the entropy. In these cases, we pin two
additional sites to uniquely select the order.

C. Infinite projected entangled-pair states (iPEPS)

1. Setup

An iPEPS is a tensor network made of a set of rank-5 ten-
sors periodically repeated on a two-dimensional lattice to effi-
ciently represent ground state wave functions in the thermody-
namic limit.25–30 Each tensor has four auxiliary bonds which
connect to the four nearest-neighbor tensors, and a fifth index
carrying the local Hilbert space of a lattice site. The accuracy
of the ansatz can be controlled by the dimension of the auxil-
iary bonds, called the bond dimension D. As the optimiza-
tion scheme for the tensors we perform an imaginary time
evolution with the so-called simple update (see Refs. 31,32)
adopted from the time-evolving block decimation method in
one dimension.33,34 For the square lattice we verified the re-
sults up to D = 8 also with the full update (see e.g. 32), which
is optimal but has a higher computational cost. The triangular
lattice simulations are done with the same ansatz as for the
square lattice, but now with an additional next-nearest neigh-
bor interaction along one of the diagonal directions. The up-
date scheme for this case is explained in Ref. 35.

We performed simulations with different rectangular unit
cells of size Lx � Ly in iPEPS.36 To represent the state with
three-sublattice order efficiently, a 3 � 3 cell is used, with
3 different tensors TA, TB , and TC for the three sublattices
respectively. We verified that the same state is obtained by
using a similar cell with 9 different tensors. The 2 � 2 unit
cell is used to enforce a state with two-sublattice order.

To contract the tensor network efficiently, e.g. for the com-
putation of observables, the corner transfer matrix scheme37

adapted to large unit cells35 is used. The accuracy of the
approximate contraction can be controlled by the so-called
boundary dimension �. For large values of D a � up to 250 is
used, where quantities of interest are extrapolated in �, with
an extrapolation error being small compared to symbol sizes.
For a better efficiency we use tensors with Zq symmetry, a
discrete abelian subgroup of SU(3).38–40

2. Calculation of the order parameter

Since iPEPS is an ansatz for the wave function in the ther-
modynamic limit, the SU(3) symmetry may be spontaneously
broken, leading to a finite local moment m defined in Eq. 24.
In order to pin the direction of the moment in SU(3) color
space an initial field is applied, which is taken to zero at a
later stage of the imaginary time evolution. We verified that
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FIG. 2: Comparison of the energy per site (upper panel) and the local
moment (lower panel) of the SU(3) model (2) on the triangular lat-
tice, obtained from LFWT, ED, DMRG and iPEPS. In each plot, the
DMRG results are shown as a function of the inverse system length
1/L (lower x-axis), whereas the iPEPS results are shown as a func-
tion of inverse bond dimension 1/D (upper x-axis). Dotted lines are
only guides to the eye.

we obtain the same results without initial field, and by com-
puting the moment taking all generators of SU(3) into account
(see Eq. (A4) in appendix A).

III. RESULTS FOR THE TRIANGULAR LATTICE

We first present the results for the energy and the ordered
moment for the model on the triangular lattice, obtained with
LFWT, ED (energies only), DMRG and iPEPS. As mentioned
in the introduction, on the triangular lattice a three sub-lattice
order is already obtained from a simple product state ansatz.
Inclusion of quantum fluctuations via LFWT does not destroy
the order,16 but renormalizes the local moment. In the fol-
lowing we show that this holds even when including further
quantum fluctuations.
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6

FIG. 3: Bond energies and local color densities in the triangular
(7+2)�7 lattice obtained from DMRG. The thickness of the bonds
is proportional to the magnitude of the bond energy. An external po-
tential is applied on the first and the last column to pin the sites to a
specific color.

A. Energy per site

Figure 2a) shows a comparison of the energy per site ob-
tained with the four methods, where linear flavor-wave the-
ory predicts a value of Es = �0.6295J . Extrapolating
ED energies for symmetric clusters consisting of N = 9,
12, and 21 sites using a standard 1/N3/2 form, we obtain
Es ⇤ �0.69(1)J .

Since we use open boundary conditions in the DMRG sim-
ulations, the energy per site is not uniform in the system. Fig-
ure 3 shows that the energy per bond close to the boundary
is lower than far away from the boundaries. To obtain an es-
timate of the energy per site in the ”bulk” we average over
the six bond energies around the central site for odd systems
sizes. For even system sizes, we average over the four sites at
the center of the system. This estimate is plotted in Fig. 2a)
for different system sizes. The energy first increases with sys-
tem size, and decreases slightly from L = 7 to L = 8. For the
largest system L = 8 the estimated energy per site in the bulk
is Es = �0.6775J .

Comparing the iPEPS energies obtained with different unit
cell sizes, we find that the 3 ⇥ 3 unit cell yields a consider-
ably lower variational energy than the 2 ⇥ 2 unit cell, which
indicates that the symmetry breaking in the ground state is
compatible with the 3-sublattice order. The energy per site
has not converged yet as a function of bond dimension D.
Since the energy typically converges faster than linearly in
1/D we expect the energy to lie in between the value for
the largest D, ED=10

s = �0.672J , and the energy obtained
from linear extrapolation of the last three data points in 1/D,
Eex

s = �0.708J . Taking the mean of these two values yields
an estimate of Es = �0.69(2), which is compatible with the
DMRG result for the largest system.

B. Local moment

In Fig. 2b) we present the results for the local moment m
obtained with the various approaches, where m = 1 for the
fully polarized case.

As mentioned in Sec. II A, linear flavor-wave theory pre-
dicts a value of m = 0.484.

The DMRG results correspond to the local moment at the
central site of the system for odd system sizes. For even sys-
tem sizes, the magnitude of the ordered moment is averaged
over the four sites that make up the central plaquette of the
system. Variations depending on the distance to the bound-
aries in x- and y- direction can be observed, as shown in
Fig. 4a). The value is decreasing with increasing distance
from the pinning sites (in x-direction), whereas the value is
seen to increase away from the boundary in y-direction. As
a function of system size the local moment is increasing.
An accurate extrapolation to the thermodynamic limit is dif-
ficult from only four data points, but a value in the range
m ⇤ 0.43� 0.6 seems compatible with the DMRG data.

The local moment obtained with iPEPS decreases with in-
creasing D, an effect which can also be observed e.g. in the
SU(2) Heisenberg model. With increasing D more quantum
fluctuations are taken into account which reduce the magnetic
moment from its value in the classical (product-state) limit,
corresponding to D = 1. For the largest bond dimension used,
D = 12, we find a value m = 0.58, whereas a linear extrap-
olation in 1/D suggests a value of m = 0.52. In the limit
D ⌅ ⇧ we expect m to lie in between these two values.

C. Discussion

Even though we cannot determine m up to a high preci-
sion all three methods clearly suggest that the ground state
has three-sublattice order with a large local magnetic moment
in the range m = 0.43 � 0.6. As in the case of the SU(2)
Heisenberg model on the square lattice, linear flavor wave the-
ory (spin wave theory) already gives a good estimate of the
local moment.

IV. RESULTS FOR THE SQUARE LATTICE

We next consider the SU(3) Heisenberg model on the
square lattice. As explained in the introduction a site factor-
ized ansatz leads to an infinite number of degenerate ground
states and quantum fluctuations (with LFWT) selects the
three-sublattice state.18 Thus, quantum fluctuations seem to
play a more dominant role on the square lattice, and it is con-
ceivable that another ground state is selected when further
quantum fluctuations beyond LFWT are taken into account.
However, we show in the following that this is not the case
here, i.e. that the three-sublattice order is stable and that addi-
tional quantum fluctuations only further renormalize the local
moment.
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FIG. 6: Bond energies and local color densities in the square
(7+2)�7 lattice obtained from DMRG. The thickness of the bonds
is proportional to the magnitude of the bond energy. An external po-
tential is applied on the first and the last column to pin the sites to a
specific color.

tem size with, however, a smaller slope than in the triangular
lattice case. Thus, the present data is compatible with a non-
vanishing local moment in the thermodynamic limit, which is
smaller than on the triangular lattice. The ordered moment of
the largest system is m = 0.368.

The local moment obtained with iPEPS decreases with in-
creasing bond dimension but is not seen to extrapolate to zero
in the limit D ⇥ ⇤. The value for the largest bond dimen-
sion, D = 16, is m = 0.3422 which is close to the DMRG re-
sult for the largest system. However, in the limit D ⇥ ⇤ the
data suggests a lower value of roughly m = 0.25(5), which is
lower than the prediction from DMRG.

C. Discussion

Both the DMRG and iPEPS results are compatible with the
proposed 3-sublattice Néel ordered ground state. From the
present data we can only give a rough estimate of the ordered
moment in the thermodynamic limit of m = 0.2� 0.4, which
is clearly finite, but smaller than on the triangular lattice.

V. SUMMARY

Our study confirms that the ground state of the SU(3)
Heisenberg model exhibits a three-sublattice order on both the
triangular and the square lattice, in accordance with previous
predictions by LFWT and exact diagonalization.15,16,18

The situation on the triangular lattice resembles the one of
the SU(2) Heisenberg model on the square lattice. In both
cases the ground state can already be understood at the clas-
sical level, and quantum fluctuations simply renormalize the
ordered moment. These fluctuations are well captured already
within linear flavor wave theory (i.e. spin wave theory in the
SU(2) case). With iPEPS the ordered moment decreases with

increasing bond dimension D, which can intuitively be un-
derstood because the bond dimension controls the amount of
quantum fluctuations taken into account. All three methods
used in this study yield a finite ordered moment in the range
m = 0.43� 0.6. The uncertainty in this value stems from the
error in the extrapolation to the thermodynamic limit in the
case of DMRG, and from the extrapolation to the infinite D
limit in the case of iPEPS.

In the case of the square lattice, the order cannot be pre-
dicted at the classical level. Quantum fluctuations hence play
a very different role than in the case of the triangular lat-
tice: instead of renormalizing the mean-field result, they stabi-
lize the three-sublattice order against other competing states.
Quantum effects are therefore more important both qualita-
tively and quantitatively, and an estimate of the ordered mo-
ment in the thermodynamic limit has previously been lacking.
Both DMRG and iPEPS predict a finite value in the range
m = 0.2 � 0.4, i.e. the ordered moment is more strongly
suppressed than on the triangular lattice, but clearly finite.
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Appendix A: Schwinger boson study

The Schwinger boson mean-field theory (SBMFT), intro-
duced by Arovas and Auerbach44 and extended by Read and
Sachdev,45 has been widely used for SU(2) models and more
recently for models with SU(4) symmetry46 and SU(N)
models.47,48 This approach is justified in the context of a large
N expansion, where N is the number of boson flavors. Here,
we stress that N and N are two different numbers and the
mean-field approach is equivalent to taking the limit N to in-
finity with N fixed. After a brief summary of the SBMFT, we
address the following question: Is this theory really adapted
to the study of models with SU(N) symmetry when N > 2 ?

We use the Schwinger bosons defined in Sec. II A and im-
pose the constraint on the boson number at each lattice site i:

⇥n(i) =
�

�

b†�(i)b�(i) = �, (A1)

For the model of Eq.(2), � = 1, and the Hamiltonian is
the same as Eq. 7. We define the link operator ⇥Aij�⇥ =
(b�(i)b⇥(j) � b�(j)b⇥(i))/

⇧
2 such that the permutation op-

erator writes
⇥Pij = 1�

�

�>⇥

2 ⇥A†
ij�⇥

⇥Aij�⇥ . (A2)
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Ground state of the SU(4) Square lattice model ?

Simple (2π/N,2π/N) magnetic ordering ? 
 
 
 
 
 

Singlet ground state ?

classical energy of each state is corrected by the zero-point
energy of a quadratic bosonic Hamiltonian which, on a
nearest-neighbor bond with color a on site i and color b on
site j, is given by H fw ¼ Ay

ijAij " 1, with Ay
ij ¼ ayj þ bi

where aj and bi are bosonic operators. Since there is an
infinite number of Hartree ground states, we have used the
following strategy: compare simple, periodic states, and
make a systematic exploration of all states on finite clus-
ters. The resulting picture is summarized in Figs. 2(a)–2(c).
First of all, and most importantly, the state with stripe order
of Fig. 2(c), which breaks SU(4) symmetry but leaves all
nearest-neighbor bonds equivalent, is clearly not favored.

In fact, many periodic states which break the spatial
symmetry between bonds concomitantly with the SU(4)
symmetry have much lower energy, the lowest one being a
quadrumerized state in which strong bonds build 4-site
plaquettes [Fig. 2(a)]. Among possible states we can also
find a dimerized state [Fig. 2(b)] with energy slightly above
that of the plaquette state but far below that of the stripe
state.
This result, rather surprising in view of the SU(3) case

[14], can be rationalized as follows. (i) In a given ground
state, the LFWT Hamiltonian is the sum of independent
Hamiltonians that describe the motion of bosons on the
connected clusters spanned by pairs of colors. For ex-
ample, for the state of Fig. 2(a), there are two types of
clusters: 2-site clusters on strong bonds, and 4-site clusters
(plaquettes) on weak bonds. (ii) The zero-point energy per
bond tends to increase with the cluster size. In particular,
on a 2-site cluster, the ground state energy of the
Hamiltonian is equal to "1; i.e., there is no zero-point
contribution to the energy, whereas larger clusters lead to
finite frequencies, hence to strictly positive contributions to
the zero-point energy. In the stripe-ordered state of
Fig. 2(c), all clusters are infinite, one dimensional zig-
zag stripes, and no bond is able to minimize the energy.
By contrast, half the bonds have energy "1 in the state of
Fig. 2(a) (thick bonds) and a quarter of them in the dimer
state of Fig. 2(b). The difference between the present case
and SU(3) comes from the fact that it is impossible to
realize isolated two-site clusters with only three colors on
the square lattice, hence to have local bonds with very low
energy.
So flavor-wave theory gives strong indication that the

ground state is not a simple color-ordered state, and that
some kind of additional lattice symmetry breaking takes
place. One may be tempted to go one step further, and to
conclude that it predicts plaquette order. However, if the
symmetry is broken and small clusters appear, LFWT
becomes inaccurate and one should rather turn to alterna-
tive methods.
Infinite projected entangled-pair states (iPEPS) re-

sults.—Next, we present results obtained with iPEPS
[16], generalized to arbitrary unit cells [17], a variational
approach based on a tensor network ansatz aimed at effi-
ciently representing the ground state of two-dimensional
lattice models in the thermodynamic limit. It consists of a
network of rank-5 tensors, one for each lattice site, where
each tensor is connected to its nearest neighbors by four
bond indices with a certain bond dimensionD, and the fifth
index carries the local Hilbert space of a lattice site. The
accuracy of the ansatz can be systematically controlled by
the bond dimension D. We use NT different tensors, ar-
ranged in a rectangular unit cell of size Lx $ Ly ¼ NT

which is periodically repeated in the lattice [17]. The
tensors are optimized by performing an imaginary time
evolution, using the so-called simple update [18,19]. For
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FIG. 2 (color online). Sketch of some color and bond-energy
configurations found by LFWT (a)–(c) and iPEPS (d)–(e). In all
plots, the thickness of the lines is proportional to the square of
hPiji on the corresponding bond. The color content reflects that
of the Hartree starting point for LFWT, and the actual result for
an appropriate, infinitesimal symmetry breaking field for iPEPS.
(a) ‘‘Plaquette’’ state selected by quantum fluctuations within
LFWT. Its energy per site E0=N ¼ "3J=2. (b) ‘‘Dimerized’’
state with LFWT energy per site E0=N ¼ "1:293J. (c) Stripe-
ordered state, with much higher LFWT energy per site E0=N ¼
ð4=!" 2ÞJ ’ "0:727J. (d) iPEPS results with D ¼ 2 and a unit
cell 4$ 4. At this order, the bond-energy pattern of the ground
state is similar to that of the plaquette state selected by LFWT.
(e) iPEPS results for D ¼ 12 and a unit cell 4$ 2. The bond-
energy pattern of this state is similar to that of the dimerized state
of LFWT. Two types of dimers A and B with different local color
densities can be identified.

FIG. 1 (color online). Sketch of dimer and color order realized
in the ground state of the SU(4) Heisenberg model on the square
lattice.
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energy of a quadratic bosonic Hamiltonian which, on a
nearest-neighbor bond with color a on site i and color b on
site j, is given by H fw ¼ Ay

ijAij " 1, with Ay
ij ¼ ayj þ bi

where aj and bi are bosonic operators. Since there is an
infinite number of Hartree ground states, we have used the
following strategy: compare simple, periodic states, and
make a systematic exploration of all states on finite clus-
ters. The resulting picture is summarized in Figs. 2(a)–2(c).
First of all, and most importantly, the state with stripe order
of Fig. 2(c), which breaks SU(4) symmetry but leaves all
nearest-neighbor bonds equivalent, is clearly not favored.

In fact, many periodic states which break the spatial
symmetry between bonds concomitantly with the SU(4)
symmetry have much lower energy, the lowest one being a
quadrumerized state in which strong bonds build 4-site
plaquettes [Fig. 2(a)]. Among possible states we can also
find a dimerized state [Fig. 2(b)] with energy slightly above
that of the plaquette state but far below that of the stripe
state.
This result, rather surprising in view of the SU(3) case

[14], can be rationalized as follows. (i) In a given ground
state, the LFWT Hamiltonian is the sum of independent
Hamiltonians that describe the motion of bosons on the
connected clusters spanned by pairs of colors. For ex-
ample, for the state of Fig. 2(a), there are two types of
clusters: 2-site clusters on strong bonds, and 4-site clusters
(plaquettes) on weak bonds. (ii) The zero-point energy per
bond tends to increase with the cluster size. In particular,
on a 2-site cluster, the ground state energy of the
Hamiltonian is equal to "1; i.e., there is no zero-point
contribution to the energy, whereas larger clusters lead to
finite frequencies, hence to strictly positive contributions to
the zero-point energy. In the stripe-ordered state of
Fig. 2(c), all clusters are infinite, one dimensional zig-
zag stripes, and no bond is able to minimize the energy.
By contrast, half the bonds have energy "1 in the state of
Fig. 2(a) (thick bonds) and a quarter of them in the dimer
state of Fig. 2(b). The difference between the present case
and SU(3) comes from the fact that it is impossible to
realize isolated two-site clusters with only three colors on
the square lattice, hence to have local bonds with very low
energy.
So flavor-wave theory gives strong indication that the

ground state is not a simple color-ordered state, and that
some kind of additional lattice symmetry breaking takes
place. One may be tempted to go one step further, and to
conclude that it predicts plaquette order. However, if the
symmetry is broken and small clusters appear, LFWT
becomes inaccurate and one should rather turn to alterna-
tive methods.
Infinite projected entangled-pair states (iPEPS) re-

sults.—Next, we present results obtained with iPEPS
[16], generalized to arbitrary unit cells [17], a variational
approach based on a tensor network ansatz aimed at effi-
ciently representing the ground state of two-dimensional
lattice models in the thermodynamic limit. It consists of a
network of rank-5 tensors, one for each lattice site, where
each tensor is connected to its nearest neighbors by four
bond indices with a certain bond dimensionD, and the fifth
index carries the local Hilbert space of a lattice site. The
accuracy of the ansatz can be systematically controlled by
the bond dimension D. We use NT different tensors, ar-
ranged in a rectangular unit cell of size Lx $ Ly ¼ NT

which is periodically repeated in the lattice [17]. The
tensors are optimized by performing an imaginary time
evolution, using the so-called simple update [18,19]. For
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FIG. 2 (color online). Sketch of some color and bond-energy
configurations found by LFWT (a)–(c) and iPEPS (d)–(e). In all
plots, the thickness of the lines is proportional to the square of
hPiji on the corresponding bond. The color content reflects that
of the Hartree starting point for LFWT, and the actual result for
an appropriate, infinitesimal symmetry breaking field for iPEPS.
(a) ‘‘Plaquette’’ state selected by quantum fluctuations within
LFWT. Its energy per site E0=N ¼ "3J=2. (b) ‘‘Dimerized’’
state with LFWT energy per site E0=N ¼ "1:293J. (c) Stripe-
ordered state, with much higher LFWT energy per site E0=N ¼
ð4=!" 2ÞJ ’ "0:727J. (d) iPEPS results with D ¼ 2 and a unit
cell 4$ 4. At this order, the bond-energy pattern of the ground
state is similar to that of the plaquette state selected by LFWT.
(e) iPEPS results for D ¼ 12 and a unit cell 4$ 2. The bond-
energy pattern of this state is similar to that of the dimerized state
of LFWT. Two types of dimers A and B with different local color
densities can be identified.
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in the ground state of the SU(4) Heisenberg model on the square
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Ground state of the SU(4) Square lattice model ?

large semiclassical degeneracy: what does LFWT tell us ?

classical energy of each state is corrected by the zero-point
energy of a quadratic bosonic Hamiltonian which, on a
nearest-neighbor bond with color a on site i and color b on
site j, is given by H fw ¼ Ay

ijAij " 1, with Ay
ij ¼ ayj þ bi

where aj and bi are bosonic operators. Since there is an
infinite number of Hartree ground states, we have used the
following strategy: compare simple, periodic states, and
make a systematic exploration of all states on finite clus-
ters. The resulting picture is summarized in Figs. 2(a)–2(c).
First of all, and most importantly, the state with stripe order
of Fig. 2(c), which breaks SU(4) symmetry but leaves all
nearest-neighbor bonds equivalent, is clearly not favored.

In fact, many periodic states which break the spatial
symmetry between bonds concomitantly with the SU(4)
symmetry have much lower energy, the lowest one being a
quadrumerized state in which strong bonds build 4-site
plaquettes [Fig. 2(a)]. Among possible states we can also
find a dimerized state [Fig. 2(b)] with energy slightly above
that of the plaquette state but far below that of the stripe
state.
This result, rather surprising in view of the SU(3) case

[14], can be rationalized as follows. (i) In a given ground
state, the LFWT Hamiltonian is the sum of independent
Hamiltonians that describe the motion of bosons on the
connected clusters spanned by pairs of colors. For ex-
ample, for the state of Fig. 2(a), there are two types of
clusters: 2-site clusters on strong bonds, and 4-site clusters
(plaquettes) on weak bonds. (ii) The zero-point energy per
bond tends to increase with the cluster size. In particular,
on a 2-site cluster, the ground state energy of the
Hamiltonian is equal to "1; i.e., there is no zero-point
contribution to the energy, whereas larger clusters lead to
finite frequencies, hence to strictly positive contributions to
the zero-point energy. In the stripe-ordered state of
Fig. 2(c), all clusters are infinite, one dimensional zig-
zag stripes, and no bond is able to minimize the energy.
By contrast, half the bonds have energy "1 in the state of
Fig. 2(a) (thick bonds) and a quarter of them in the dimer
state of Fig. 2(b). The difference between the present case
and SU(3) comes from the fact that it is impossible to
realize isolated two-site clusters with only three colors on
the square lattice, hence to have local bonds with very low
energy.
So flavor-wave theory gives strong indication that the

ground state is not a simple color-ordered state, and that
some kind of additional lattice symmetry breaking takes
place. One may be tempted to go one step further, and to
conclude that it predicts plaquette order. However, if the
symmetry is broken and small clusters appear, LFWT
becomes inaccurate and one should rather turn to alterna-
tive methods.
Infinite projected entangled-pair states (iPEPS) re-

sults.—Next, we present results obtained with iPEPS
[16], generalized to arbitrary unit cells [17], a variational
approach based on a tensor network ansatz aimed at effi-
ciently representing the ground state of two-dimensional
lattice models in the thermodynamic limit. It consists of a
network of rank-5 tensors, one for each lattice site, where
each tensor is connected to its nearest neighbors by four
bond indices with a certain bond dimensionD, and the fifth
index carries the local Hilbert space of a lattice site. The
accuracy of the ansatz can be systematically controlled by
the bond dimension D. We use NT different tensors, ar-
ranged in a rectangular unit cell of size Lx $ Ly ¼ NT

which is periodically repeated in the lattice [17]. The
tensors are optimized by performing an imaginary time
evolution, using the so-called simple update [18,19]. For
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state is similar to that of the plaquette state selected by LFWT.
(e) iPEPS results for D ¼ 12 and a unit cell 4$ 2. The bond-
energy pattern of this state is similar to that of the dimerized state
of LFWT. Two types of dimers A and B with different local color
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classical energy of each state is corrected by the zero-point
energy of a quadratic bosonic Hamiltonian which, on a
nearest-neighbor bond with color a on site i and color b on
site j, is given by H fw ¼ Ay

ijAij " 1, with Ay
ij ¼ ayj þ bi

where aj and bi are bosonic operators. Since there is an
infinite number of Hartree ground states, we have used the
following strategy: compare simple, periodic states, and
make a systematic exploration of all states on finite clus-
ters. The resulting picture is summarized in Figs. 2(a)–2(c).
First of all, and most importantly, the state with stripe order
of Fig. 2(c), which breaks SU(4) symmetry but leaves all
nearest-neighbor bonds equivalent, is clearly not favored.

In fact, many periodic states which break the spatial
symmetry between bonds concomitantly with the SU(4)
symmetry have much lower energy, the lowest one being a
quadrumerized state in which strong bonds build 4-site
plaquettes [Fig. 2(a)]. Among possible states we can also
find a dimerized state [Fig. 2(b)] with energy slightly above
that of the plaquette state but far below that of the stripe
state.
This result, rather surprising in view of the SU(3) case

[14], can be rationalized as follows. (i) In a given ground
state, the LFWT Hamiltonian is the sum of independent
Hamiltonians that describe the motion of bosons on the
connected clusters spanned by pairs of colors. For ex-
ample, for the state of Fig. 2(a), there are two types of
clusters: 2-site clusters on strong bonds, and 4-site clusters
(plaquettes) on weak bonds. (ii) The zero-point energy per
bond tends to increase with the cluster size. In particular,
on a 2-site cluster, the ground state energy of the
Hamiltonian is equal to "1; i.e., there is no zero-point
contribution to the energy, whereas larger clusters lead to
finite frequencies, hence to strictly positive contributions to
the zero-point energy. In the stripe-ordered state of
Fig. 2(c), all clusters are infinite, one dimensional zig-
zag stripes, and no bond is able to minimize the energy.
By contrast, half the bonds have energy "1 in the state of
Fig. 2(a) (thick bonds) and a quarter of them in the dimer
state of Fig. 2(b). The difference between the present case
and SU(3) comes from the fact that it is impossible to
realize isolated two-site clusters with only three colors on
the square lattice, hence to have local bonds with very low
energy.
So flavor-wave theory gives strong indication that the

ground state is not a simple color-ordered state, and that
some kind of additional lattice symmetry breaking takes
place. One may be tempted to go one step further, and to
conclude that it predicts plaquette order. However, if the
symmetry is broken and small clusters appear, LFWT
becomes inaccurate and one should rather turn to alterna-
tive methods.
Infinite projected entangled-pair states (iPEPS) re-

sults.—Next, we present results obtained with iPEPS
[16], generalized to arbitrary unit cells [17], a variational
approach based on a tensor network ansatz aimed at effi-
ciently representing the ground state of two-dimensional
lattice models in the thermodynamic limit. It consists of a
network of rank-5 tensors, one for each lattice site, where
each tensor is connected to its nearest neighbors by four
bond indices with a certain bond dimensionD, and the fifth
index carries the local Hilbert space of a lattice site. The
accuracy of the ansatz can be systematically controlled by
the bond dimension D. We use NT different tensors, ar-
ranged in a rectangular unit cell of size Lx $ Ly ¼ NT

which is periodically repeated in the lattice [17]. The
tensors are optimized by performing an imaginary time
evolution, using the so-called simple update [18,19]. For
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classical energy of each state is corrected by the zero-point
energy of a quadratic bosonic Hamiltonian which, on a
nearest-neighbor bond with color a on site i and color b on
site j, is given by H fw ¼ Ay

ijAij " 1, with Ay
ij ¼ ayj þ bi

where aj and bi are bosonic operators. Since there is an
infinite number of Hartree ground states, we have used the
following strategy: compare simple, periodic states, and
make a systematic exploration of all states on finite clus-
ters. The resulting picture is summarized in Figs. 2(a)–2(c).
First of all, and most importantly, the state with stripe order
of Fig. 2(c), which breaks SU(4) symmetry but leaves all
nearest-neighbor bonds equivalent, is clearly not favored.

In fact, many periodic states which break the spatial
symmetry between bonds concomitantly with the SU(4)
symmetry have much lower energy, the lowest one being a
quadrumerized state in which strong bonds build 4-site
plaquettes [Fig. 2(a)]. Among possible states we can also
find a dimerized state [Fig. 2(b)] with energy slightly above
that of the plaquette state but far below that of the stripe
state.
This result, rather surprising in view of the SU(3) case

[14], can be rationalized as follows. (i) In a given ground
state, the LFWT Hamiltonian is the sum of independent
Hamiltonians that describe the motion of bosons on the
connected clusters spanned by pairs of colors. For ex-
ample, for the state of Fig. 2(a), there are two types of
clusters: 2-site clusters on strong bonds, and 4-site clusters
(plaquettes) on weak bonds. (ii) The zero-point energy per
bond tends to increase with the cluster size. In particular,
on a 2-site cluster, the ground state energy of the
Hamiltonian is equal to "1; i.e., there is no zero-point
contribution to the energy, whereas larger clusters lead to
finite frequencies, hence to strictly positive contributions to
the zero-point energy. In the stripe-ordered state of
Fig. 2(c), all clusters are infinite, one dimensional zig-
zag stripes, and no bond is able to minimize the energy.
By contrast, half the bonds have energy "1 in the state of
Fig. 2(a) (thick bonds) and a quarter of them in the dimer
state of Fig. 2(b). The difference between the present case
and SU(3) comes from the fact that it is impossible to
realize isolated two-site clusters with only three colors on
the square lattice, hence to have local bonds with very low
energy.
So flavor-wave theory gives strong indication that the

ground state is not a simple color-ordered state, and that
some kind of additional lattice symmetry breaking takes
place. One may be tempted to go one step further, and to
conclude that it predicts plaquette order. However, if the
symmetry is broken and small clusters appear, LFWT
becomes inaccurate and one should rather turn to alterna-
tive methods.
Infinite projected entangled-pair states (iPEPS) re-

sults.—Next, we present results obtained with iPEPS
[16], generalized to arbitrary unit cells [17], a variational
approach based on a tensor network ansatz aimed at effi-
ciently representing the ground state of two-dimensional
lattice models in the thermodynamic limit. It consists of a
network of rank-5 tensors, one for each lattice site, where
each tensor is connected to its nearest neighbors by four
bond indices with a certain bond dimensionD, and the fifth
index carries the local Hilbert space of a lattice site. The
accuracy of the ansatz can be systematically controlled by
the bond dimension D. We use NT different tensors, ar-
ranged in a rectangular unit cell of size Lx $ Ly ¼ NT

which is periodically repeated in the lattice [17]. The
tensors are optimized by performing an imaginary time
evolution, using the so-called simple update [18,19]. For
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FIG. 2 (color online). Sketch of some color and bond-energy
configurations found by LFWT (a)–(c) and iPEPS (d)–(e). In all
plots, the thickness of the lines is proportional to the square of
hPiji on the corresponding bond. The color content reflects that
of the Hartree starting point for LFWT, and the actual result for
an appropriate, infinitesimal symmetry breaking field for iPEPS.
(a) ‘‘Plaquette’’ state selected by quantum fluctuations within
LFWT. Its energy per site E0=N ¼ "3J=2. (b) ‘‘Dimerized’’
state with LFWT energy per site E0=N ¼ "1:293J. (c) Stripe-
ordered state, with much higher LFWT energy per site E0=N ¼
ð4=!" 2ÞJ ’ "0:727J. (d) iPEPS results with D ¼ 2 and a unit
cell 4$ 4. At this order, the bond-energy pattern of the ground
state is similar to that of the plaquette state selected by LFWT.
(e) iPEPS results for D ¼ 12 and a unit cell 4$ 2. The bond-
energy pattern of this state is similar to that of the dimerized state
of LFWT. Two types of dimers A and B with different local color
densities can be identified.

FIG. 1 (color online). Sketch of dimer and color order realized
in the ground state of the SU(4) Heisenberg model on the square
lattice.
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Philippe Corboz,1, 2 Andreas M. Läuchli,3, 4 Karlo Penc,5 Matthias Troyer,1 and Frédéric Mila2

1Theoretische Physik, ETH Zurich, 8093 Zurich, Switzerland
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Using infinite projected entangled pair states (iPEPS), exact diagonalization, and flavor-wave theory, we show
that the SU(4) Heisenberg model undergoes a spontaneous dimerization on the square lattice, in contrast to its
SU(2) and SU(3) counterparts, which develop Néel and three-sublattice stripe-like long-range order. Since the
ground state of a dimer is not a singlet for SU(4) but a 6-dimensional irrep, this leaves the door open for further
symmetry breaking. We provide evidence that, unlike in SU(4) ladders, where dimers pair up to form singlet
plaquettes, here the SU(4) symmetry is additionally broken, leading to a gapless spectrum in spite of the broken
translational symmetry.
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The search for new quantum phases of matter, one of the
main themes in the field of electronic materials with strong
correlations, has become an important aspect of the physics of
cold atoms too. A recent development concerns the possibility
of loading multi-color fermions in optical lattices, which has
reopened the investigation of the SU(N ) Heisenberg model
that describes the permutation of N -color objects on a lattice
[1–4]. In condensed matter, these models require fine tuning
of parameters. For instance, the SU(3) Heisenberg model is
realized in spin-1 models with equal bilinear and biquadratic
interactions, while in standard antiferromagnetic materials the
biquadratic interaction is much smaller than the bilinear one.
In the same spirit, the SU(4) model can be seen as a symmetric
version of the spin-orbital Kugel-Khomskii model [5], but in
actual materials the orbital-orbital interaction is not rotation-
ally invariant [6]. By contrast, the simple quantum permuta-
tion embodied by the SU(N ) Heisenberg model is a realistic
starting point to describe the Mott phase of N -color fermions
at filling 1/N (one particle per site).

In this paper, motivated by the conflicting results published
so far, we concentrate on the case of 4-color fermions on
the square lattice. In the Mott insulating phase with one
fermion per site and large on-site repulsion, the relevant ef-
fective model is defined by the Hamiltonian

H = J
X

�i,j⇥

Pij , (1)

where the transposition operator Pij exchanges two colors on
neighboring sites, and J > 0.

An investigation of the model based on a variational and
mean-field study suggested a plaquette ground state [7], with-
out a long-range color-order. Exact diagonalizations of 8 and
16 site clusters reported the presence of low lying singlets [9],
and, inspired by the spontaneous singlet plaquette formation
in the SU(4) ladder [10], suggested that these low-lying sin-
glets might live in the subspace of singlet plaquette coverings,
with possibly plaquette long-range order [8]. A different con-

FIG. 1: (Color online) Sketch of dimer and color order realized in the
ground state of the SU(4) Heisenberg model on the square lattice.

clusion has been reached in Ref. 11, where a gapless spin liq-
uid with nodal fermions has been shown to be the variational
ground state for a class of projected fermionic wave functions.
The presence of a long-range color order with wave-vector
(2�/N ,2�/N ) for N = 2 (Néel order) and N = 3 (three-
sublattice order with diagonal stripes [13]) hints to the possi-
bility of extending such an ordering to N = 4. Lastly, a chiral
spin liquid is predicted based on a particular large-N limit, but
not below N=5 [12].

In this Letter, we show that none of these possibilities is
realized, and that in fact both spatial and SU(4) symmetries
are simultaneously broken: the ground state is spontaneously
dimerized, and on each strong dimer, two colors dominate
and combine into a 6-dimensional irrep of SU(4). In the re-
sulting pattern, the same color does not appear on neighbor-
ing dimers, so that if two colors are dominant on one dimer,
nearest-neighbor dimers are dominated by the remaining two
colors, resulting in the Néel-like arrangement sketched in
Fig. 1.

The first hint that simple color ordering is probably not real-
ized appears at the level of linear flavor-wave theory (LFWT),
the very method that confirmed the presence of stripe-order in
the SU(3) case [13]. The starting point is a Hartree approx-
imation based on a site–factorized variational wave function.
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iPEPS Ground state

iPEPS energy substantially lower than best variational energy 

stable “dimerization” in the thermodynamic limit 

finite color order parameter: “Néel” order of SU(4)6 on top of the dimer 
background.

the computation of expectation values we use the corner-
transfer matrix method [17,20] to approximately contract
the tensor network, where the accuracy of the contraction
can be controlled by another parameter called boundary
dimension !. The simulation results presented in the fol-
lowing are extrapolated in !, where the extrapolation error
is small compared to the symbol sizes. To improve the
efficiency for large bond dimensions we use tensors with
Zq symmetry [21] [a discrete subgroup of SU(4)].

Figure 3(a) shows the iPEPS results for the energy per
site as a function of 1=D for different unit cell sizes. The
energy obtained with the 2! 2 unit cell is considerably
higher than the one obtained with the 4! 2 and 4! 4 unit
cells. For D " 4 the lowest energy is obtained with the
4! 4 unit cell, while forD> 4 similar results are obtained
with the 4! 2 unit cell. This indicates that the ground state
breaks translational invariance in a way which is compat-
ible with the 4! 2 unit cell, but not with the 2! 2 unit
cell. For a bond dimension D ¼ 8 the iPEPS variational
energy is comparable to the variational Monte Carlo
(VMC) energy from Ref. [13]; however, for larger D we
obtain energies which are considerably lower.

We next turn our focus to local properties of the ground
state. The bottom part of Fig. 2 shows the local color
densities on each site and the energy on each bond forD ¼
2 (left) and D ¼ 12 (right). The evolution with D of the
energy of the various bonds is shown in Fig. 3(c). For
D ¼ 2, the bond pattern is similar to that of the linear
FWT ground state of Fig. 2(a). However, as soon asD> 2,
three types of bonds appear in the ground state, and the
bonds form a columnar dimerized pattern similar to the
LFWT of Fig. 2(b). Since increasing D allows more

quantum fluctuations, we interpret this result as an indica-
tion that the dimerized pattern is ultimately stabilized when
enough quantum fluctuations are taken into account.
For SU(2) antiferromagnets, if spontaneous formation of

dimers occurs, this is the end of the story: The ground state
degeneracy is given by the number of equivalent dimer
coverings, and each ground state is adiabatically connected
to a product of singlets on the dimers. However, for SU(4),
it takes at least 4 sites to make a singlet, and on a dimer, the
ground state is sixfold degenerate. This 6-dimensional
subspace corresponds to the 6-dimensional irreducible
representation of SU(4). A convenient basis is provided

by the states ðj"#i% j#"iÞ=
ffiffiffi
2

p
where the couple (", #) is

a pair of different colors chosen out of the colors of the
model and can take 6 values. So, even in the presence of
spontaneous dimerization, there is room for further SU(4)
symmetry breaking. In our iPEPS results for D ¼ 12, one
can immediately recognize the formation of two types of
dimers, marked with A and B in Fig. 2(e), which are
arranged in a (columnar) checkerboard order. The energy
of both A and B dimers is identical, however, the local
color densities are different. In A dimers the first two colors
[blue (dark gray) and yellow (light gray) in Fig. 2(e)] are
dominant, whereas in the B dimers the density of the other
two colors is larger. [Here we applied a small initial field to
fix the ‘‘direction’’ of the SU(4) symmetry breaking in the
space of the four colors.] This type of order is seen to
persist also in the limit D ! 1, as shown in Fig. 3(b).
Thus, our iPEPS results suggest that both the SU(4) sym-
metry and translational symmetry are broken, resulting in
a Néel-like order with dimers alternating between pairs
of colors.
Exact diagonalization (ED) results.—We now compare

these predictions with the results of ED of finite clusters.
The energies per site ½E=ðNJÞ( in the ground state are %1
for N ¼ 8, %1:0844 for N ¼ 16 [9], and %1:0008 for
N ¼ 20. In Fig. 4 we present results for several correlation
functions obtained for the N ¼ 16 system. In Fig. 4(a)
Fourier-transformed color-density correlations are shown.
The diameters of the circles are proportional to the Fourier
component. The maxima are found at momentum ($,$=2)
and equivalent positions. This provides a possible expla-
nation as to why the N ¼ 8 and N ¼ 20 samples have
higher energy per site than the N ¼ 16 cluster, as their
Brillouin zone does not contain these particular momenta
and thus frustrate the preferred order [22]. In Fig. 4(b) we
display the connected nearest-neighbor bond-energy cor-
relations hPijPkli% hPiji2. The correlations present a clear
striped signal and are in qualitative agreement with the
bond-energy modulation pattern obtained using iPEPS;
however, the modulation is not very strong. Finally in
Fig. 4(c) we calculate correlations between the projectors
onto a given basis state of the d ¼ 6 representation of
SU(4) on a bond hP ða;bÞði; jÞP ða;bÞðk; lÞi. This correlation
supposedly captures the Néel structure on top of a
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FIG. 3 (color online). iPEPS results as a function of inverse
bond dimension 1=D. Dotted lines are only a guide to the eye.
(a) Energy per site in units of J for different unit cell sizes in the
iPEPS, compared to the VMC energy from Ref. [13], and exact
diagonalization results. (b) Color order parameter (COP), which
is zero if on each site the color density nk of each color k is the
same, i.e., nk ¼ 0:25. Since the data do not seem to extrapolate
to zero for D ! 1, we expect the SU(4) symmetry to be
spontaneously broken. (c) Bond energies of the bonds H, V,
A, and B marked in Fig. 2 obtained from the 4! 2 unit cell for
D> 4 and from the 4! 4 unit cell for D " 4. The dimerization
(strong A=B bonds) is seen to persist for D ! 1.
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Using infinite projected entangled pair states (iPEPS), exact diagonalization, and flavor-wave theory, we show
that the SU(4) Heisenberg model undergoes a spontaneous dimerization on the square lattice, in contrast to its
SU(2) and SU(3) counterparts, which develop Néel and three-sublattice stripe-like long-range order. Since the
ground state of a dimer is not a singlet for SU(4) but a 6-dimensional irrep, this leaves the door open for further
symmetry breaking. We provide evidence that, unlike in SU(4) ladders, where dimers pair up to form singlet
plaquettes, here the SU(4) symmetry is additionally broken, leading to a gapless spectrum in spite of the broken
translational symmetry.
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The search for new quantum phases of matter, one of the
main themes in the field of electronic materials with strong
correlations, has become an important aspect of the physics of
cold atoms too. A recent development concerns the possibility
of loading multi-color fermions in optical lattices, which has
reopened the investigation of the SU(N ) Heisenberg model
that describes the permutation of N -color objects on a lattice
[1–4]. In condensed matter, these models require fine tuning
of parameters. For instance, the SU(3) Heisenberg model is
realized in spin-1 models with equal bilinear and biquadratic
interactions, while in standard antiferromagnetic materials the
biquadratic interaction is much smaller than the bilinear one.
In the same spirit, the SU(4) model can be seen as a symmetric
version of the spin-orbital Kugel-Khomskii model [5], but in
actual materials the orbital-orbital interaction is not rotation-
ally invariant [6]. By contrast, the simple quantum permuta-
tion embodied by the SU(N ) Heisenberg model is a realistic
starting point to describe the Mott phase of N -color fermions
at filling 1/N (one particle per site).

In this paper, motivated by the conflicting results published
so far, we concentrate on the case of 4-color fermions on
the square lattice. In the Mott insulating phase with one
fermion per site and large on-site repulsion, the relevant ef-
fective model is defined by the Hamiltonian

H = J
X

�i,j⇥

Pij , (1)

where the transposition operator Pij exchanges two colors on
neighboring sites, and J > 0.

An investigation of the model based on a variational and
mean-field study suggested a plaquette ground state [7], with-
out a long-range color-order. Exact diagonalizations of 8 and
16 site clusters reported the presence of low lying singlets [9],
and, inspired by the spontaneous singlet plaquette formation
in the SU(4) ladder [10], suggested that these low-lying sin-
glets might live in the subspace of singlet plaquette coverings,
with possibly plaquette long-range order [8]. A different con-

FIG. 1: (Color online) Sketch of dimer and color order realized in the
ground state of the SU(4) Heisenberg model on the square lattice.

clusion has been reached in Ref. 11, where a gapless spin liq-
uid with nodal fermions has been shown to be the variational
ground state for a class of projected fermionic wave functions.
The presence of a long-range color order with wave-vector
(2�/N ,2�/N ) for N = 2 (Néel order) and N = 3 (three-
sublattice order with diagonal stripes [13]) hints to the possi-
bility of extending such an ordering to N = 4. Lastly, a chiral
spin liquid is predicted based on a particular large-N limit, but
not below N=5 [12].

In this Letter, we show that none of these possibilities is
realized, and that in fact both spatial and SU(4) symmetries
are simultaneously broken: the ground state is spontaneously
dimerized, and on each strong dimer, two colors dominate
and combine into a 6-dimensional irrep of SU(4). In the re-
sulting pattern, the same color does not appear on neighbor-
ing dimers, so that if two colors are dominant on one dimer,
nearest-neighbor dimers are dominated by the remaining two
colors, resulting in the Néel-like arrangement sketched in
Fig. 1.

The first hint that simple color ordering is probably not real-
ized appears at the level of linear flavor-wave theory (LFWT),
the very method that confirmed the presence of stripe-order in
the SU(3) case [13]. The starting point is a Hartree approx-
imation based on a site–factorized variational wave function.
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Intermediate conclusion (2)

(b)(a)

4

FIG. 5: (color online)

are formed. With increasing bond dimension �E slightly de-
creases but the data sill suggest a rather large value in the
range �E ⇥ 0.77� 0.80J in the infinite D limit.

Figure 4(d) shows that the ordered moment vanishes in the
large D limit, compatible with a quadrumerized state which
does not break SU(4) symmetry.

V. EXACT DIAGONALIZATION RESULTS

VI. CONCLUSION
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SU(2) and SU(3) counterparts, which develop Néel and three-sublattice stripe-like long-range order. Since the
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The search for new quantum phases of matter, one of the
main themes in the field of electronic materials with strong
correlations, has become an important aspect of the physics of
cold atoms too. A recent development concerns the possibility
of loading multi-color fermions in optical lattices, which has
reopened the investigation of the SU(N ) Heisenberg model
that describes the permutation of N -color objects on a lattice
[1–4]. In condensed matter, these models require fine tuning
of parameters. For instance, the SU(3) Heisenberg model is
realized in spin-1 models with equal bilinear and biquadratic
interactions, while in standard antiferromagnetic materials the
biquadratic interaction is much smaller than the bilinear one.
In the same spirit, the SU(4) model can be seen as a symmetric
version of the spin-orbital Kugel-Khomskii model [5], but in
actual materials the orbital-orbital interaction is not rotation-
ally invariant [6]. By contrast, the simple quantum permuta-
tion embodied by the SU(N ) Heisenberg model is a realistic
starting point to describe the Mott phase of N -color fermions
at filling 1/N (one particle per site).

In this paper, motivated by the conflicting results published
so far, we concentrate on the case of 4-color fermions on
the square lattice. In the Mott insulating phase with one
fermion per site and large on-site repulsion, the relevant ef-
fective model is defined by the Hamiltonian

H = J
X

�i,j⇥

Pij , (1)

where the transposition operator Pij exchanges two colors on
neighboring sites, and J > 0.

An investigation of the model based on a variational and
mean-field study suggested a plaquette ground state [7], with-
out a long-range color-order. Exact diagonalizations of 8 and
16 site clusters reported the presence of low lying singlets [9],
and, inspired by the spontaneous singlet plaquette formation
in the SU(4) ladder [10], suggested that these low-lying sin-
glets might live in the subspace of singlet plaquette coverings,
with possibly plaquette long-range order [8]. A different con-

FIG. 1: (Color online) Sketch of dimer and color order realized in the
ground state of the SU(4) Heisenberg model on the square lattice.

clusion has been reached in Ref. 11, where a gapless spin liq-
uid with nodal fermions has been shown to be the variational
ground state for a class of projected fermionic wave functions.
The presence of a long-range color order with wave-vector
(2�/N ,2�/N ) for N = 2 (Néel order) and N = 3 (three-
sublattice order with diagonal stripes [13]) hints to the possi-
bility of extending such an ordering to N = 4. Lastly, a chiral
spin liquid is predicted based on a particular large-N limit, but
not below N=5 [12].

In this Letter, we show that none of these possibilities is
realized, and that in fact both spatial and SU(4) symmetries
are simultaneously broken: the ground state is spontaneously
dimerized, and on each strong dimer, two colors dominate
and combine into a 6-dimensional irrep of SU(4). In the re-
sulting pattern, the same color does not appear on neighbor-
ing dimers, so that if two colors are dominant on one dimer,
nearest-neighbor dimers are dominated by the remaining two
colors, resulting in the Néel-like arrangement sketched in
Fig. 1.

The first hint that simple color ordering is probably not real-
ized appears at the level of linear flavor-wave theory (LFWT),
the very method that confirmed the presence of stripe-order in
the SU(3) case [13]. The starting point is a Hartree approx-
imation based on a site–factorized variational wave function.
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Introduction: Why SU(N) Magnetism ? 

SU(3) Square Lattice 

SU(4) Square Lattice  

SU(N>2) Triangular Lattice with additional TRS breaking term 

Thermodynamics of the SU(N) square lattice Heisenberg model  

Conclusion & Outlook

Outline



SU(N) Chiral Spin Liquids on the Triangular Lattice

P. Nataf, M. Lajko, A. Wietek, K. Penc, F. Mila, and AML, PRL (2016)

SU(N) chiral spin liquids on the triangular lattice: edge physics

Andreas M. Läuchli
Institute for Theoretical Physics, University of Innsbruck, A-6020 Innsbruck, Austria

(Dated: September 26, 2015)

We want to investigate the nature of the chiral edge the-
ory of the SU(N) chiral spin liquids on the triangular lattice
which we have uncovered. The edge theory is expected to be
governed by chiral branches of the SU(N)1 WZW model.

As an unbiased numerical experiment we calculate the (lat-
tice) angular momentum resolved energy spectrum of our
Hamiltonian

H = cos(✓)
X

hi,ji

P2(i, j) + sin(✓)
X

i,j,k24
=P3(i, j, k) (1)

on several clusters with open boundary conditions but with a
six-fold (or seven-fold) rotation symmetry axis. The clusters
are displayed in Fig. 1, and consist of 7, 13, 15and 19 sites.

In the following we investigate the energy spectrum of the
Hamiltonian for fixed ✓ = �7/20⇡, which is believed to be
in the CSL phase for N > 2. We focus on N = 3 and N =

4 in these notes. I guess Pierre can calculate larger values
of N using his techniques, but it is important to resolve the
angular momentum in order to assign the SU(N) irreps to
their corresponding angular momentum sector.

As it is known, the SU(N) CSL on a torus has N differ-
ent ground states. These different ground states are actually in
one-to-one correspondence with the different types of anyons
in the theory. For the simplest case of the SU(2) CSL, the two
different anyons are a trivial particle with S = 0 (correspond-
ing Young tableau: (•)), and the semion carrying S = 1/2

( ). For SU(3) we have three particles, with tableaux: •
(1), (¯3) and (3). For SU(4) we have four sectors, with

tableaux: • (1), (¯4), (6) and (4).
On the disc geometry we consider here, there is no ground

state degeneracy, but each system size corresponds to a par-
ticular ground state sector. In our microscopic wave function
the sector can be detected by the SU(N) irrep of the ground
state wave function. For the SU(3) case the droplets with
Ns = 7, 13, 19 have a ground state in the sector, while
Ns = 15 has singlet groundstate •. For the SU(4) case
Ns = 13 corresponds to (4), while Ns = 7, 15 and 19

corresponds to (¯4)
The SU(N)1 WZW model predictions for the different

anyonic sectors are displayed in Tabs I (SU(2)1), II (SU(3)1)
and III (SU(4)1).

The droplet energy spectra are shown in Fig. 2 for SU(3)

and in Fig. 3 for SU(4). As can be checked, the lowest few
angular momentum sector results match nicely between the
WZW prediction and the actual droplet numerics. This cor-
roborates the genuine SU(N)1 character of the SU(N) CSL.
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Can we stabilise a CSL by a chiral term ? 

We focus on the triangular lattice for now:

SU(N) chiral spin liquids on the triangular lattice: edge physics

Andreas M. Läuchli
Institute for Theoretical Physics, University of Innsbruck, A-6020 Innsbruck, Austria

(Dated: September 26, 2015)

We want to investigate the nature of the chiral edge the-
ory of the SU(N) chiral spin liquids on the triangular lattice
which we have uncovered. The edge theory is expected to be
governed by chiral branches of the SU(N)1 WZW model.

As an unbiased numerical experiment we calculate the (lat-
tice) angular momentum resolved energy spectrum of our
Hamiltonian

H = cos(✓)
X

hi,ji

P2(i, j) + sin(✓)
X

i,j,k24
=P3(i, j, k) (1)

on several clusters with open boundary conditions but with a
six-fold (or seven-fold) rotation symmetry axis. The clusters
are displayed in Fig. 1, and consist of 7, 13, 15and 19 sites.

In the following we investigate the energy spectrum of the
Hamiltonian for fixed ✓ = �7/20⇡, which is believed to be
in the CSL phase for N > 2. We focus on N = 3 and N =

4 in these notes. I guess Pierre can calculate larger values
of N using his techniques, but it is important to resolve the
angular momentum in order to assign the SU(N) irreps to
their corresponding angular momentum sector.

As it is known, the SU(N) CSL on a torus has N differ-
ent ground states. These different ground states are actually in
one-to-one correspondence with the different types of anyons
in the theory. For the simplest case of the SU(2) CSL, the two
different anyons are a trivial particle with S = 0 (correspond-
ing Young tableau: (•)), and the semion carrying S = 1/2

( ). For SU(3) we have three particles, with tableaux: •
(1), (¯3) and (3). For SU(4) we have four sectors, with

tableaux: • (1), (¯4), (6) and (4).
On the disc geometry we consider here, there is no ground

state degeneracy, but each system size corresponds to a par-
ticular ground state sector. In our microscopic wave function
the sector can be detected by the SU(N) irrep of the ground
state wave function. For the SU(3) case the droplets with
Ns = 7, 13, 19 have a ground state in the sector, while
Ns = 15 has singlet groundstate •. For the SU(4) case
Ns = 13 corresponds to (4), while Ns = 7, 15 and 19

corresponds to (¯4)
The SU(N)1 WZW model predictions for the different

anyonic sectors are displayed in Tabs I (SU(2)1), II (SU(3)1)
and III (SU(4)1).

The droplet energy spectra are shown in Fig. 2 for SU(3)

and in Fig. 3 for SU(4). As can be checked, the lowest few
angular momentum sector results match nicely between the
WZW prediction and the actual droplet numerics. This cor-
roborates the genuine SU(N)1 character of the SU(N) CSL.
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ImP3 can be generated by 3rd order perturbation theory for Pi/2 Flux per plaquette.



What is a Chiral Spin Liquid ? 

Topological State of Matter with intrinsic topological order (not just a SPT phase): 

Topological ground state degeneracy on the torus (N fold), but not on the disk. 

Gap to bulk excitations. 

Chirality either through spontaneous TRS & parity breaking, or externally imposed. 

Gapless chiral edge states with open boundaries.  
Structure of energy spectrum characteristic for the type of topological order 
(anyons) 

Let us check these requirements in our numerical simulations.



Systematic study in N from 3 to 9 !

Using standard ED + SU(N) multiplet ED (P. Nataf & F. Mila, PRL 2014)
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Systematic study in N from 3 to 9 !

Using standard ED + SU(N) multiplet ED (P. Nataf & F. Mila, PRL 2014)
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Systematic study in N from 3 to 9 !

Using standard ED + SU(N) multiplet ED (P. Nataf & F. Mila, PRL 2014)
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Nature of model wave function:

Abelian SU(N) Chiral spin liquid wave function:

Gutzwiller projection of one filled band  
with N fermions per orbital.  
(parton construction / X.G. Wen) 

lowest band has Chern number 1 
(Hofstadter Hamiltonian with uniform 
flux of Pi/N per triangular plaquette) 

Despite unique non-projected Band-  
Insulator, one obtains N distinct spin 
states after projection when changing  
boundary conditions ➡ topological  
degeneracy
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Overlaps with VMC model states

ED overlaps for SU(3)/12 sites and SU(4) 16 sites: 

Overlaps up to 90% in total !
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ΓF
KA
KB
KC
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X

Figure 6: Overlaps of SU(4)-CSL wavefunctions with states from Exact Diago-
nalisation on a 12 site simulation cluster. Symbols show the eigenenergies and
the diameter of the red circles corresponds to the overlap with the Gutzwilller
projected wavefunctions.
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Figure 7: Overlaps of SU(4)-CSL wavefunctions with states from Exact Diago-
nalisation on a 16 site simulation cluster. Symbols show the eigenenergies and
the diameter of the red circles corresponds to the overlap with the Gutzwilller
projected wavefunctions..
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Finally we also measure the gapΔsinglet from the absolute
ground state to the first singlet level that is not part of the
expected ground state manifold. This is a measure for the
excitation gap in the gapped CSL states. In Fig. 1(d), one
observes an approximate dome-shaped behavior of this gap
for all N, and furthermore this gap seems to depend only
weakly on N. The approximate region in θ where the
N-fold ground state degeneracy splitting is small compared
to the excitation gap (for large N) is indicated as a shaded
region in all the panels, and indicates a rough stability
region for the SUðNÞ CSLs on the triangular lattice. One
should note, however, that the precise extent of the CSLs
for small N is an open question at this point.
Variational parton approach.—An appealing way to

describe the SUðNÞ CSLs is to use a parton-based mean
field approach [26,27,49–54], complemented with a
Gutzwiller projection. The idea is to fractionalize the
elementary spin degree of freedom into fermionic spinons
(partons) with N colors. For an exact description, a
dynamical gauge field needs to enforce the physical
constraint of one fermion per site. At the mean-field level,
however, it is sufficient to specify the band structure and
filling of the fermionic spinons. In the SUðNÞ CSLs of
interest here, the spinon band structure consists of N bands,
where the lowest band is completely filled for all N colors
and separated by a gap from the other bands. In addition,
this band is required to have Chern number #1. For the
triangular lattice we use a Hofstadter-type tight-binding
Hamiltonian with a uniform flux of π=N per triangular
plaquette [55], fulfilling the requirements on the band
structure. This mean-field state can now be turned into a
valid spin wave function by the application of an exact
Gutzwiller projection, enforcing the presence of exactly
one fermionic spinon per site. Such a wave function can
be handled by variational Monte Carlo (VMC) techniques,
and in particular one can easily calculate the energy
of the Hamiltonian Eq. (3) on rather large lattices. The
VMC energies displayed in Figs. 1(a) and 1(b) have been
obtained this way [37].
The next question is how the VMC approach is able to

account for the nontrivial ground state degeneracy on the
torus. It turns out that by threading flux through the
noncontractible loops around the torus, one is able to span
an N-dimensional subspace of Gutzwiller projected wave
functions, with almost identical local properties on finite
lattices. From the viewpoint of topological order, this
corresponds to a charge pumping procedure, where one
cycles through the N different ground states by threading a
different anyonic flux through the interior of the torus.
These concepts have recently been explored in the context
of SU(2) CSL on several lattices [56–58]. We have checked
in Fig. 2 that the subspace of wave functions spanned by
using 30 different boundary conditions at the mean-field
level leads to a robust rank-N overlap matrix, therefore
corroborating the expectation of an N-fold degenerate

ground state manifold in the thermodynamic limit also at
the VMC level.
Since the variational energies for SU(3) turned out not to

be very competitive, as shown in Figs. 1(a) and 1(b), we
explicitly calculated the overlaps of individual ED eigen-
states of the Hamiltonian Eq. (3) with the three orthogonal
Gutzwiller wave functions obtained on the same system
size. In Fig. 3 we plot the summed squared overlap of all
three wave functions (area of filled circles) with the ED
eigenstates (crosses) as a function of θ. Here we consider a
Ns ¼ 12 site system, where the momenta of the three ED
ground states in the CSL phase are at the zone center (one)
and at the corners of the Brillouin zone (twofold
degenerate). Around θ ¼ 0, the SU(3) triangular lattice
Heisenberg model is in a three-sublattice color ordered state
[59,60]; however, in the region around θ=π ∼ 0.25, the
three lowest ED eigenstates indeed have sizeable overlap
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FIG. 2. VMC ground space degeneracy: ordered sequence of
eigenvalues of the overlap matrix of Gutzwiller projected wave
functions with 30 random values of threaded flux. The overlap
matrix has precisely N large eigenvalues for an SUðNÞ CSL.

FIG. 3. Summed squared overlaps of the VMC model wave
functions with ED eigenstates for N ¼ 3 and Ns ¼ 12. The blue
crosses denote ED eigenstates, while the area of the filled red
circles denotes the total squared overlap on those eigenstates.
Around θ=π ≈ 0.25, the summed overlaps on the lowest three ED
eigenstates (degeneracy 1þ 2) account for over 75% of the total
weight, while the ground state alone is at 90%.
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Chiral Edge States

Nature of the edge states ? Edge states can diagnose bulk topological order ! 

Compute Hamiltonian Edge Spectrum of “disc” type cluster with 
discrete rotation symmetry: 2

Ns=13 
C6

Ns=19 
C6

Ns=7 
C6

Ns=15 
C7

FIG. 1. Illustration of ”droplet” finite size clusters used to investigate the chiral edge spectrum of the Hamiltonian (1). The clusters with 7, 13
and 19 sites have a C6 rotation axis, while the cluster with 15 sites has a C7 rotation axis.

SU(2)1 sector Ns mod 2 l = 0 l = 1 l = 2 l = 3

• (1) 0 • • � 2⇥• �
(2) 1 � 2⇥ �

TABLE I. Chiral edge modes of the different anyonic sectors for SU(2)1.

SU(3)1 sector Ns mod 3 l = 0 l = 1 l = 2 l = 3

• (1) 0 • (8) •� 2⇥ 2⇥ •� 3⇥ � (10)� (

¯

10)

(3) 1 � (¯6) 2⇥ � � (15) 3⇥ � 3⇥ � 2⇥
(¯3) 2 � (6) 2⇥ � � ( ¯15) 3⇥ � 3⇥ � 2⇥

TABLE II. Chiral edge modes of the different anyonic sectors for SU(3)1.

SU(4)1 sector Ns mod 4 l = 0 l = 1 l = 2

• (1) 0 • (15) 3⇥

(4) 1 � ( ¯20) 2⇥ � 2⇥ � (36)

(6) 2 � (10)� (

¯

10) N/A

(¯4) 3 � (20) 2⇥ � 2⇥ � ( ¯36)

TABLE III. Chiral edge modes of the different anyonic sectors for SU(4)1.



Theoretical prediction: chiral SU(N)1 WZNW CFT:

Chiral Edge States
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FIG. 1. Illustration of ”droplet” finite size clusters used to investigate the chiral edge spectrum of the Hamiltonian (1). The clusters with 7, 13
and 19 sites have a C6 rotation axis, while the cluster with 15 sites has a C7 rotation axis.
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• (1) 0 • (8) •� 2⇥ 2⇥ •� 3⇥ � (10)� (

¯

10)

(3) 1 � (¯6) 2⇥ � � (15) 3⇥ � 3⇥ � 2⇥
(¯3) 2 � (6) 2⇥ � � ( ¯15) 3⇥ � 3⇥ � 2⇥

TABLE II. Chiral edge modes of the different anyonic sectors for SU(3)1.

SU(4)1 sector Ns mod 4 l = 0 l = 1 l = 2

• (1) 0 • (15) 3⇥

(4) 1 � ( ¯20) 2⇥ � 2⇥ � (36)

(6) 2 � (10)� (

¯

10) N/A

(¯4) 3 � (20) 2⇥ � 2⇥ � ( ¯36)

TABLE III. Chiral edge modes of the different anyonic sectors for SU(4)1.



From SU(3) to SU(8):
SU(3) SU(4) SU(5) SU(6) SU(7) 

Ns=13 
C6

Ns=19 
C6

Ns=7 
C6

Ns=15 
C7 Ns=19

SU(8)

3

3
6

3
6

3
15

4
4

20
4

4

20

20

36

5
5

45 5

45

5

45

50

70

6

6

84 84

84

6

6

120

210

x2 x2

56

56

504

168

21

21
28

224
21
28
21

224

490

735

21

224

56

56

168

504
504

2800

56

168

1008

0 1 2

l-l
0

0 1 2

l-l
0

0 1 2

l-l
0

0 1 2

l-l
0

0 1 2

l-l
0

0 1 2

l-l
02

N in SU(N ) Ns mod N l = 0 l = 1 l = 2

2 1 (2) � (4)

3 1 (3) � (¯6) 2⇥ � � (15)

4 3 (

¯

4) � (20) 2⇥ � 2⇥ � ( ¯36)

5 4 (

¯

5) � (45) 2⇥ � 2⇥ � (50)� (

¯

70)

6 1 (6) � (

¯

84) 2⇥ � 2⇥ � (120)� (

¯

210)

7 5 (

¯

21) � (

¯

28)� (224) 3⇥ � � 2⇥ � (490)� (

¯

735)

8 3 (56) � (168)� (

¯

504) 3⇥ � 2⇥ � 2⇥ � (

¯

1008)� (2800)

9 1 (9) � (

¯

315) 2⇥ � 2⇥ � (396)� (

¯

2700)

TABLE I. The three first angular momentum sectors of the chiral edge mode of the Ns = 19 droplet for SU(N )1. The number (Ns mod N)

selects the anyonic sector (primary field of the CFT) which consequently determines the edge spectrum.

SU(N ) counting rule OEIS identifier

SU(2) 1, 1, 2, 3, . . . A000041
SU(3) 1, 2, 5, 10, . . . A000712
SU(4) 1, 3, 9, 22, . . . A000716
SU(5) 1, 4, 14, 40, . . . A023003
SU(6) 1, 5, 20, 65, . . . A023004
SU(7) 1, 6, 27, 98, . . . A023005
SU(8) 1, 7, 35, 140, . . . A023006
SU(9) 1, 8, 44, 192, . . . A023007

SU(10) 1, 9, 54, 255, . . . A023008

TABLE II. SU(N ) counting rules used to derive the results in Tab. I.

P. Nataf, M. Lajko, A. Wietek, K. Penc, F. Mila, and AML, PRL 2016
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Introduction: Why SU(N) Magnetism ? 

SU(3) Square Lattice 

SU(4) Square Lattice  

SU(N>2) Triangular Lattice with additional TRS breaking term 

Thermodynamics of the SU(N) square lattice Heisenberg model 

Conclusion & Outlook
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Thermodynamics of the SU(N) Heisenberg model

A number of interesting ground states in SU(N) Heisenberg models revealed 

However experiments are at finite entropy / temperature  

What will be visible in experiments ? 

displayed in Fig. 2(b). Nevertheless, having model-free
access to the EoS allows us to directly determine the local
compressibility ~κ ¼ n2κ ¼ ∂n=∂μjT. This can be used to
probe the emergence of the incompressible phase and to
study the crossover between metal and Mott insulator, as
shown in Fig. 3. For the strongly interacting case, we
distinguish a metallic outer layer 0 < nd3 < 1 and a
metallic core 1 < nd3, separated by a Mott shell with
nd3 ¼ 1. In this regime, the low-tunneling model compares
well with our results, with very small compressibilities in
the Mott regions.
To characterize the onset of the Mott phase, we deter-

mine the minimum of compressibility ~κmin around unit
filling, in a range nd3 ∈ ½0.85; 1.15#, as a function of the
interaction parameter (Fig. 3). We observe a suppression of
~κmin by roughly 1 order of magnitude when increasing the
interaction strength. For large U=t$, the compressibility
saturates at a minimum value and the Mott shell is formed.
The behavior is consistent with numerical calculations [23].
To further characterize the state in the lattice, we estimate

the entropy per particle s of the SU(6) gas. We determine
the entropy before and after a round-trip, consisting of
loading the atoms into the lattice and back into the dipole
trap, by measuring the degeneracy parameter T=TF in the
dipole trap, where TF is the Fermi temperature. This gives a
lower and an upper estimate for s in the lattice (see Fig. 4).
For low lattice depths, we observe a constant entropy rise
associated with the transfer from the bulk into the lattice
and back. Above U ≈ t$, with the appearance of the
incompressible phase, we find an additional entropy
increase. This increase also persists for very low ramp
speeds, which could indicate diminished adiabaticity due to

the insulating phase crossover hindering mass flow.
However, we observe that also for these high lattice depths,
the entropy is at or below the maximum spin entropy
s=kB ¼ lnð6Þ even after a full round-trip that includes the
reversed second ramp. This indicates that the orientations
of the spins in the lattice are likely not fully random,
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FIG. 3. Compressibility of SU(6)- (blue circles) and SU(3)- (red diamonds) spin-symmetric Fermi gases in a lattice. (a) compressibility
as a function of density in the intermediate regime U=t$ ¼ 0.59. (b) compressibility as a function of density in the strongly interacting
regime U=t$ ¼ 3.6. The dashed lines are obtained by deriving the fitted low-tunneling model plotted in Fig. 2(c). (c) minimal
compressibility ~κmin=~κ0 as a function of interaction strength, where ~κ0 is the compressibility of a non-interacting SU(6) Fermi gas at
T ¼ 0 and n ¼ 1=d3. The minimum of the compressibility ~κðnÞ in an interval around unit filling (shaded area in insets) is used as ~κmin.
Error bars denote the confidence intervals of the linear regression used to obtain ~κ.
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FIG. 4. Entropy per particle s of the SU(6)-symmetric gas
before and after the lattice round-trip sequence. The blue line
represents the entropy measured in the bulk before transfer into
the lattice. Blue points are measurements after round-trip loading
into the lattice and back to the bulk. The entropy of the gas in the
lattice is constrained to the region between these two measure-
ments. The entropy of a system with our parameters and fully
random spin orientations is close to s=kB ¼ ln 6 (red line). Error
bars and blue shaded region are the s.e.m. of the temperature
measurements.
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How to obtain finite-T results ?

Exact diagonalizations exploiting SU(N) symmetry P. Nataf & F. Mila, PRL 2014  

Complete diagonalization of PBC clusters: SU(3) 18 sites, SU(4) 16 sites 

NLCE (Numerical linked cluster expansion) 4-5 squares 
M. Rigol et al,  PRL 2006, PRE 2007  
 
 
 
 

Analytical high-temperature expansions (analytical N dependence)
clusters with periodic boundary conditions. Within NLC one
can, however, change that order of limitations considering
more complicated !larger" building units for the clusters.
Hence, we drastically reduce the number of different clusters
to consider #5$.

A natural selection of a larger building unit in the square
lattice is, of course, the elementary plaquette or square. In
this case, a consistent NLC scheme requires that each bond
belongs to only one square. This means that we build our
clusters out of every alternate square. Different squares can
only share sites, which are the zeroth order of the square
expansion, and are properly subtracted when calculating the
weights in Eq. !2". In Fig. 3 we show all clusters, with up to
three such squares, required for a consistent square based
NLC expansion.

The calculation of all possible clusters up to five squares
!up to 16 sites" is in this case very simple. In Table III we
show the results for the number of topological clusters and
sum of their lattice constants.

In the next subsections we apply the different NLC ex-
pansions detailed above to several well known spin models.
All calculations were done on !3.2 GHz" Pentium IV per-
sonal computers in times that span between 16 h for the

square based NLC expansion !up to 5 squares" and 60 h for
the bond based NLC expansion !up to 13 bonds".

Heisenberg model

We now consider the antiferromagnetic Heisenberg model
!AFHM" on the square lattice. Its Hamiltonian can be written
as

H = %
&i,j'

Si · S j , !12"

where we have chosen the coupling constant to be unity, and
the sum runs over nearest-neighbor !&i , j'" spins.

The AFHM on the square lattice is known to have an
ordered ground state with long-range antiferromagnetic cor-
relations #10$. This model can be efficiently simulated using
QMC techniques, such as stochastic series expansions #11$.
QMC methods enable one to study much larger system sizes
than the ones accessible with exact diagonalization, although
the classes of models that can be addressed are limited by the
sign problem #12–14$.

We start by studying the temperature dependence of the
AFHM energy. In Fig. 4, we show a comparison of the bare
sums for the bond, site, and square NLC expansions, with
QMC results using the SSE technique #15$. Several issues
are apparent in Fig. 4. !i" All NLC expansions give the cor-
rect result at high temperatures. !ii" Direct NLC sums can
converge below T=1, something that is not possible using
HTE. !iii" The site expansion, which is closer in spirit to
low-temperature expansions, performs better than the bond
expansion !closer to HTEs". This occurs even though the site
expansion, up to the same order, is less demanding compu-
tationally than the bond expansion #there are many topologi-
cal clusters in the bond expansion !1844" with 13 bonds and
14 sites, while in the site expansion only clusters with up to
13 sites were diagonalized$. !iv" The direct sum of the largest
size cluster expansion, the square expansion in this case,
converges to the lowest temperature !T(0.5", to be com-
pared with !T(0.8" for the site expansion.

The AFHM on the square lattice is known to develop
antiferromagnetic correlations at relatively high tempera-
tures, i.e., it is the kind of model for which the direct NLC

c

2

L(c)
11

3

4

5

1/2

1

2

1

FIG. 3. All topological clusters with up to three squares and
their lattice constant for a square expansion.

TABLE III. Number of topological clusters and sum of the lat-
tice constants for clusters with up to five squares in the square
lattice. The cluster with zero squares is the single site graph.

No. of squares No. of topological clusters %L!c"

0 1 1
1 1 1/2
2 1 1
3 2 3
4 5 19/2
5 11 63/2
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FIG. 4. !Color online" Energy as a function of temperature for
the antiferromagnetic Heisenberg model on the square lattice. Bare
NLC sums are compared with QMC results for a 100!100 lattice.
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Complete diagonalization SU(3)

SU(3) Square lattice: distinct high-T and low-T regime in spin structure factor !
(b)(a)

SU(3)

Complete ED,  387’420’489  states, largest matrix dim ~787’000



Complete diagonalization SU(3)

SU(3) Square lattice: distinct high-T and low-T regime ! 

High-T regime exhibits 2 sublattice fluctuations as SU(2), but short-ranged 

(b)(a)

SU(3) SU(2)



Complete diagonalization SU(3)

SU(3) Square lattice: distinct high-T and low-T regime ! 

Low-T regime exhibits 3 sublattice structure

(b)(a)



Complete diagonalization SU(4)

SU(4) Square lattice

Simultaneous dimerization and SU(4) symmetry breaking of 4-color fermions on the square lattice

Philippe Corboz,1, 2 Andreas M. Läuchli,3, 4 Karlo Penc,5 Matthias Troyer,1 and Frédéric Mila2

1Theoretische Physik, ETH Zurich, 8093 Zurich, Switzerland
2Institut de théorie des phénomènes physiques, École Polytechnique Fédérale de Lausanne, CH-1015 Lausanne, Switzerland

3Max-Planck-Institut für Physik komplexer Systeme, Nöthnitzer Straße 38, D-01187 Dresden, Germany
4Institut für Theoretische Physik, Universität Innsbruck, A-6020 Innsbruck, Austria

5Research Institute for Solid State Physics and Optics, H-1525 Budapest, P.O. Box 49, Hungary
(Dated: October 18, 2011)

Using infinite projected entangled pair states (iPEPS), exact diagonalization, and flavor-wave theory, we show
that the SU(4) Heisenberg model undergoes a spontaneous dimerization on the square lattice, in contrast to its
SU(2) and SU(3) counterparts, which develop Néel and three-sublattice stripe-like long-range order. Since the
ground state of a dimer is not a singlet for SU(4) but a 6-dimensional irrep, this leaves the door open for further
symmetry breaking. We provide evidence that, unlike in SU(4) ladders, where dimers pair up to form singlet
plaquettes, here the SU(4) symmetry is additionally broken, leading to a gapless spectrum in spite of the broken
translational symmetry.

PACS numbers: 67.85.-d, 71.10.Fd, 75.10.Jm, 02.70.-c

The search for new quantum phases of matter, one of the
main themes in the field of electronic materials with strong
correlations, has become an important aspect of the physics of
cold atoms too. A recent development concerns the possibility
of loading multi-color fermions in optical lattices, which has
reopened the investigation of the SU(N ) Heisenberg model
that describes the permutation of N -color objects on a lattice
[1–4]. In condensed matter, these models require fine tuning
of parameters. For instance, the SU(3) Heisenberg model is
realized in spin-1 models with equal bilinear and biquadratic
interactions, while in standard antiferromagnetic materials the
biquadratic interaction is much smaller than the bilinear one.
In the same spirit, the SU(4) model can be seen as a symmetric
version of the spin-orbital Kugel-Khomskii model [5], but in
actual materials the orbital-orbital interaction is not rotation-
ally invariant [6]. By contrast, the simple quantum permuta-
tion embodied by the SU(N ) Heisenberg model is a realistic
starting point to describe the Mott phase of N -color fermions
at filling 1/N (one particle per site).

In this paper, motivated by the conflicting results published
so far, we concentrate on the case of 4-color fermions on
the square lattice. In the Mott insulating phase with one
fermion per site and large on-site repulsion, the relevant ef-
fective model is defined by the Hamiltonian

H = J
X

�i,j⇥

Pij , (1)

where the transposition operator Pij exchanges two colors on
neighboring sites, and J > 0.

An investigation of the model based on a variational and
mean-field study suggested a plaquette ground state [7], with-
out a long-range color-order. Exact diagonalizations of 8 and
16 site clusters reported the presence of low lying singlets [9],
and, inspired by the spontaneous singlet plaquette formation
in the SU(4) ladder [10], suggested that these low-lying sin-
glets might live in the subspace of singlet plaquette coverings,
with possibly plaquette long-range order [8]. A different con-

FIG. 1: (Color online) Sketch of dimer and color order realized in the
ground state of the SU(4) Heisenberg model on the square lattice.

clusion has been reached in Ref. 11, where a gapless spin liq-
uid with nodal fermions has been shown to be the variational
ground state for a class of projected fermionic wave functions.
The presence of a long-range color order with wave-vector
(2�/N ,2�/N ) for N = 2 (Néel order) and N = 3 (three-
sublattice order with diagonal stripes [13]) hints to the possi-
bility of extending such an ordering to N = 4. Lastly, a chiral
spin liquid is predicted based on a particular large-N limit, but
not below N=5 [12].

In this Letter, we show that none of these possibilities is
realized, and that in fact both spatial and SU(4) symmetries
are simultaneously broken: the ground state is spontaneously
dimerized, and on each strong dimer, two colors dominate
and combine into a 6-dimensional irrep of SU(4). In the re-
sulting pattern, the same color does not appear on neighbor-
ing dimers, so that if two colors are dominant on one dimer,
nearest-neighbor dimers are dominated by the remaining two
colors, resulting in the Néel-like arrangement sketched in
Fig. 1.

The first hint that simple color ordering is probably not real-
ized appears at the level of linear flavor-wave theory (LFWT),
the very method that confirmed the presence of stripe-order in
the SU(3) case [13]. The starting point is a Hartree approx-
imation based on a site–factorized variational wave function.
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Complete ED,  4’294’967’296 states, largest matrix dim ~512’000



Complete diagonalization SU(4)

SU(4) Square lattice

Simultaneous dimerization and SU(4) symmetry breaking of 4-color fermions on the square lattice

Philippe Corboz,1, 2 Andreas M. Läuchli,3, 4 Karlo Penc,5 Matthias Troyer,1 and Frédéric Mila2

1Theoretische Physik, ETH Zurich, 8093 Zurich, Switzerland
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Using infinite projected entangled pair states (iPEPS), exact diagonalization, and flavor-wave theory, we show
that the SU(4) Heisenberg model undergoes a spontaneous dimerization on the square lattice, in contrast to its
SU(2) and SU(3) counterparts, which develop Néel and three-sublattice stripe-like long-range order. Since the
ground state of a dimer is not a singlet for SU(4) but a 6-dimensional irrep, this leaves the door open for further
symmetry breaking. We provide evidence that, unlike in SU(4) ladders, where dimers pair up to form singlet
plaquettes, here the SU(4) symmetry is additionally broken, leading to a gapless spectrum in spite of the broken
translational symmetry.

PACS numbers: 67.85.-d, 71.10.Fd, 75.10.Jm, 02.70.-c

The search for new quantum phases of matter, one of the
main themes in the field of electronic materials with strong
correlations, has become an important aspect of the physics of
cold atoms too. A recent development concerns the possibility
of loading multi-color fermions in optical lattices, which has
reopened the investigation of the SU(N ) Heisenberg model
that describes the permutation of N -color objects on a lattice
[1–4]. In condensed matter, these models require fine tuning
of parameters. For instance, the SU(3) Heisenberg model is
realized in spin-1 models with equal bilinear and biquadratic
interactions, while in standard antiferromagnetic materials the
biquadratic interaction is much smaller than the bilinear one.
In the same spirit, the SU(4) model can be seen as a symmetric
version of the spin-orbital Kugel-Khomskii model [5], but in
actual materials the orbital-orbital interaction is not rotation-
ally invariant [6]. By contrast, the simple quantum permuta-
tion embodied by the SU(N ) Heisenberg model is a realistic
starting point to describe the Mott phase of N -color fermions
at filling 1/N (one particle per site).

In this paper, motivated by the conflicting results published
so far, we concentrate on the case of 4-color fermions on
the square lattice. In the Mott insulating phase with one
fermion per site and large on-site repulsion, the relevant ef-
fective model is defined by the Hamiltonian

H = J
X

�i,j⇥

Pij , (1)

where the transposition operator Pij exchanges two colors on
neighboring sites, and J > 0.

An investigation of the model based on a variational and
mean-field study suggested a plaquette ground state [7], with-
out a long-range color-order. Exact diagonalizations of 8 and
16 site clusters reported the presence of low lying singlets [9],
and, inspired by the spontaneous singlet plaquette formation
in the SU(4) ladder [10], suggested that these low-lying sin-
glets might live in the subspace of singlet plaquette coverings,
with possibly plaquette long-range order [8]. A different con-

FIG. 1: (Color online) Sketch of dimer and color order realized in the
ground state of the SU(4) Heisenberg model on the square lattice.

clusion has been reached in Ref. 11, where a gapless spin liq-
uid with nodal fermions has been shown to be the variational
ground state for a class of projected fermionic wave functions.
The presence of a long-range color order with wave-vector
(2�/N ,2�/N ) for N = 2 (Néel order) and N = 3 (three-
sublattice order with diagonal stripes [13]) hints to the possi-
bility of extending such an ordering to N = 4. Lastly, a chiral
spin liquid is predicted based on a particular large-N limit, but
not below N=5 [12].

In this Letter, we show that none of these possibilities is
realized, and that in fact both spatial and SU(4) symmetries
are simultaneously broken: the ground state is spontaneously
dimerized, and on each strong dimer, two colors dominate
and combine into a 6-dimensional irrep of SU(4). In the re-
sulting pattern, the same color does not appear on neighbor-
ing dimers, so that if two colors are dominant on one dimer,
nearest-neighbor dimers are dominated by the remaining two
colors, resulting in the Néel-like arrangement sketched in
Fig. 1.

The first hint that simple color ordering is probably not real-
ized appears at the level of linear flavor-wave theory (LFWT),
the very method that confirmed the presence of stripe-order in
the SU(3) case [13]. The starting point is a Hartree approx-
imation based on a site–factorized variational wave function.
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Low-T regime exhibits dimerised state, with particular Neel order of bond variables.

columnar dimerized background. Indeed the correlations in
(c) show the expected four positively correlated bonds at
the correct location confirming the qualitative picture put
forward in Fig. 1. We have also measured the spin chirality
correlations advocated in Ref. [15]. We indeed find corre-
lations pointing towards uniform chirality on triangles;
however, the correlations decay quickly over the size of
the sample, implying the probable absence of a chiral spin
liquid phase on the SU(4) square lattice.

We conclude this ED section by presenting the low energy
tower of state in Fig. 4(d) as a function of the quadratic
SU(4) Casimir operator. In the case of either discrete or
continuous symmetry breaking the low energy spectrum is
expected to exhibit characteristic energy levels which be-
come degenerate with the ground state in the thermody-
namic limit and which enable the spontaneous symmetry
breaking. For the proposed state in Fig. 1 we expect a tower
of states which is a fourfold superposition of the tower of
state of a SUð4Þ6 bipartite Néel state. The later is given by
the irreducible representation content C ¼ 0; 4; 6; 10; 12; . . .
Combining with the spatial degeneracy associated with the
four distinct dimer configurations, the even members of the
Casimir sequence are expected to belong to the spatial
symmetry sectors ð0; 0ÞA1, ð0; 0ÞB1 and the twofold
degenerate sector ð!; 0Þ"x ¼ $1, "y ¼ 1, while the odd
members belong to the fourfold degenerate momentum
ð!;!=2Þ"x ¼ 1 sector. When comparing this prediction
(large circles) to the actual low energy spectrum shown in
Fig. 4(d) one observes that the lowest levels for C ¼ 0 and 4
are indeed the ones expected for the proposed state in Fig. 1.

Conclusion.—The various approaches followed in this
Letter point to a rather coherent picture: a spontaneous
dimerization appears in the ground state, and the remaining
degrees of freedom, an irreducible representation of di-
mension 6 on each dimer, develop Néel-like order. The
model that describes the fluctuations around one of the
dimerized ground states should thus be a model with SU(4)

symmetry with the 6-dimensional irreducible representa-
tion at each site of a square lattice and with anisotropic
couplings—horizontal and vertical pairs of nearest-
neighbor dimers are inequivalent. In that respect, it is
interesting to note that the isotropic version of the SU(4)
Heisenberg model with the 6-dimensional irreducible rep-
resentation and only nearest-neighbor couplings has been
studied by quantum Monte Carlo [23] and VMC [24]
simulations with conflicting conclusions. While in the
latter study long-range Néel order is found, the former
predicts that the correlations decay only algebraically.
Coming back to the evidence in favor of Néel order in
our case, the presence of short-range correlations is clear in
view of the ED and iPEPS results. However, correlations
revealed by ED are not very strong, and the prediction of
long-range order relies mostly on the empirical 1=D
scaling of the iPEPS order parameter of Fig. 3. It would
thus be very interesting to challenge this prediction by
deriving and studying the effective model relevant to the
present case.
We acknowledge the financial support of the Swiss

National Fund and of MaNEP, and of the Hungarian
OTKA Grant No. K73455. The simulations were per-
formed on the Brutus cluster at ETH Zurich and on the
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Microcanonical Thermodynamics: S(E)

S as a function of energy from finite size ED and NLCE and HTSE (low order)
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Conclusions
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are formed. With increasing bond dimension �E slightly de-
creases but the data sill suggest a rather large value in the
range �E ⇥ 0.77� 0.80J in the infinite D limit.

Figure 4(d) shows that the ordered moment vanishes in the
large D limit, compatible with a quadrumerized state which
does not break SU(4) symmetry.

V. EXACT DIAGONALIZATION RESULTS
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Simultaneous dimerization and SU(4) symmetry breaking of 4-color fermions on the square lattice
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Using infinite projected entangled pair states (iPEPS), exact diagonalization, and flavor-wave theory, we show
that the SU(4) Heisenberg model undergoes a spontaneous dimerization on the square lattice, in contrast to its
SU(2) and SU(3) counterparts, which develop Néel and three-sublattice stripe-like long-range order. Since the
ground state of a dimer is not a singlet for SU(4) but a 6-dimensional irrep, this leaves the door open for further
symmetry breaking. We provide evidence that, unlike in SU(4) ladders, where dimers pair up to form singlet
plaquettes, here the SU(4) symmetry is additionally broken, leading to a gapless spectrum in spite of the broken
translational symmetry.

PACS numbers: 67.85.-d, 71.10.Fd, 75.10.Jm, 02.70.-c

The search for new quantum phases of matter, one of the
main themes in the field of electronic materials with strong
correlations, has become an important aspect of the physics of
cold atoms too. A recent development concerns the possibility
of loading multi-color fermions in optical lattices, which has
reopened the investigation of the SU(N ) Heisenberg model
that describes the permutation of N -color objects on a lattice
[1–4]. In condensed matter, these models require fine tuning
of parameters. For instance, the SU(3) Heisenberg model is
realized in spin-1 models with equal bilinear and biquadratic
interactions, while in standard antiferromagnetic materials the
biquadratic interaction is much smaller than the bilinear one.
In the same spirit, the SU(4) model can be seen as a symmetric
version of the spin-orbital Kugel-Khomskii model [5], but in
actual materials the orbital-orbital interaction is not rotation-
ally invariant [6]. By contrast, the simple quantum permuta-
tion embodied by the SU(N ) Heisenberg model is a realistic
starting point to describe the Mott phase of N -color fermions
at filling 1/N (one particle per site).

In this paper, motivated by the conflicting results published
so far, we concentrate on the case of 4-color fermions on
the square lattice. In the Mott insulating phase with one
fermion per site and large on-site repulsion, the relevant ef-
fective model is defined by the Hamiltonian

H = J
X

�i,j⇥

Pij , (1)

where the transposition operator Pij exchanges two colors on
neighboring sites, and J > 0.

An investigation of the model based on a variational and
mean-field study suggested a plaquette ground state [7], with-
out a long-range color-order. Exact diagonalizations of 8 and
16 site clusters reported the presence of low lying singlets [9],
and, inspired by the spontaneous singlet plaquette formation
in the SU(4) ladder [10], suggested that these low-lying sin-
glets might live in the subspace of singlet plaquette coverings,
with possibly plaquette long-range order [8]. A different con-

FIG. 1: (Color online) Sketch of dimer and color order realized in the
ground state of the SU(4) Heisenberg model on the square lattice.

clusion has been reached in Ref. 11, where a gapless spin liq-
uid with nodal fermions has been shown to be the variational
ground state for a class of projected fermionic wave functions.
The presence of a long-range color order with wave-vector
(2�/N ,2�/N ) for N = 2 (Néel order) and N = 3 (three-
sublattice order with diagonal stripes [13]) hints to the possi-
bility of extending such an ordering to N = 4. Lastly, a chiral
spin liquid is predicted based on a particular large-N limit, but
not below N=5 [12].

In this Letter, we show that none of these possibilities is
realized, and that in fact both spatial and SU(4) symmetries
are simultaneously broken: the ground state is spontaneously
dimerized, and on each strong dimer, two colors dominate
and combine into a 6-dimensional irrep of SU(4). In the re-
sulting pattern, the same color does not appear on neighbor-
ing dimers, so that if two colors are dominant on one dimer,
nearest-neighbor dimers are dominated by the remaining two
colors, resulting in the Néel-like arrangement sketched in
Fig. 1.

The first hint that simple color ordering is probably not real-
ized appears at the level of linear flavor-wave theory (LFWT),
the very method that confirmed the presence of stripe-order in
the SU(3) case [13]. The starting point is a Hartree approx-
imation based on a site–factorized variational wave function.
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