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1) Ordinal Hall Effect  
        [Hall 1879] 

2) Anomalous Hall Effect [Hall, 1880 & 1881] 

Lorentz force 

3) (extrinsic) Spin Hall Effect 

Spin-orbit interaction  
Spin current 

spin current 

Charge current 

( )
( )

dV r

dr
s L

q v B

[Dyakonov & Perel, JETP 1971;  

Hirsch, PRL 1999; Zhang, PRL 2000] 

1. Spin Hall effect 

I. Introduction 

Edwin H. Hall (1855-1938) 

(Mott or skew scattering) 



4) Intrinsic spin Hall effect 

(1) In p-type zincblende semiconductors 
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Equation of motion 

Anomalous velocity 

nh = 1019 cm-3,  μ= 50 cm /V·s, σ= eμnh  = 80 Ω-1cm-1; 

                                                    σs= 80 Ω-1cm-1 

nh = 1016 cm-3,  μ= 50 cm /V·s, σ= eμnh  = 0.6 Ω-1cm-1; 

                                                    σs= 7 Ω-1cm-1 



(2) In a 2-D electron gas in n-type semiconductor heterostructures 

Rashba Hamiltonian 

Universal spin Hall conductivity 

[PRL 92, 126603] 



Basic elements of spintronics (spin electronics):  

    Generation, detection, & manipulation of spin current.               

Usual spin current generations: 

Ferromagnetic leads   

Spin filter 

[Slobodskyy, et 

al., PRL 2003] 

Problems: magnets and/or 

magnetic fields needed, and 

difficult to integrate with 

semiconductor technologies. 

(3) Significances of these theoretical discoveries of intrinsic spin Hall effects 

(a) non-magnetic metals, (b) ferromagnetic  

metals and (c) half-metallic metals. 

 It would allow to generate spin current electrically in 

semiconductor microstructures without applied magnetic 

fields or magnetic materials,  and make possible pure 

electric driven spintronics which could be readily 

integated with conventional electronics. 



5) Experiments on spin Hall effect 

[Kato et al., Science 306, 1910 (2004)] 

(a) in n-type 3D GaAs and InGaAs thin films 

Attributed to extrinsic SHE because of 

weak crystal direction dependence. 



(b) in p-type 2D semiconductor quantum wells 

[PRL 94 (2005) 047204] 

Attributed to intrinsic SHE. 



(c) Spin Hall effect in strained n-type wurtzite semiconductors  
        [Chang, Chen, Chen, Hong, Tsai, Chen, Guo, PRL 98, 136403 (2007)] 

n-type (5nm InxGa1-xN/3nm GaN) superlattice (x=0.15) 



1) Spin Hall effect in metals 

Nature 13 July 2006 Vol. 442, P. 04937 

2. Motivations 

fcc Al 

σsH = 27~34 (Ωcm)-1  

   (T= 4.2 K) 

(direct) spin Hall effect 

inverse spin Hall effect 



[Saitoh, et al.,  

APL 88 (2006) 182509] 

[PRL98, 156601; 98, 139901 (E) (2007)] 

σsH = 240 (Ωcm)-1  

   (T= 290 K) 

Assumed to be extrinsic! 



Spin-Torgue Switching with the Giant 

Spin Hall Effect of Tantalum 
[L. Liu et al., Science 336, 555 (2012)] 

2) Applications of Spin Hall effect 



Advantages of spin Hall effect in metals: 

(1) A contact with a ferromagnetic metal does not suffer from 

conductance mismatch. 

(2) Spin Hall conductance is large. 

(3) The Fermi temperature is much higher than room 

temperature and hence quantum coherence is robust again 

thermal agitations. 

Thus, it is important to understand the detailed mechanism of 

the SHE in metals because it would lead to the material design 

of the large SHE even at room temperature with the application 

to the spintronic devices.  

3) Motivations 



II. Intrinsic spin Hall effect in metals 
1. Linear response Kubo formalism 
Assume E-field along y-axis and spin or H-field along z-axis,  

the optical Hall conductivity (off-diagonal element) is [e.g., Marder, 2000] 
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      where Vc is the cell volume, |kn> is the nth Bloch state with crystal 

momentum k, ħω is the photon energy.        

[Guo,et al., PRL 94, 

226601 (2005)] 

Setting η to zero and using 
0

1 1
P ( )lim i
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Imaginary (part) Hall conductivity 
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Real (part) Hall conductivity is (Kramers-Kronig transformation) 
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Exactly the same as calculation of magneto-optical properties (e.g., 

Kerr effect) [e.g., Guo and Ebert, PRB 1995]. 



current operator                            (AHE),  
 
                                                      (SHE), 
 
                                                      (OHE).  
 
                          α, β, Σ are 4×4 Dirac matrices.  

Calculations must be based on a relativistic band theory because all 

the intrinsic Hall effects are caused by spin-orbit coupling.  

 ,
4

x z xj c  

 ,
4

x z xj L c 

 Ab initio relativistic band structure methods 

(1) Relativistic linear muffin-tin orbital (LMTO) method.  
[Ebert, PRB 1988; Guo & Ebert, PRB 51, 12633 (1995)] 

Dirac Hamiltonian 
2 ( ) ( )DH c mc I v I    α p r

(charge current operator) 

(spin current operator) 

(orbital current operator) 
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[Guo,Yao,Niu, PRL 94, 226601 (2005)] 

    Spin and orbital angular momentum     

     Hall effects in p-type zincblende     

     semicoductors 

Application to intrinsic spin Hall effect in semiconductors 

Strain effect 



(2) Full-potential linearized augmented plane wave 

(FLAPW) method as implemented in WIEN2k.  

(scalar relativistic corrections) 

(spin-orbit coupling) 

2
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Spin-orbit coupling treated as a perturbation 

current operator  jx = -evx            (AHE), 

                            jx = ħ{σz,vx}/4   (SHE),  

                            jx = ħ{Lz,vx}/4   (OHE). 
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(1) Semiclassical dynamics of Bloch electrons 

Old version [e.g., Aschroft, Mermin, 1976] 
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Berry phase correction [Xiao, Chang & Niu, RMP 82, 1959 (2010)] 

New version [Marder, 2000] 
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(Berry curvature) 

2. Berry phase formalism 

http://images.google.com/imgres?imgurl=www.hpl.hp.com/news/lectures/images/berry1.jpg&imgrefurl=http://www.hpl.hp.com/news/lectures/Abstracts/MichaelBerry.htm&h=1000&w=700&prev=/images?q=michael+Berry&svnum=10&hl=en&lr=&ie=UTF-8&oe=UTF-8&sa=G
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(2) Semiclassical transport theory 
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(Anomalous Hall conductance) (ordinary conductance) 

( , ) ( ) ( , )g f f r k k r k

Anomalous Hall conductivity 
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[Yao, et al., PRL 92 (2004) 037204] 
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Intrinsic Hall conductivities 

current operator   

jx = -evx            (AHE), 

jx = ħ{σz,vx}/4   (SHE),  

jx = ħ{Lz,vx}/4   (OHE).  

σxy (S/cm) theory Exp. 

bcc  Fe  750a 1030 

hcp Co  477b 480 

a[Yao, et al., PRL 92 (2004) 037204] 

fcc  Ni  -1066c -1100 
c[Fuh, Guo, PRB 84 (2011) 144427 ] 

b[Wang, et al., PRB 76 (2007) 195109 ] 

 [FLAPW (WIEN2k) calculations] 

[Guo, Murakami, Chen, Nagaosa,  

PRL100, 096401 (2008)] 

[Yao, et al., PRL 92 (2004) 037204] 



3. Large intrinsic spin Hall effect in platinum 

Pt: σsH = 2200 (Ωcm)-1 (T = 0 K) 

[Guo, Murakami, Chen, Nagaosa,  

PRL100, 096401 (2008)] 

[Valenzuela, Tinkham, Nature 442, 176 (2006)] 

Al: σsH (4.2 K) = 17 (Ωcm)-1  

      σsH (exp., 4.2K) = 27, 34 (Ωcm)-1  



Pt: σsH (300K) = 240 (Ωcm)-1  

     σsH (exp., RT) = 240 (Ωcm)-1  
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[Kimura et al PRL98, 156601 (2007)] 

Pt: σsH (0K) = 2200 (Ωcm)-1  

     σsH (exp., 5 K) = 1700 (Ωcm)-1  

[Morota et al, PRB83, 174405 (2011)] 

Pt has been widely used as a spin current 

generator and detector in recent novel spin 

current experiments, e.g.,  

spin Seebeck effect,  
[Uchida et al., Nature 455, 778 (2008)] 

spin pumping,  
[Kajiwara et al., Nature 464, 262 (2010)] 

spin Hall switching  
[Miron et al., Nature 476, 189 (2011)]. 

[Hoffmann,   

IEEE Trans. Magn. 49 (2013) 5172] 



Effect of impurity scattering and two band model analysis 

Intrinsic SHE is robust against short-ranged impurity scattering! 



Pd: σsH ( 0 K) = 1400 (Ωcm)-1  

       σsH (300K) = 300 (Ωcm)-1  

[Guo, JAP 105, 07C701 (2009)] 
[Morota, et al., JAP 105, 07C712 (2009)] 

Mo: σsH ( 10 K) = -70 (Ωcm)-1  

 αsH (10K) = -0.002 

Mo 

fcc Pd 

3. Intrinsic spin Hall effect in pure Pd, Au and Mo metals 



Intrinsic spin Hall effect in pure Au and other metals 

Au: σsH = 415 (Ωcm)-1 (T = 0 K) 

             = 750 (Ωcm)-1 (T = 300 K) 

        [Guo, JAP 105, 07C701 (2009)] 

σsH (exp., RT) = 882 (Ωcm)-1  

b[Mosendz, et al., PRB 82 (2010) 214403] 

a[Morota, et al., PRB 83 (2011) 174405] 



spin Hall angle  

0.1 at RT
xy

H

xx





 

Au 

[Seki, et al., Nat. Mater. 7 (2008)125] 

5 1 -110 cmSHE  

1. 

III. Gigantic spin Hall effect in gold and multi-orbital    

      Kondo effect 

= 

2 exp( / )

ISHE

Au
s Au

Au

R

P d
t


 







What is the origin of giant spin Hall effect in gold Hall bars? 

(i) Surface and interface effect? [Seki, et al., Nat. Mater. 7 (2008)125] 

[Cercellier, et al., PRB73, 195413 (2006)] 

(ii) Defect and impurity origin ? 

Possible impurities: (a) vacancy of Au atom  

                                  (b) Pt impurity  

                                  (c) Fe impurity 



2. Multiorbital Kondo effect  

    in Fe impurity in gold. 

[Guo, Maekawa, Nagaosa, PRL 102, 036401 (2009)] 

Results of FLAPW calculations 

 (a) the change in DOS in the 5d bands. 

 (b) the DOS change is near -1.5 eV. 

      Nonmagnetic in (a) and (b) 

(c) A peak in DOS at the Fermi level 

     and magnetic. 

Proposal: Multiorbital Kondo effect in 

Fe impurity in gold. 



      Kondo effect in metals with magnetic impurities 
(a classic many-body phenomenon in condensed matter physics) 

(1) Resistivity abnormality in Au 

with dilute magnetic impurities 

discovered by de Haas et al. in 

1930’s. [Physica 1 (1934) 1115] 

(2) Kondo proposed a (Kondo) model and 

solved it in the 2nd-order perturbation theory 

to explain the phenomenon in 1960’s.  
[Prog. Theo. Phys. 32 (1964) 37] 

† (0)     ( 0,  1 / 2) k f fH c c J J S 



     k k

k

σ S

0 1

1/5 1/5

min 1

( ) ln ,

( / 5 )  (Kondo temperature)
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imp K

T aT C C T

T a C T

  



  

 



Extrinsic spin Hall effect due 

to skew scattering  

[Guo, Maekawa, Nagaosa, 

PRL 102, 036401 (2009)] 

scattering amplitudes 

skewness function 

spin Hall angle 

3. Enhanced SHE by resonant skew scattering in  

   orbital-dependent Kondo effect. 



[Guo, Maekawa, Nagaosa, 

PRL 102, 036401 (2009)] 

Occupation numbers 

are related to the 

phase shifts through 

generalized Friedel 

sum rule. 

1 2 2

2 2

2 2 2 2

3 (cos 2 cos 2 )

9sin 4sin 3[1 cos 2( )]
s

  


   

 

   


 

   
1 0.1s  

0.001 ~ 0.01H  [Fert, et al., JMMM 24 (1981) 231] 



In a paper appearing in Physical Review Letters, Guo et al., propose  

an intriguing theory for this giant spin Hall effect.  

Magnetic iron impurities have long been known to have a large effect  

on the low-T resistivity of gold, via the Kondo effect. If Guo et al. are 

right in their interpretation, the observation of a giant spin Hall effect  

resulting from the Kondo effect will add a curious new twist to this  

story. The history of the Kondo effect stretches back over seventy-five  

years. Despite its long history, the detailed Kondo physics of iron  

remains a controversial subject. 

This is a fascinating state of affairs—a wonderful example of the synergy that is possible between 

electronics applications and condensed-matter physics. If Guo et al. are right, the spin Hall 

conductivity of gold should scale with the iron concentration, moreover, one might expect iron atoms 

to produce a large anomalous Hall effect. This could be a very exciting and unexpected turn in the 

long-standing story of the Kondo effect of iron in gold. 



  4. Quantum Monte Carlo simulation of multi-orbital Kondo effect 

(1) problems X-ray magnetic circular dichroism measurements 



suggests an effective 3-channel 

Kondo model 



(2) Single-impurity multi-orbital Anderson Model 

[Gu, Gan, Bulut, Ziman, Guo, Nagaosa, Maekawa, PRL105 (2010) 086401] 
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For host  band structure, α =  9 bands (6s, 6p, 5d orbitals of Au) 

are included. 

For impurity-host hybridization, Au26Fe supercell (3X3X3 primitive 

FCC cell) is considered. ξ = 5  (3d orbitals of Fe).   

A realistic Anderson model is formulated with the host band structure and the 

impurity-host hybridization determined by ab initio DFT-LDA calculations.     

U = 5 eV, J = 0.9 eV, U’= U – 2J = 3.2 eV 

For impurity Fe, one eg orbital (z2) and up to two t2g orbitals (xz, yz) are 

considered with the following parameters.  



Impurity-host hybridization for FCC Au26Fe (DFT results)   

For FCC Au26Fe : 

α, p = 9 (6s, 6p, 5d orbitals of Au) 

 r = 26 (Au26) 

 ξ = 5  (3d orbitals of Fe) 
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Smaller mixing for eg Larger mixing for t2g 

36 

t2g : xz, yz, xy : -0.45 eV 

eg  : z
2, x2-y2 : -0.55 eV 

Energy levels for Fe 

in Au26Fe (DFT results): 



[Hirsch and Fye, PRL 56, 2521(1986)] 

 εd = -U/2 (Symmetric case, constant DOS).  

u = U/πΔ 

  U

V

U

UV
J

dd

sd

22 82







Universal Kondo susceptibility for the one orbital case    

U  =  1,        2,          3,         4 eV 

TK = 0.169, 0.0865, 0.0435, 0.0216 eV 

1 eV ~ 10,000 K. 0.0216 eV ~ 200 K 

(3) Magnetic behaviors for Fe in Au from QMC simulations  

The magnetic behaviors of the Anderson impurity model at finite temperature 

are calculated by the Hirsh-Fye quantum Monte Carlo (QMC) technique. 
[Hirsch and Fye, PRL 56, 2521(1986)] 



Local moment 

Impurity magnetic susceptibility 

Occupation number 

2-orbitals case, eg and t2g  



 3-orbitals case, eg and t2g  

3-Orbitals case 



Ising-type spin-orbit interaction for p-electrons: l =1, m =1,0,-1. 

(4) Spin-orbit interaction within t2g oribtals for Fe in Au  

T = 350 K, = 75 meV 

[Gu, Gan, Bulut, Ziman, Guo, Nagaosa, Maekawa, PRL105 (2010) 086401] 



(5) Estimation of spin Hall angle for Fe impurity in Au  

Since we consider only two t2g orbitals with  ℓz = ±1, the SOI within the 

t2g orbitals gives rise to the difference in the occupation numbers 

between the parallel (nP) and anti-parallel (nAP) states of the spin and 

angular momenta. These occupation numbers are related to the phase 

shifts δP and δAP, through generalized Friedel sum rule, respectively, as  

nP(AP) = δP(AP)/π, and  π < ℓzσz > = δP − δAP, π < n2 > = π < n3 >= δP + δAP.  

 

Putting < ℓzσz >= −0.44 for λ = 75 meV, and < n2 > = <n3>= 0.65,  

we obtain δP = 1.35 and δAP = 2.73. 

Taking into account the estimate sin δ1 ∼= 0.1, s ∼= 0.06 is thus obtained.  

1 2 2

2 2

2 2 2 2

3 (cos 2 cos 2 )

9sin 4sin 3[1 cos 2( )]
s

  


   

 

   


 

   

[Seki, et al., Nat. Mater. 7 (2008)125] 

s ∼= 0.11 (exp.)  



Skew scattering 

s ∼0.07 , 

independent of  

Fe concentration. 



IV. Conclusions and On-going Work 

1. Ab initio calculations reveal that intrinsic SHC in Pt is large ~2000 (Ωcm)-1,  

due to the resonant contribution from the spin-orbit splitting of the d bands at 

high-symmetry L and X points near the Fermi level. The calculated intrinsic 

SHC in Mo, Pd, Pt and Au agree well with recent experimental results. 

2. LDA+U electronic structure indicates that Fe in Au may undergo an 

orbital-dependent Kondo effect, where the t2g orbitals are in the mixed-

valence region while eg orbitals are in the Kondo limit. This proposal is 

corroborated by recent QMC calculations. 

3. The enhanced spin-orbit interaction by the electron correlation in the 

t2g orbitals leads to the large spin Hall effect which explains the gigantic 

spin Hall angle S = ~0.1 observed recently in Au with Fe impurities.  

Conclusions  



On-going Work  

1. Drawbacks of QMC:  

a. Applicable only in high temperatures; 

b. No information about dynamical properties (Green function 

and spectral functions, and thus transport coefficients cannot 

be evaluated. 

2. Multi-orbital Kondo effect with SOC by NRG calculations:  

a. A grand plan cannot be implemented at moment. 

b. Thus, we are performing NRG calculations for 1- and 2-

channel pseudo-gap Anderson model to study Kondo effect in 

graphene and graphene-like system to gain experience and 

expertise. 



Revised phase diagram  

RG flow diagram 

1-channel Kondo effect in graphene from NRG calculations  

[Lo, Guo, Anders,  

PRB 89 (2015) 195424] 



2 channel Kondo effect in pseudogap Anderson model from NRG calculations  
[Wu, Wang, Guo, Anders, Chung, JPCM (submitted 2016/01)] 

Impurity spectral function (,T=0) 

( )
r

c F    

Conductance G(0,T) vs. temperature (T)  

Conductance (G(0,0)-G(0,T))/B vs T/T0
2cK. Universal scaling in G(0,T/T*) vs T/T*. 

(0<r<1) 

(rc=0.12) 

-scalingT
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