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Gravitational Waves
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Cosmological GW spectral energy density



Cosmological sources for gravitational waves

Astrophysical sources
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Cheng, Lee, Ng 2018~ 20 M�PBHs

GWs associated with the formation of primordial black holes 
in axion inflation



Current Pulsar Timing Arrays
Nano-Hz GWs cause 
small correlated 
changes to the times 
of arrival of radio 
pulses from 
millisecond pulsars

International 
Pulsar Timing Arrays



Image: Jitter in the NANOGrav pulsar J2145-0750.

Each pulse is actually made of 10 individual pulses

for clarity, but one can see that even these averages

"jitter" around compared to the very stable average

pulse at top. Reproduced from "Science with the

Next-Generation VLA and Pulsar Timing Arrays"

estimating our TOA uncertainties.

Advancing the characterization and modeling of

sources of noise in our timing data is a prime

focus of NANOGrav's Noise Budget working

group.

READ MORE

NANOGrav's upcoming data release
contains radio-pulse times of arrival

(TOAs) and timing-models for 48
millisecond pulsars. At the time of the

submission of this paper, the pulse

profiles however were finalized.

The observations span roughly 12.9 years,

from July 30, 2005, to June 30, 2017. The

pulsar with the longest baseline is

J1744-1134, with 12.87 years of Image: sky map of NANOGrav pulsars in the

The NANOGrav 12.5-year Data Set

Jitter in NANOGrav Pulsars https://nanograv.github.io/12p5yr_jitter/
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Image: Jitter in the

NANOGrav pulsar

J2145-0750. Each pulse is

actually made of 10

individual pulses for clarity,

but one can see that even

The "miracle" of pulsar

timing relies on the fact

that the average pulse
shape of pulsars is very
stable. Over the course

of decades, we can

therefore determine

when a set of pulses

arrives at our telescopes

very precisely.

Since their discovery, it

has been known that

individual pulses from

pulsars do not resemble

their average pulse

shape. that means that

while the climate of the

pulsar magnetosphere is

extremely stable, there

is signicant weather on

the timescale of a single

rotation.

Calculating a time of

arrival (TOA) relies on

fitting a template pulse

shape to a data pulse

shape. This assumption

relies on the fact that the

data shape is an exact

copy of the template

shape, scaled and

shifted. Since the

average data shape is

actually made of

Jitter in NANOGrav Pulsars https://nanograv.github.io/12p5yr_jitter/
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The "miracle" of pulsar timing relies on 
the fact that the average pulse shape of 
pulsars is very stable. Over the course of 
decades, we can therefore determine the 
time of arrival (TOA) at our telescopes 
very precisely.

PSR J2145-0750
Period: 16.5ms
TOA Uncertainty: 0.229"s



About the NANOGrav PFC

Pulsar timing arrays are on track to detect long-period
gravitational waves by measuring their effects on the light-travel
times of pulses from rotating neutron stars (pulsars).
NANOGrav monitors a set of pulsars that together form a
Galactic scale gravitational-wave observatory. Our detector is
used to study supermassive black hole binaries in order to
understand the morphology, kinematics, gas content, and
feedback mechanisms of galaxies. Pulsars can also be used to
detect gravitational waves from topological defects in space
time called cosmic strings, which are predicted by some high
energy physics models.
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Pulsar Timing  – MSPs are precise clocks

pulsar residual 

Shapiro time delay



=1 for an isotropic GWB

Hellings and Downs (HD) curve
(ab) #( f ) =  (ab) #($) 

Overlap 
Reduction 
Function

Earth term pulsar term  f L >> 1



Image: sky map of NANOGrav pulsars in the 11-yr data set

The NANOGrav 12.5 year data set: 45 MSPs



Pulsar 
residual 

• Monopolar ORF #ab=1     (due to clock error)

• Dipolar ORF #ab= cos $ (due to error in solar system ephemeris) 

• Quadupolar ORF #ab = HD curve     (genuine GWB signal)  

Signal

Noise
white noises (instrumental) + pulsar intrinsic red noise 
( including pulsar spin noise, pulsar profile changes, 
dispersion measure variations,…)

Naa(f) = Ared
2 ( f / fyr )-% fyr

-3



common-spectrum process across MSPs Saa(f)6 The NANOGrav Collaboration

Figure 1. Posteriors for a common-spectrum process in NG12, as recovered with four models: free-spectrum (gray violin plots
in left panel), broken power law (solid blue lines and contours), five frequency power law (dashed orange lines and contours), and
30 frequency power law (dot-dashed green lines and contours). In the left panel, the violin plots show marginalized posteriors of
the equivalent amplitude of the sine-cosine Fourier pair at the frequencies on the horizontal axis; the lines show the maximum
likelihood power laws in the left panel, and the 1-� (thicker) and 2-� posterior contours for amplitude and spectral slope in the
right panel. The dotted vertical line in the left panel sits at fyr = 1yr�1, where PTA sensitivity is reduced by the fitting of pulsar
timing-model parameters; the corresponding free-spectrum amplitude posterior is unconstrained. The dashed vertical line in
the right panel sits at � = 13/3; the expected value for a GWB produced by a population of inspiraling SMBHBs. For both the
broken power law and five frequency power law models, the amplitude (ACP) posterior shown on the right is extrapolated from
the lowest frequencies to the reference frequency fyr. We observe that the slope and amplitude of the 30-frequency power law
are driven by higher-frequency noise, whereas the five-frequency power law recovers the low-frequency GWB-like slope of the
free spectrum and broken power law.

with �red. There is a separate (Ared, �red) pair for each
pulsar in the array.

As in NG9gwb and NG11gwb, we implemented power-
law Gaussian processes in rank-reduced fashion, by ap-
proximating them as a sum over a sine–cosine Fourier
basis with frequencies k/T and prior (weight) covari-
ance / S

ab

(k/T ), where T is the span between the min-
imum and maximum TOA in the array (van Haasteren
& Vallisneri 2014). We use the same basis vectors to
model all red noise in the array, both pulsar-intrinsic
noise and global signals, like the GWB. Using a common
set of vectors helps the sampling, and reduces the likeli-
hood computation time. In previous work, the number
of basis vectors was chosen to be large enough (with
k = 1, . . . , 30) that inference results (specifically the
Bayesian upper limit) for a common-spectrum signal be-
came insensitive to adding more components. However,
doing so has the disadvantage of potentially coupling
white noise to the highest-frequency components of the
red-noise process, thus biasing the recovery of the pu-
tative GWB, which is strongest in the lowest-frequency
bins.

For this paper, we revisit the issue and set the num-
ber of frequency components used to model common-
spectrum signals to five, on the basis of theoretical ar-
guments backed by a preliminary analysis of the data

set. We begin with the former. By computing a strain
spectrum sensitivity curve for the 12.5-year data set us-
ing the hasasia tool (Hazboun et al. 2019) and obtaining
the signal-to-noise ratio (S/N) of a � = 13/3 power-law
GWB, we observed that the five lowest frequency bins
contribute 99.98% of the S/N, with the majority coming
from the first bin. We also injected a � = 13/3 power-
law GWB into the 11-year data set NG11, and measured
the response of each frequency using a 30-frequency free
spectrum model, in which we allowed the variance of
each sine–cosine pair in the red-noise Fourier basis to
vary independently. We observed that the lowest few
frequencies are the first to respond as we raised the
GWB amplitude from undetectable to detectable lev-
els (see Figure 13). The details of this injection analysis
are described in Appendix A.

Moving on to empirical arguments, in Figure 1
we plot the power-spectrum estimates for a spatially-
uncorrelated common-spectrum process in the 12.5-year
dataset, as computed for a free-spectrum model (gray
violin plots), for variable-� power-law models with five
and 30 frequency components (dashed lines, showing
maximum a posteriori values, as well as 1-�/2-� poste-
rior contours), and for a broken power-law model (solid



Spatial correlation Sab(f)
NANOGrav 12.5-year Gravitational-Wave Background 11

Figure 4. Distributions of the optimal statistic S/N for
HD (blue), monopole (orange), and dipole (green) spatial
correlations, as induced by the posterior probability distri-
butions of pulsar-intrinsic red noise parameters in a Bayesian
inference run that includes a spatially uncorrelated common-
spectrum process. The means of each distribution are the
noise-marginalized Â2 given in Table 3. All three correlations
patterns are identified in the data with modest significance;
but it is only for an HD-correlated process that the ampli-
tude estimate is compatible with the posteriors of Figure 2.

(with each bin hosting a similar number of pairs). The
error bars show the standard deviations of angular sepa-
rations and cross-correlated power within each bin. The
dashed and dotted lines show the values expected theo-
retically from HD- and monopolar-correlated processes
with amplitudes set from the measured Â

2 (the first col-
umn of Table 3). While errors are smaller for NG12 than
for NG11, neither correlation pattern is visually appar-
ent.

4.3. Bayesian measures of spatial correlation

Inspired by the optimal statistic, we have developed
two novel Bayesian schemes to assess spatial correla-
tions. We report here on their application to the 12.5-
year data.

First, we performed Bayesian inference on a model
where the uncorrelated common-spectrum process is
augmented with a second HD-correlated process with
auto-correlation coe�cients set to zero. In other words,
we decouple the amplitudes of the auto- and cross-
correlation terms. The uncorrelated common-spectrum
process regularizes the overall covariance matrix, which
would not otherwise be positive definite with this new
“o↵ diagonal only” GWB. Figure 6 shows marginalized
amplitude posteriors for the diagonal and o↵-diagonal
processes, which appear consistent. It is however evi-
dent that cross correlations carry much weaker informa-
tion: as a matter of fact, the log10 Bayes factor in favor
of the additional process (computed à la Savage–Dickey,
see Dickey 1971a) is 0.10 ± 0.01 with fixed DE438 and

Figure 5. Average angular distribution of cross-correlated
power, as estimated with the optimal statistic on the 11-year
data set (top) and 12.5-year data set (bottom). The num-
ber of pulsar pairs in each binned point is held constant for
each data set. Due to the increase in pulsars in the 12.5-yr
data set, the number of pairs per bin increases accordingly.
Pulsar-intrinsic red-noise amplitudes are set to their maxi-
mum posterior values from the Bayesian analysis, while the
SSE is fixed to DE438. The dashed blue and dotted orange
lines show the cross-correlated power predicted for HD and
monopolar correlations with amplitudes Â2 = 4⇥ 10�30 and
9⇥ 10�31, respectively.

�0.03 ± 0.01 under BayesEphem. These factors are
smaller than the HD-vs.-uncorrelated values of Table 2,
arguably because the o↵-diagonal portion of the model is
given the additional burden of selecting the appropriate
amplitude.

Second, we performed Bayesian inference on a
common-spectrum model that includes a parametrized
ORF: specifically, inter-pulsar correlations are obtained
by the spline interpolation of seven nodes spread across
angular separations; node values are estimated as inde-
pendent parameters with uniform priors in [�1, 1] (Tay-
lor et al. 2013). Figure 7 shows the marginalized posteri-
ors of the angular correlations, and bears direct compar-
ison with Figure 5. The posteriors are consistent (but
somewhat inconclusively) with the HD ORF, which is
overplotted in the figure. However, they are inconsis-
tent with the monopolar ORF, also overplotted in the
figure. This is similar to the evidence reported in Ta-
ble 2.



Perspectives



NANOGrav projection



COBE 1992
First Results 7o resolution

~ 4000 pixels





Power spectrum of the correlation (l-space)

---- HD power spectrum
Full power spectrum

Earth term pulsar term  f L >> 1



Extragalactic pulsars at redshift z 

Assume GW of k*
have amplitude H*
at time &*

&0 is the
present time



Anisotropic polarized SGWB
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Thank you for your attention!


