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● Charm quark mass is a unique scale.

● High statistics data is provided.

● D meson mixing.

— too heavy for ChPT

— experimental data are not quantitatively reproduced yet

Theoretically challenging

mc = 1.3 GeV

— 1 / 15—

— too light for                     expansion?⇤QCD/mc

[1810.06874]LHCb

— in a good stage to test theories

charm



Outline
(A)  D meson mixing

(B)  Dispersion relation
— parametrization

— experiment / theoretical methods



D0 − D̄0 mixing

observables
mass difference

width difference

D̄0

{
<latexit sha1_base64="pL8JRHGHXjHASNMhzmF2k5yHqvs="></latexit>

: total width�
<latexit sha1_base64="F8wb4eXjO23vf9fdw6Gh2t+n0ig="></latexit>

time evolution

Time evolution Eq.

Mass eigenstate
q/p 6=

<latexit sha1_base64="Sm3a1S7dlcfqKSA/xYJitMw5E6k="></latexit>

unity

CP violation
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D0

= 2M12/�
<latexit sha1_base64="KGCPAh0pnlYPpEa3tFmzlb9Ow6Q="></latexit>

= 2�12/�
<latexit sha1_base64="xjoberRH+O8lwu3Ku+/+Teroc6k="></latexit>

(CP conserving limit)

HFLAV at Moriond2019

y = (6.51+0.63
�0.69)⇥ 10�3

<latexit sha1_base64="T5n19WqD0ktjSn+3oK4HrK3iBPk="></latexit>

x = (3.9+1.1
�1.2)⇥ 10�3

<latexit sha1_base64="EV7rLXACYgGWCtJ4DvsW2d1VdbY="></latexit>{
<latexit sha1_base64="pL8JRHGHXjHASNMhzmF2k5yHqvs="></latexit>

Experiment
|q/p| = 0.969+0.050

�0.045
<latexit sha1_base64="l63GK+JKxqs6wkqZgFbRobyBqlA="></latexit>

arg(q/p)(�) = �3.9+4.5
�4.6

<latexit sha1_base64="8aGUMJtT7RMpZUdBN8G6ve6FFzQ="></latexit>

CP violation not measured

non-zero > 11.5�
<latexit sha1_base64="VO7jo7XIK7+YSD0ep28DZQVveKc="></latexit>



D meson mixing: theory
Two methods

◉Inclusive◉Exclusive
Quark-level analysisHadronic-level analysis

(our study)

�[D ! ⇡⇡]
<latexit sha1_base64="R81tn1uCzIrm437BKQ8WACH3AOQ="></latexit>

�[D ! KK]
<latexit sha1_base64="tpfrZCq/wTSEdZTTvdErBtTcKcw="></latexit>

{
<latexit sha1_base64="pL8JRHGHXjHASNMhzmF2k5yHqvs="></latexit>

without dataNot calculable

Data are used
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(quark-hadron duality)



Inclusive approach

cu

c̄ ū c

ū

u

c̄

Quark-level

⇧12 = M12 �
i

2
�12

OPE/Heavy quark expansion (HQE)

box diagrams 4-fermi interaction

n:  dimension of operator
: Wilson coefficientsCn

<latexit sha1_base64="WQpa+FMSE9YbRi0ntv11zNsZ0Bg="></latexit>
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D0
<latexit sha1_base64="Y+dZG3ca6fzI6yplPFy8feS9Ydg="></latexit>D̄0

<latexit sha1_base64="/CbBfx5oSoKYHqSBWpSIUr6yZ64=">AAACbHichVG7SgNBFD1Z3/GR+CiEIIghYhVuVFCsRC0s8zA+SKLsrqMu2Re7m4CG/ICthYVaKIiIn2HjD1j4CSLYKNhYeLNZEBX1DjNz5sw9d87MKLauuR7RQ0hqaW1r7+jsCnf39PZFov0Dq65VcVSRVy3dctYV2RW6Zoq8p3m6WLcdIRuKLtaU8mJjf60qHFezzBVv3xYlQ941tR1NlT2mNoqK7NSWNqm+FY1TkvwY/QlSAY gjiLQVvUIR27CgogIDAiY8xjpkuNwKSIFgM1dCjTmHkebvC9QRZm2FswRnyMyWedzlVSFgTV43arq+WuVTdO4OK0eRoHu6phe6oxt6pPdfa9X8Gg0v+zwrTa2wtyKHw7m3f1UGzx72PlV/evawg1nfq8bebZ9p3EJt6qsHxy+5uWyiNk4X9MT+z+mBbvkGZvVVvcyI7AnC/AGp78/9E6xOJlNTycnMdHx+IfiKTsQwhgl+7xnMYxlp5PlcA0c4xVnoWRqSYtJIM1UKBZpBfAlp/AP27Y0v</latexit>

⇧12 =
X

n

Cn

mn
c

hD0
|O

�C=2
n |D̄0i

<latexit sha1_base64="wC8lWwv1Opg6bbkdbEN0BHDYL6o="></latexit>

d, s
<latexit sha1_base64="GDeVJZNSE87jo5ljvtk7fLYpfug="></latexit>

d̄, s̄
<latexit sha1_base64="R0/ZOKmmbrx2c5PS22DQdIbJwDU="></latexit>
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+ bottom loop

For ms = md

�2
d + 2�d�s + �2

s = 0
<latexit sha1_base64="e+1Pdqdq7UuTQd6JfGklpeLjpCI="></latexit>

neglect

CKM unitarity
�d + �s + �b = 0

<latexit sha1_base64="T0uEWssUQ5rgGPvQycvCI1VSjhM="></latexit>

neglect

d̄
<latexit sha1_base64="fdGaS57QhSF+8KRzu3Rb7eltTgI="></latexit>

d, s
<latexit sha1_base64="06qpawDeKN9VigNTch1+rsDxn4o="></latexit>

s̄, d̄
<latexit sha1_base64="c8gVaEeowcNXdNrcxc2PHM/DgEI="></latexit>

summation ∝

�i = VciV
⇤
ui

<latexit sha1_base64="mAwsXSr8w5ohCsyqiBOkmpbfXOo="></latexit>

D̄0
<latexit sha1_base64="/CbBfx5oSoKYHqSBWpSIUr6yZ64="></latexit> D̄0

<latexit sha1_base64="/CbBfx5oSoKYHqSBWpSIUr6yZ64="></latexit>

D̄0
<latexit sha1_base64="/CbBfx5oSoKYHqSBWpSIUr6yZ64="></latexit>

D0
<latexit sha1_base64="Y+dZG3ca6fzI6yplPFy8feS9Ydg="></latexit>

D0
<latexit sha1_base64="Y+dZG3ca6fzI6yplPFy8feS9Ydg="></latexit>

D0
<latexit sha1_base64="Y+dZG3ca6fzI6yplPFy8feS9Ydg="></latexit>



�2
d + 2�d�s + �2

s = 0
<latexit sha1_base64="e+1Pdqdq7UuTQd6JfGklpeLjpCI="></latexit>

Suppressed by GIM mechanism.

summation ∝

{ : �b = O(�5)

SU(3) breaking:

small CKM 

non-zero contributions 
to D mixing

m2
s �m2

d

m2
c

<latexit sha1_base64="C2BSjAVJpGYX9xgrYGk6IY7BZRY="></latexit>
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+ bottom loop

For ms = md

�2
d + 2�d�s + �2

s = 0
<latexit sha1_base64="e+1Pdqdq7UuTQd6JfGklpeLjpCI="></latexit>

neglect

CKM unitarity
�d + �s + �b = 0

<latexit sha1_base64="T0uEWssUQ5rgGPvQycvCI1VSjhM="></latexit>

neglect

d̄
<latexit sha1_base64="fdGaS57QhSF+8KRzu3Rb7eltTgI="></latexit>

d, s
<latexit sha1_base64="06qpawDeKN9VigNTch1+rsDxn4o="></latexit>

s̄, d̄
<latexit sha1_base64="c8gVaEeowcNXdNrcxc2PHM/DgEI="></latexit>

summation ∝

�i = VciV
⇤
ui

<latexit sha1_base64="mAwsXSr8w5ohCsyqiBOkmpbfXOo="></latexit>

D̄0
<latexit sha1_base64="/CbBfx5oSoKYHqSBWpSIUr6yZ64="></latexit> D̄0

<latexit sha1_base64="/CbBfx5oSoKYHqSBWpSIUr6yZ64="></latexit>

D̄0
<latexit sha1_base64="/CbBfx5oSoKYHqSBWpSIUr6yZ64="></latexit>

D0
<latexit sha1_base64="Y+dZG3ca6fzI6yplPFy8feS9Ydg="></latexit>

D0
<latexit sha1_base64="Y+dZG3ca6fzI6yplPFy8feS9Ydg="></latexit>

D0
<latexit sha1_base64="Y+dZG3ca6fzI6yplPFy8feS9Ydg="></latexit>

= 0
<latexit sha1_base64="j1v43a5maMYUSgPUNMC4Cjkjx8M="></latexit>



D meson

HFLAV at Moriond2019

{

{Exp.

Theory / Exp. comparison
 meson

{�Ms = (18.3± 2.7)ps�1

��s = (0.088± 0.020)ps�1

Bs

{ =

=

   mesonBd

{
=

={ =

=

● For            mesons, the data are reproduced within 1σ.

Exp. Exp.

SM SM SM

Artuso, Borissov and Lenz, 2016 Artuso, Borissov and Lenz, 2016

HFLAV

● For D meson, the order of magnitude is not reproduced within leading-power.

(for inclusive)

Bs, Bd
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y = (6.51+0.63
�0.69)⇥ 10�3

<latexit sha1_base64="T5n19WqD0ktjSn+3oK4HrK3iBPk="></latexit>

x = (3.9+1.1
�1.2)⇥ 10�3

<latexit sha1_base64="EV7rLXACYgGWCtJ4DvsW2d1VdbY="></latexit>

x ' 6⇥ 10�7
<latexit sha1_base64="K7BhZCXhuBAemSQh7VKuilMBtH4="></latexit>

y ' 6⇥ 10�7
<latexit sha1_base64="NkL8LWjU4LZTqJ5eWcZg2dp/BC8="></latexit>

NLO QCD Golowich and Petrov 2005

Suppressed by GIM

HFLAV

Buras, Slominski and Steger 1984
Cheng 1982Hagelin 1981,



Theory / Exp. comparison

 meson

{�Ms = (18.3± 2.7)ps�1

��s = (0.088± 0.020)ps�1

Bs

{ =

=

 mesonBd

{
=

={ =

=
Exp. Exp.

SM SM

Artuso, Borissov and Lenz, 2016 Artuso, Borissov and Lenz, 2016

HFAG HFAG

(for inclusive)

Violation of quark-hadron duality?

Jubb, Kirk, Lenz and Tetlalmatzi-Xolocotzi, 2017

HQE is not convergent for charm?

Beyond the standard model?

Golowich, Pakvasa and Petrov, 2007

Possibilities discussed in the literature

— Higher dimensional operators (D=9,12) avoid severe GIM cancellation?

Bigi and Uraltsev, 2001

— 20% violation explains the data. (based on model)

Golowich, Hewett, Pakvasa and Petrov, 2009
— x is explainable.

— contribution to y is small.

— 6 / 15—

x ⇠ y . 10�3
<latexit sha1_base64="EsZagIEZPRutZ8WsS4glKZKS9Bc="></latexit>

x, y ⇠ O(10�3)
<latexit sha1_base64="dJh/YdNXUWcqgzVGhNAOmO04YZo="></latexit>

Falk, Grossman, Ligeti and Petrov, 2001

(non-perturbative matrix element required)

● For            mesons, the data are reproduced within 1σ.
● For D meson, the order of magnitude is not reproduced within leading-power.

Bs, Bd

D meson

HFLAV at Moriond2019

{

{Exp.

SM

y = (6.51+0.63
�0.69)⇥ 10�3

<latexit sha1_base64="T5n19WqD0ktjSn+3oK4HrK3iBPk="></latexit>

x = (3.9+1.1
�1.2)⇥ 10�3

<latexit sha1_base64="EV7rLXACYgGWCtJ4DvsW2d1VdbY="></latexit>

x ' 6⇥ 10�7
<latexit sha1_base64="K7BhZCXhuBAemSQh7VKuilMBtH4="></latexit>

y ' 6⇥ 10�7
<latexit sha1_base64="NkL8LWjU4LZTqJ5eWcZg2dp/BC8="></latexit>

NLO QCD Golowich and Petrov 2005

Suppressed by GIM

Buras, Slominski and Steger 1984
Cheng 1982Hagelin 1981,



Inclusive approach

● HQE is applicable above      .

● We use the dispersion relation.

Strategy in this study

1/mb expansion works better than 1/mc
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⇤
<latexit sha1_base64="5ToBpfLRPgQw2dxsFNl/Sgx9QBM="></latexit>

⇤ ⇠ mb
<latexit sha1_base64="nWvTXR3ynrhSMOsLR2dfEOdtOaE="></latexit>



Dispersion relation
s

Contour

for D meson

for fictitious D meson
generalized
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4m2
⇡

<latexit sha1_base64="HGHTvY2835fpDPkwuuEeML/4Au4="></latexit>

s = m2
q

<latexit sha1_base64="n3gXoxnBCzmUpQX13+HJhf6JKHc="></latexit>

x(m2
D) = � 1

⇡
P

Z 1

4m2
⇡

y(s)

s�m2
D

ds
<latexit sha1_base64="Qx2TjRzaPLudxG/OjVRag/qDr/U=">AAACq3ichVHLShxBFD12YjSTh5NkE3AjDoZxMUPNKOYBAYkhuBwdR0XbabrbGi3sF101QyZN/0B+IAtXBkRC/As3roUsRH9AXCpkk4W3exqDiMltuurcU/fcOlVlBY6QirHjPu3e/f4HA4MPc48eP3k6lH/2fFH67dDmDdt3/HDZMiV3hMcbSiiHLwchN13L4UvW1kyyvtThoRS+t6C6AV9zzQ1PtIRtKqKM/KfPRdf42KyOvy /prdC0o0oc6YGIa7rwlBFNugZlzWrcjIhoqW7cq+oW5XgcyVKqjdelkS+wMktj5DaoZKCALGp+fg861uHDRhsuODwowg5MSPpWUQFDQNwaIuJCQiJd54iRI22bqjhVmMRu0bhB2WrGepQnPWWqtmkXh/6QlCMYY7/YD3bBDtlPdsb+3NkrSnskXro0Wz0tD4yhry/rv/+rcmlW2Pyr+qdnhRbepF4FeQ9SJjmF3dN3vny7qL+bH4tese/snPzvsGN2QCfwOpf27hyf30YufYC3SUxdX/dtsFgtVybKE3OThekP2VMMYhijKNJ9v8Y0ZlFDg/bdxxFOcKqVtLq2oum9Uq0v07zAjdD4Fbxspec=</latexit>

m2
D

<latexit sha1_base64="BjX6Xr8XoN4QykWFY2vfp0VgYSA="></latexit> m2
D

<latexit sha1_base64="BjX6Xr8XoN4QykWFY2vfp0VgYSA="></latexit>

x(m2
q) = � 1

⇡
P

Z 1

4m⇡

y(s)

s�m2
q

ds
<latexit sha1_base64="jkbcHZx2rRM0AD8LrqyE89kQ5gY="></latexit>

m2
q m2

q2
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Dispersion relation
⇡x(s) = P

Z 1

4m2
⇡

y(s0)

s� s0
ds0

<latexit sha1_base64="5j7NH0kmCvnW9cdLnlkxwz2DWKc="></latexit>

= P

Z ⇤

4m2
⇡

y(s0)

s� s0
ds0 + P

Z 1

⇤

y(s0)

s� s0
ds0

<latexit sha1_base64="GZlXgdAkezUDA6gTbmC62zm545g="></latexit>

devided into two pieces
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Dispersion relation

calculable object

s: large
0<latexit sha1_base64="a3upGavjM1uhI6KHlanzsfVBeKM="></latexit>

⇡x(s) = P

Z 1

4m2
⇡

y(s0)

s� s0
ds0

<latexit sha1_base64="5j7NH0kmCvnW9cdLnlkxwz2DWKc="></latexit>

= P

Z ⇤

4m2
⇡

y(s0)

s� s0
ds0 + P

Z 1

⇤

y(s0)

s� s0
ds0

<latexit sha1_base64="GZlXgdAkezUDA6gTbmC62zm545g="></latexit>

unknown function

!(s) = ⇡x(s)� P

Z 1

⇤

y(s0)

s� s0
ds0

<latexit sha1_base64="nlFZ7yU8kGKanoOo1j3tCZ0N05M="></latexit>

Fredholm equation: multiple solutions do exist.

⇤
<latexit sha1_base64="5+qbo6JaNkV8ckahbA4Ongw7BhQ="></latexit>

s > ⇤
<latexit sha1_base64="pFmn+xtED01II6A7kczGLUfDVWw="></latexit>



expansion of l.h.s.

1

s� s0
=

1

s�m2 � (s0 �m2)
<latexit sha1_base64="atOb90DPu+V/k1zupRxHBdW7zIg="></latexit>

Problem to solve

(Taylor expansion)

m2
<latexit sha1_base64="h5DpZf3hthClNXs1wepM18/iRZU="></latexit>

: constant
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0<latexit sha1_base64="a3upGavjM1uhI6KHlanzsfVBeKM="></latexit>



expansion of l.h.s.

1

s� s0
=

1

s�m2 � (s0 �m2)
<latexit sha1_base64="atOb90DPu+V/k1zupRxHBdW7zIg="></latexit>

Problem to solve

=
1

s�m2
+

(s0 �m2)

(s�m2)2
+

(s0 �m2)2

(s�m2)3
+ · · ·

<latexit sha1_base64="Ng0iz4LmIzaSuoE7CcKKIlm4nXM="></latexit>

s >> s0
<latexit sha1_base64="S+c8vciNHcBopQtFPupMD67ixj0="></latexit>

This expansion is convergent since

Mathematical consistency: for large s

(Taylor expansion)

!(s) ' b

s�m2
<latexit sha1_base64="veMtLNrvVtpRwa/HG+EYXnjAnGI="></latexit>

m2
<latexit sha1_base64="h5DpZf3hthClNXs1wepM18/iRZU="></latexit>

: constant
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subleading

0<latexit sha1_base64="a3upGavjM1uhI6KHlanzsfVBeKM="></latexit>

! ⇠ b

s�m2
<latexit sha1_base64="WaqGCR8IIR9WtAVDUAm4lBQQabU="></latexit>

1

!
⇠ s�m2

b
<latexit sha1_base64="Kse21vasnzvIaMHQSGFVagEIX+Q="></latexit>



0<latexit sha1_base64="a3upGavjM1uhI6KHlanzsfVBeKM="></latexit>

!(s) ' b

s�m2
<latexit sha1_base64="veMtLNrvVtpRwa/HG+EYXnjAnGI="></latexit>

y(s0) = b �(s0 �m2)
<latexit sha1_base64="Wa7VjZZW2dy9KYfJJifrlALhA+g="></latexit>

(one particular) solution:

Z ⇤

4m2
⇡

y(s0)

s� s0
ds0 =

b

s�m2
<latexit sha1_base64="5R6vBnbN8NItiJyVwKsMJsRLBNo="></latexit>

use of the approximation:

The problem becomes

Problem to solve
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○ Higher order terms in the expansion should be taken into account.

○ Delta function should be smeared to be finite.

1
<latexit sha1_base64="SPuy80i3qh0Er5g3eSEmEh103ak="></latexit>

s
<latexit sha1_base64="OGsCaG0xR+OjFixlMTPqTzUjpF0="></latexit>

m2
<latexit sha1_base64="h5DpZf3hthClNXs1wepM18/iRZU="></latexit>

y(s)
<latexit sha1_base64="ghtnPCkaPNNbyVZzX+00lq6KLPA="></latexit>

s
<latexit sha1_base64="OGsCaG0xR+OjFixlMTPqTzUjpF0="></latexit>

y(s)
<latexit sha1_base64="ghtnPCkaPNNbyVZzX+00lq6KLPA="></latexit>

(one particular expectation)

⇠ m2
D

<latexit sha1_base64="9mxN1xaIhT1jZ0Uy9nL7KciE5kM="></latexit>

Delta function

hadronic resonances

More realistic case

10�3
<latexit sha1_base64="CFlbGVBRLCaNnvAVKrtQGG1tLMg="></latexit>

(Exp.)

Points to improve
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Delta function insufficient?



Parametrization

y(s) = Ns
b0 + b1(s�m2) + b2(s�m2)2

[(s�m2)2 + d2]2
<latexit sha1_base64="AikmM7ALfXfqdAjksqaDo4rc0Zk="></latexit>

substitute

①

Strategy

②theoretical input Fit unknown constants so as 
to reproduce the theoretical input.

unknowns: (m2, d, b0, b1, b2)
<latexit sha1_base64="HV17HDQdFNufBI2pVGhh5FgL7q8="></latexit>

③ Pick out a solution and
check whether experimental 

data are reproduced.
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Z ⇤

4m2
⇡

y(s0)

s� s0
ds0 = !(s)

<latexit sha1_base64="40XXI05I7SPtob820KBdJu1uEws="></latexit>



ms = 96.6 MeV
<latexit sha1_base64="X+fTiXhZAaxreAM7vhmOFznZXus="></latexit>

⇤ = 15 GeV2
<latexit sha1_base64="GV569bFwCjE1NxYUybyjHMzp9tw="></latexit>

O1 = (c̄u)V�A(c̄u)V�A
<latexit sha1_base64="l1ON8B0wexEIXWrHA2kwFjSVecs="></latexit>

O2 = (c̄u)S�P(c̄u)S�P
<latexit sha1_base64="IYQ8a3stXPhWPCMYHqd3iB0XMdk="></latexit>

Minimum structure

(m2, d)
<latexit sha1_base64="KUvrpatcHnox5s4xG8bm6IIYiKc="></latexit>

Fix(1)
(2)   Fit (b0, b1, b2)

<latexit sha1_base64="2OUDK5S8fo++DGVhqhIVRMmSLLo="></latexit>

Residual sum of squares (RSS)

via the least square method si : [30GeV2, 250GeV2]
<latexit sha1_base64="VVbxXKvrFpD/TWGoOO0lA/pPnzI="></latexit>

RSS =
200X

i=1

✓
!(si)�

Z 1

⇤

y(s0)

si � s0
ds0

◆

<latexit sha1_base64="AzGB0RYTKayDBGZBzO5SNAO/qmw="></latexit>

log10(RSS)
<latexit sha1_base64="S0kYuaq+aP72AEy8VEsx+O789Pc="></latexit>

log10(RSS)
<latexit sha1_base64="S0kYuaq+aP72AEy8VEsx+O789Pc="></latexit>

How to handle multiple solutions

⇠ m2
D

<latexit sha1_base64="9mxN1xaIhT1jZ0Uy9nL7KciE5kM="></latexit>

⇠ m2
D

<latexit sha1_base64="9mxN1xaIhT1jZ0Uy9nL7KciE5kM="></latexit>

— 13 / 15—
(enhancement not expected)

2
<latexit sha1_base64="g7GPGMsNKZhKSyX3IVPkz1sIJlA="></latexit>

Preliminary



Result
Red band:    y

m2
D

<latexit sha1_base64="mzUclk8vFctjxOkF1gA/PEF+ZhQ="></latexit>

— 14 / 15—

y(s) = Ns
b0 + b1(s�m2) + b2(s�m2)2

[(s�m2)2 + d2]2
<latexit sha1_base64="AikmM7ALfXfqdAjksqaDo4rc0Zk="></latexit>

b2
<latexit sha1_base64="NDAL7J1lGITpdBYCOZU4pnmAR4c="></latexit>

ms = 96.6MeV
<latexit sha1_base64="Ib4Wq4XWhlOQinINpPVqpgvGJ2k="></latexit>

⇤ = 15GeV2
<latexit sha1_base64="+D7pVGmnW2k8jAp8iMxvKS5V0tM="></latexit>

contribution is only 10% 
of total x and y.

Green band: x
HFLAV2019 Experimental data {

<latexit sha1_base64="PUjTBGy6bi57cb2WJdgRmxD/Jag="></latexit>

Without CP violation

Preliminary



Summary
◎ Using the OPE, which is reliable above           ,  
 　the dispersion relation turns into an inverse problem.

— 15 / 15—

⇠ mb
<latexit sha1_base64="foK7RZwqStzx8qoWLMJ/YjtTKDY="></latexit>

◎ The specific solution in the SM can quantitatively                              
     explain the experimental data.

◎ Parametrization of the solution is proposed so as to 
respect the argument of the multipole expantion.



Backup



Parametrization

, is satisfied.

y(s) = Ns
b0 + b1(s�m2) + b2(s�m2)2

[(s�m2)2 + d2]2
<latexit sha1_base64="AikmM7ALfXfqdAjksqaDo4rc0Zk="></latexit>

�12(4m
2
⇡) = 0

<latexit sha1_base64="ooWDj9U4UmOLoFmE7+qnMKVfMjY="></latexit>

y(4m2
⇡) = 0

<latexit sha1_base64="oaznVauqcdoUjgRR1tL/VOW/M/c="></latexit>

or

lim
d!0

y(s) = b �(s�m2) + · · ·
<latexit sha1_base64="dSrZIEuzwjFSFv8BOvluSKCSOPc="></latexit>

(a) The narrow width limit reproduces delta function.

(b) It parametrizes higher order terms in the Taylor expansion.

(c) The boundary condition, 



O1 = (c̄u)V�A(c̄u)V�A
<latexit sha1_base64="l1ON8B0wexEIXWrHA2kwFjSVecs="></latexit>

O2 = (c̄u)S�P(c̄u)S�P
<latexit sha1_base64="IYQ8a3stXPhWPCMYHqd3iB0XMdk="></latexit>

M12 �
i
2�12 = B hD0

|O1|D̄0
i+ C hD0

|O2|D̄0
i

<latexit sha1_base64="aT5/OD6cygI6omb2PGD/x7TmPFQ="></latexit>

Expressions in the SM

Buras, Slominski and Steger, 
Nucl. Phys. B245, 369 (1984)

{
<latexit sha1_base64="Jv3A1RdBTJqbl3mYeFzPLug8dr8="></latexit>

Two contributions

{
<latexit sha1_base64="Jv3A1RdBTJqbl3mYeFzPLug8dr8="></latexit>

Explicit formula

ū

u
<latexit sha1_base64="G49kYEMAgxyNI/i9SSrZHr54J+U="></latexit>

qi
<latexit sha1_base64="p3LK17nff5KyxrWM6AikBlpdxJ8="></latexit>

q̄j
<latexit sha1_base64="eIp1vXZgTX/fsOf5GqN57mAiVKk="></latexit>

i, j = (d, s, b)
<latexit sha1_base64="WJg+Z/4mA4dv63o8Wx9N8cdRvac="></latexit>

�i = VciV
⇤
ui

<latexit sha1_base64="mAwsXSr8w5ohCsyqiBOkmpbfXOo="></latexit>

Flavor sum

�d + �s + �b = 0
<latexit sha1_base64="yGcaqV7whz/FYeohB5oPGeh47+E="></latexit>

CKM unitarity
�d = ��s � �b

<latexit sha1_base64="XwUp89KrGyhv6wVA8vdiARaikoI="></latexit>

{
<latexit sha1_base64="Jv3A1RdBTJqbl3mYeFzPLug8dr8="></latexit>

U
<latexit sha1_base64="nPXjUZdvwAMU4yidy3Dg0dVnPYg="></latexit>

: loop function

c
<latexit sha1_base64="PVTWn0W3cwB2CMGPvhyRqO8aByE="></latexit>

c̄
<latexit sha1_base64="kkhiKmqovyTCEhZ8MB4i6RQYyRg="></latexit>



Solution of Fredholm equation

ms = 96.7 MeV
<latexit sha1_base64="4+iRC268c+yFn5V0oZqVyWUxvVY="></latexit>

ms = 96.6 MeV
<latexit sha1_base64="X+fTiXhZAaxreAM7vhmOFznZXus="></latexit>

○ Solution is sensitive to the variation of an input. 
input

⇠ m2
D

<latexit sha1_base64="9mxN1xaIhT1jZ0Uy9nL7KciE5kM="></latexit>

1σ explainable not explainable

Example: vs

input: almost unchanged

solution: modified



Input of OPE

roughly linear function

deviation



Structure of higher-dimensional operators

Leading in     

Subleading in

large       : leading term is dominant
�i

<latexit sha1_base64="fXt3Kg4ZMXyFjV/gGaz3n75qPpk="></latexit>

: color/Dirac structure

Ohl, Ricciardi and Simmons [9301212]

D=6

D=9



D=9 D=12

Effect of higer-dimensional operators
 Bobrowski, Lenz and Riedl [1002.4794]



Back up
Br[D0 ! µ+µ�] < 6.2⇥ 10�9

<latexit sha1_base64="P9IUHlU8ktCkz28Vd/7JBgboESo="></latexit>

Current upper limit

Golowich, Hewett, Pakvasa and Petrov, 2009

D0 ! µ+µ�
<latexit sha1_base64="//hVBdLdFa26aNYxa70/rCAQNGg="></latexit>

Constraint of x ⇠ 1%
<latexit sha1_base64="I9LF7TOs5V9sZ18lRsLOb8mFywM="></latexit>

for



Exclusive approach

⇢n : phase space factor

exclusive sum

data is used to determine y

For PP mode

(CP limit)

D±
<latexit sha1_base64="eTEEZ7MHxh8CRVhzDYSSJwcglic="></latexit>

: CP eigenstate



Exclusive approaches

Factorization assisted topological (FAT) approach
D ! PP D ! PV

H-Y Jiang, F-S Yu, Q. Qin, H-n. Li and C-D Lu, 2017

below data

D ! V V

imply other two/multi-body final states’ contribution

Topological approach

V V :negligible

(CPV allowed)

H-Y Cheng, C-W Chiang, 2010

two solutions

yPV = (0.152± 0.220)% (S, S1)

yPV = (0.269± 0.253)% (A,A1)

Exp:

Exclusive half-value explainable

y = (0.651+0.063
�0.069)%

<latexit sha1_base64="Iq8m/BYJqnUU9SgZoIS0RYFHwOo="></latexit>



ū h̄

h
<latexit sha1_base64="LYaBqo3CSchd1Il8DFq12LIwjgQ="></latexit>

u
<latexit sha1_base64="G49kYEMAgxyNI/i9SSrZHr54J+U="></latexit>

thresholds

ū h̄

h
<latexit sha1_base64="LYaBqo3CSchd1Il8DFq12LIwjgQ="></latexit>

b
<latexit sha1_base64="TrXmtzMR9TWIlhqBb6anPlPwVmc="></latexit>

b̄
<latexit sha1_base64="sBNKAM95WfIeBjn6pJ8gl7nfG7o="></latexit>

b
<latexit sha1_base64="TrXmtzMR9TWIlhqBb6anPlPwVmc="></latexit>

b̄
<latexit sha1_base64="sBNKAM95WfIeBjn6pJ8gl7nfG7o="></latexit>

u
<latexit sha1_base64="G49kYEMAgxyNI/i9SSrZHr54J+U="></latexit>

2mb
<latexit sha1_base64="UqC/PrR5SjJxGa7MaRy5BRFJILk="></latexit>

mh
<latexit sha1_base64="m6wRSCl7F66wHUpUPX0UNEzRE8A="></latexit>

fictious charm

on-shell

(Example: two bottom quarks)



ū h̄

h
<latexit sha1_base64="LYaBqo3CSchd1Il8DFq12LIwjgQ="></latexit>

u
<latexit sha1_base64="G49kYEMAgxyNI/i9SSrZHr54J+U="></latexit>

thresholds

ū h̄

h
<latexit sha1_base64="LYaBqo3CSchd1Il8DFq12LIwjgQ="></latexit>

b
<latexit sha1_base64="TrXmtzMR9TWIlhqBb6anPlPwVmc="></latexit>

b̄
<latexit sha1_base64="sBNKAM95WfIeBjn6pJ8gl7nfG7o="></latexit>

b
<latexit sha1_base64="TrXmtzMR9TWIlhqBb6anPlPwVmc="></latexit>

b̄
<latexit sha1_base64="sBNKAM95WfIeBjn6pJ8gl7nfG7o="></latexit>

u
<latexit sha1_base64="G49kYEMAgxyNI/i9SSrZHr54J+U="></latexit>

2mb
<latexit sha1_base64="UqC/PrR5SjJxGa7MaRy5BRFJILk="></latexit> mh

<latexit sha1_base64="m6wRSCl7F66wHUpUPX0UNEzRE8A="></latexit>

obvious thresholds

fictious charm

on-shell

�12
<latexit sha1_base64="m7kpGyPLFF3xmd0QLRk6TU3HwlU="></latexit>

(Example: two bottom quarks)



thresholds
Problem to solve input (r.h.s.)

!(s) = ⇡x(s)� P

Z 1

⇤

y(s0)

s� s0
ds0

<latexit sha1_base64="nlFZ7yU8kGKanoOo1j3tCZ0N05M="></latexit>

obvious peak?



thresholds
Problem to solve

simple curve

no thresholds

4m2
b

<latexit sha1_base64="a4akEy55D5HCJwdhul/ucuK+07Q="></latexit>

4m2
b

<latexit sha1_base64="a4akEy55D5HCJwdhul/ucuK+07Q="></latexit>

input (r.h.s.)

!(s) = ⇡x(s)� P

Z 1

⇤

y(s0)

s� s0
ds0

<latexit sha1_base64="nlFZ7yU8kGKanoOo1j3tCZ0N05M="></latexit>

Cancellation

obvious peak?



mixing is verified

(x, y) = (0, 0)
<latexit sha1_base64="U724Axsfk5bq3NMc2pZFUWSQ/NQ="></latexit>

is excluded by >>11.5σ

D0 � D̄0
<latexit sha1_base64="9l8pp23X9B8dUS9aSM6t3i8z1sg="></latexit>

mixing: experiment

No signal for CP violation

is arrowed(|q/p|� 1,Arg(q/p)) = (0, 0)
<latexit sha1_base64="fcS6lgzL0PwVzrl2+9ciXZD+wLk="></latexit>


