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Quantum Entanglement in AdS/CFT
• Recently there are celebrated success:
• Eternal black hole/TFD, Ryu-Takayanagi, HRT, entanglement dynamics…

•Mixed state entanglement measure (and AdS dual) is 
less known

•Multipartite entanglement measure (and AdS dual) is 
less known

• General quantum information dictionary of AdS/CFT 
is unknown



Entanglement wedge cross-section 
/mixed state correlation measure
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• Entanglement of 
purification [Umemoto-
Takayanagi, NDHZS]

• Logarithmic negativity 
[Kudler-Flam and Ryu]

• Odd entropy [Tamaoka]

• Reflected entropy [Dutta-
Faulkner]

2.1 Definition

We define a new quantity that captures total multipartite correlations by gener-
alizing the entanglement of purification. We first note that we can rewrite the
definition of EP (2.1) as

EP (⇢AB) =
1

2
min

| iAA0BB0
[SAA0 + SBB0 ], (2.11)

because SAA0 = SBB0 holds for any purifications | i
AA0BB0 . This form of EP

motivate us to define a generalization of entanglement of purification for a n-
partite state ⇢A1···An as follows.

Definition 1. For n-partite quantum states ⇢A1···An , we define the multipartite
entanglement of purification �P as 1

�P (⇢A1:···:An) := min
| iA1A

0
1···AnA0

n

nX

i=1

SAiA
0
i
, (2.12)

where the minimization is taken over all possible purifications of ⇢A1···An .

We call it multipartite entanglement of purification and write �P (⇢A1:···:An) =
�P (A1 : · · · : An) unless we need to specify a given state. �P can be regarded as
the value of sum of quantum entanglement in an optimal purification | i

A1A
0
1···AnA

0
n
,

between one of n-parties and the other n � 1 parts. For example, for tripartite
state ⇢ABC , it can be represented as

�P (A : B : C) := min
| iAA0BB0CC0

[SAA0 + SBB0 + SCC0 ], (2.13)

and the entanglement entropies SAA0 , SBB0 and SCC0 in the brackets characterize
quantum entanglement between AA

0 : BB
0
CC

0, BB
0 : AA0

CC
0 and CC

0 : AA0
BB

0,
respectively. We also note that a purification that gives the optimal value in (2.13)
may not be unique in general, as is so for the entanglement of purification EP .

2.2 Other measures

Besides the entanglement of purification, there have been a lot of measures of
quantum and/or classical correlations which quantify bipartite correlations for

1The normalization factor is not essential in our discussion, so we take it so that the entropic
inequalities below become simple. We remark that it is common and even operationally mean-
ingful at times in quantum information theory to define a multipartite generalization of some
measure with 1

2 prefactor regardless to n. If we follow this convention for �P , some results in
this paper will seemingly change e.g. from �P � I to �P � I/2.
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Multipartite EWCS

[Umemoto-YZ]
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Figure 3.2: An example of tripartite entanglement wedge cross-section in a black
hole geometry. Each surface of ⌃min

ABC
is doubled.

Finally we minimize the area of ⌃min

ABC
over all possible divisions eA, eB, eC that

satisfy the conditions (3.4) and (3.5). This gives now a quantity we call the mul-
tipartite entanglement wedge cross section

�W (⇢ABC) := min
eA, eB, eC


Area(⌃min

ABC
)

4GN

�
. (3.9)

For n-partite boundary subsystems, in general, the multipartite entanglement
wedge cross-section is defined in the same manner. Notice that when it is reduced
to the bipartite case, this definition is actually twice of the bipartite entanglement
wedge cross-section defined in [22, 23]. We sometimes write �W (⇢ABC) = �W (A :
B : C) to clarify a way of partition of subsystems.

In summary, �W computes the multipartite cross-sections of the entanglement
wedge MABC and it is a natural generalization of the bipartite entanglement wedge
cross-section. This can be used as a total measure of how strongly multiple parties
are holographically connected with each other. Below we study the properties of
�W .

3.2 Properties of multipartite entanglement wedge cross-
section and the conjecture �W = �P

In the following, we investigate holographic properties of �W , inspired by those
of �P . To avoid unnecessary complexity, we mostly consider tripartite case only,
and it should be understood that the properties are easily generalized for n-partite

15

by using holographic entanglement entropy formula (3.2). This is performed by
finding a minimal surface ⌃min

ABC
that consists of three parts ⌃A, ⌃B, ⌃C , which

share the boundary DABC , such that

⌃min

ABC
= ⌃A [ ⌃B [ ⌃C , @⌃min

ABC
= DABC , (3.7)

and
⌃A,B,C is homologous to eA, eB, eC inside MABC . (3.8)

Since @MABC is codimention-2, the surfaces DABC which plays the role of the
division of @MABC = eA [ eB [ eC, is codimension-3. In the case of AdS3/CFT2,
DABC is in general three separated points on �min

ABC
, see Fig 3.1, 3.2.
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Figure 3.1: An example of tripartite entanglement wedge cross-section. The
black bold dashed lines represents the minimal surface �min

ABC
, giving a part of the

boundary of MABC . The yellow thin dashed lines represents ⌃min

ABC
whose area

(divided by 4GN) is �W .
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Canonical purification
• Consider a mixed state on a bipartite Hilbert space

• Flipping Bras to Kets for the basis

• A canonical purification

• Reflected entropy

compute since it involves a minimization over the space of all possible purifications. In this
paper, we will give evidence that there is a much simpler dual for the cross section.

The reflected entropy is defined for a bipartite quantum system AB and a mixed state
⇢AB. For simplicity we will mainly work with finite dimensional Hilbert spaces and we will
discuss the more general case later. There is a simple and canonical purification of the state
⇢AB in a doubled Hilbert space:

|p⇢ABi 2 End(HA) ⌦ End(HB) = (HA ⌦ H?

A) ⌦ (HB ⌦ H?

B) ⌘ HAA?BB? (1.1)

where the space of linear maps/matrices End(HA), acting on HA, forms a Hilbert space
with the trace inner product h�A| �

0

A
i = TrA�

†

A
�
0

A
. This Hilbert space is isomorphic to

HA ⌦ H?

A
. Similar definitions hold for A replaced B or AB.

It is not hard to show that:

TrH?
A⌦H

?
B

|p⇢ABi hp⇢AB| = ⇢AB (1.2)

and so this does represent a genuine purification.2 We then define the reflected entropy as:

SR(A : B) ⌘ S(AA
?)p⇢AB

= SvN (⇢AA?) (1.3)

where ⇢AA? is the reduced density matrix after tracing over HB ⌦ H?

B
. We will present

evidence for the following duality:3

SR(A : B) = 2EW (A : B) + . . . (1.4)

where EW is the area of the entanglement wedge cross section divided by 4GN . This is the
leading term in an expansion of GN , and we will discuss the first quantum correction in
Section 3.2.

We will present several approaches to proving (1.4). We will find the spacetime
dual of p

⇢AB using the tools developed in [16, 17]. The reflected entropy are simple
RT[18]/HRT[19] surfaces in this new spacetime. We will also use a newly developed ap-
proach to modular flow in holographic theories [20, 21].

Our results should be compared to the original entanglement of purification conjecture
[1, 2]. The entanglement of purification can be defined as:

Ep(A : B) = inf
U

SvN (⇢UAA?) (1.5)

where
⇢
U

AA? = TrB?B |p⇢ABUi hp⇢ABU | , (1.6)

for some unitary matrix U which acts on H?

AB
, which here is represented by the right action

on matrices. Note that to define Ep we should really have allowed the purifying system
2
In fact this doubled Hilbert space arises from the GNS representation of the matrix algebra acting on

the original Hilbert space. We discuss this further in Appendix A.
3
Another simple proposal has been made for EW in [5] using the so called odd entropy. The reflected

entropy is distinct from their proposal. For example SR can never be negative, while the quantity studied

in [5] can be negative.
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2 Reflected entropy

In this section we summarize some properties of reflected entropy in the case of finite
dimensional Hilbert spaces. Consider the canonical purification in (1.1) but now as a pure
density matrix on the doubled Hilbert space:

⇢AA?BB? = |p⇢ABi hp⇢AB| (2.1)

where it is natural to use the same symbol for this new density matrix since tracing out
A
?
B
? gives back the original density matrix (1.2). We will now trace over various sub-

systems. The reflected entropy, SR, is defined as:

SR(A : B) ⌘ S(AA
?)p⇢AB

= S(BB
?) (2.2)

and purity of the underlying state shows that the definition is symmetric under the exchange
A $ B. Here, S(X) refers to the von Neumann entropy of ⇢X = TrXc | i h | where X

c is
the complement region. We will sometimes suppress the  subscript where the state should
be understood.

We will often work in the Hilbert space End(H), which makes it clear that the results are
canonical and not dependent on any particular choice of basis. However, it is sometimes
convenient to pass to a more standard Hilbert space description. There is an isometric
isomorphism between the Hilbert space End(H) = H ⌦ H?, and the doubled Hilbert space
HL ⌦ HR, that we will denote by K. It is defined in a particular basis |ii of H via:

K |�iji ⌘ |ii ⌦ |ji (2.3)

where we have defined a basis for End(H):

�ij = |ii hj| . (2.4)

The map in (2.3) sends H? to the right copy HR. Note that the definition of K depends on
the choice of basis. For example, in a different basis

��̃i
↵

= U
† |ii, but keeping the definition

of K fixed,
K |�

ĩj̃
i =

��̃i
↵

⌦
�
U

T
U
��j̃
↵�

, (2.5)

where the transpose is taken in the original basis. However, it turns out that as long
as we pick the {|ii} compatible with the various tensor factorizations of H the entropies
defined below are unaffected. In particular we will require |iABi = |iAi ⌦ |iBi such that
KAB = KA ⌦ KB where KX is the isomorphism defined for End(HX).

The canonical purification maps to:

| ⇢i = KAB |p⇢ABi = (
p
⇢AB ⌦ 1)

���+
AB

↵
=

⇣
1 ⌦ p

⇢AB
T

⌘ ���+
AB

↵
(2.6)

where the maximally entangled state is |�+i =
P

i
|ii ⌦ |ii. Reducing to the right factor

we have:
TrALBL | ⇢i h ⇢| = ⇢

T

AB, (2.7)
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compute since it involves a minimization over the space of all possible purifications. In this
paper, we will give evidence that there is a much simpler dual for the cross section.

The reflected entropy is defined for a bipartite quantum system AB and a mixed state
⇢AB. For simplicity we will mainly work with finite dimensional Hilbert spaces and we will
discuss the more general case later. There is a simple and canonical purification of the state
⇢AB in a doubled Hilbert space:

|p⇢ABi 2 End(HA) ⌦ End(HB) = (HA ⌦ H?

A) ⌦ (HB ⌦ H?

B) ⌘ HAA?BB? (1.1)

where the space of linear maps/matrices End(HA), acting on HA, forms a Hilbert space
with the trace inner product h�A| �

0

A
i = TrA�

†

A
�
0

A
. This Hilbert space is isomorphic to

HA ⌦ H?

A
. Similar definitions hold for A replaced B or AB.

It is not hard to show that:

TrH?
A⌦H

?
B

|p⇢ABi hp⇢AB| = ⇢AB (1.2)

and so this does represent a genuine purification.2 We then define the reflected entropy as:

SR(A : B) ⌘ S(AA
?)p⇢AB

= SvN (⇢AA?) (1.3)

where ⇢AA? is the reduced density matrix after tracing over HB ⌦ H?

B
. We will present

evidence for the following duality:3

SR(A : B) = 2EW (A : B) + . . . (1.4)

where EW is the area of the entanglement wedge cross section divided by 4GN . This is the
leading term in an expansion of GN , and we will discuss the first quantum correction in
Section 3.2.

We will present several approaches to proving (1.4). We will find the spacetime
dual of p

⇢AB using the tools developed in [16, 17]. The reflected entropy are simple
RT[18]/HRT[19] surfaces in this new spacetime. We will also use a newly developed ap-
proach to modular flow in holographic theories [20, 21].

Our results should be compared to the original entanglement of purification conjecture
[1, 2]. The entanglement of purification can be defined as:

Ep(A : B) = inf
U

SvN (⇢UAA?) (1.5)

where
⇢
U

AA? = TrB?B |p⇢ABUi hp⇢ABU | , (1.6)

for some unitary matrix U which acts on H?

AB
, which here is represented by the right action

on matrices. Note that to define Ep we should really have allowed the purifying system
2
In fact this doubled Hilbert space arises from the GNS representation of the matrix algebra acting on

the original Hilbert space. We discuss this further in Appendix A.
3
Another simple proposal has been made for EW in [5] using the so called odd entropy. The reflected

entropy is distinct from their proposal. For example SR can never be negative, while the quantity studied

in [5] can be negative.
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Reflected entropy
• Properties

• Graph description

Figure 2.1: Tripartite entanglement wedge cross-sections �W of subsystems ABC

in AdS3/CFT2. Left : A pure state in 2d CFT on a circle made up of six intervals:
A,B,C, a, b and c. The dotted lines denote Ryu-Takayanagi surfaces of ABC.
Right : Entanglement wedge, the interior of the Ryu-Takayanagi surfaces [ ABC,
in which the closed curve denotes �W .

matrix by tracing out c. There is a simple and canonical purification for a given
⇢AB by doubling the Hilbert space:

|
p
⇢ABi = |

p
Trc| ih |i 2 (HA ⌦HA⇤)⌦ (HB ⌦HB⇤) ⌘ HAA⇤BB⇤ . (2.1)

This can be obtained by flipping Bras to Kets for basis of a given density matrix
⇢AB. It can be shown that

⇢AB = TrHA⇤B⇤ |
p
⇢ABih

p
⇢AB| . (2.2)

The reflected entropy is defined as

SR(A : B) := S(AA⇤)p⇢AB . (2.3)

The reflected entropy turns out to be a good measure of correlations between A

and B for state ⇢AB [1]:

pure state : SR(A : B) = 2S(A) , (2.4)

factorized state : SR(A : B) = 0 , (2.5)

bounded from below : SR(A : B) � I(A : B) , (2.6)

bounded from above : SR(A : B)  2min{S(A), S(B)} , (2.7)

for states saturating Araki-Lieb inequality : SR(A : B) = 2min{S(A), S(B)} .

(2.8)

3B" "* #*

c

c

Figure 2.2: Canonical purification of ⇢AB: |
p
⇢ABi = |

p
Trc| ih |i. Tracing out

c corresponds to gluing c from 2 circles and we view this process as a fundamental
step to obtain a big pure state. The red dashed line separates AA⇤ from BB

⇤ and
defines reflected entropy SR.

Let us give a graph description of the canonical purification procedure in
Fig.2.2. Assign a circle for each Hilbert space. Start from the pure state  ABc

and glue c from the two circles and we obtain the purified state

|
p
⇢ABi = |

p
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0 which does the
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the reflected entropy is independent of c. This is not surprising because SR is an
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⇤
B

⇤.
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spacetime surfaces bounded by circles. The possible meaning of the radial direc-
tion is Euclidean time. Consider all the states in the formalism of path integral.
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ated to two boundaries AA⇤ and BB

⇤. The red curve along two spacetime patches
readily separates two boundaries AA

⇤ and BB
⇤ and plays the role of the entan-
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tempts us to propose another candidate dual to multipartite entanglement wedge
cross section �R = 2�W and also strongly supports our holographic conjectures
for the new class of generalized reflected entropies.

This paper is organized as follows: In Section 2, we give the definition of a
class of generalized reflected entropies and focus on a special one �R invariant
under permutations of subsystems. In Section 3, we introduce a class of multi-
partite generalizations of entanglement wedge cross-section in holography and find
that there is a one to one correspondence with the generalizations of reflected en-
tropy. In Section 4, we perform a large c computation of �R in tripartite case
and find agreement with holographic computation. This agreement supports our
holographic conjectures between generalized reflected entropies and generalized en-
tanglement wedge cross-sections. We discuss some information theoretic properties
of �R in Section 5 and conclude in Section 6.

Note added : After all the results in this paper were obtained, [57] appeared in
which they construct similar generalization of reflected entropy for �W , which is
di↵erent from ours.

2 Generalized reflected entropy

Consider a quantum state on a circle, which is made up of six intervals: A,B,C, a, b

and c, shown in Fig.2.1. For holographic CFTs, it is known that the holographic
entanglement entropy for ⇢ABC is given by the Ryu-Takayanagi surface, the sum of
3 bulk geodesics bounded by the ends of A,B,C, as shown in Fig.2.1. Recently the
triangle type of 3 other geodesics, with 3 ends located on the bulk Ryu-Takayanagi
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detail definition of reflected entropy in information theory, let us understand re-
flected entropy in the following intuitive way. Start from a pure state  ABc 2 HABc

defined on a circle and the mixed state ⇢AB can be viewed as the reduced density
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Right : Entanglement wedge, the interior of the Ryu-Takayanagi surfaces [ ABC,
in which the closed curve denotes �W .
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factorized state : SR(A : B) = 0 , (2.5)

bounded from below : SR(A : B) � I(A : B) , (2.6)
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for states saturating Araki-Lieb inequality : SR(A : B) = 2min{S(A), S(B)} .

(2.8)

3

gling surface in spacetime. After all these constructions and interpretations we
can define a robust entanglement entropy associated to the red curve, the reflected
entropy

SR(A : B) = S(AA⇤ : BB
⇤)p⇢AB = Entanglement Entropy of Red Curve . (2.10)

Now we are ready to generalize our construction of canonical purification
to multipartite ⇢ABC···. Consider a state on a circle made up of six intervals:
A,B,C, a, b and c, shown in Fig.2.1. We can do di↵erent canonical purifications
by gluing di↵erent regions a, b or c.

The easiest way is to pick up two circles and glue a, b, c once and we get a pure
state

p
⇢ABC . Since the spacetime geometry after gluing is like a pair of pants,

one can have 3 options to draw a red curve to separate 3 boundaries AA
⇤, BB

⇤

and CC
⇤ respectively from other parts. These correspond to measure the reflected

entropy for bipartitions (A : BC), (B : AC) and (C : AB)

SR(A : BC) = S(AA⇤ : BB
⇤
CC

⇤)
p
⇢ABC , (2.11)

SR(B : AC) = S(BB
⇤ : AA⇤

CC
⇤)
p
⇢ABC , (2.12)

SR(C : AB) = S(CC
⇤ : AA⇤

BB
⇤)
p
⇢ABC . (2.13)

One can also perform 2 steps of canonical purification to create a pure state
using 4 copies of HABC . For instance, we first perform the canonical purification
by gluing c from two copies HABCabc and HA0B0C0a0b0c0 and obtain

 1 = |

p
Trc| ABCabcih ABCabc| i . (2.14)

Then we pick up another copy of  1 and do canonical purification again by gluing
b and b

0 and obtain
 2 = |

p
Trbb0 | 1ih 1| i . (2.15)

Now we are left with a, a
0
, a

00
, a

000 and we can pair them and glue. We can try to draw
red curves to bipartition the final pure state in the Hilbert space consisting of 4-
copy of HABC . Entanglement entropy of each curve will measure some correlations
among ⇢ABC . These will include some biparitite reflected entropy detected in the
2-copy purification mentioned before and also some other new measures.

In this work we are particularly interested in another purification involving
8 copies of HABC for the reason we will see later. By adding one more step of
canonical purification to the 4-copies purification by doubling Hilbert space one
can get

 3 = |

p
Traa0a00a000 | 2ih 2| i . (2.16)

In order to make it more transparent we draw our purification process in Fig.2.3.
We switch our notations a little bit for labeling di↵erent copies. We stress that
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Generalizations

• Trace some of a,b,c first
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Figure 2.3: The procedure to construct the pure state with three similar steps.
Step i: from the original pure state ⇢0 = | ABCabcih ABCabc| to  1 = |

p
Trc⇢0 i.

Step ii: from ⇢1 = | 1ih 1| to  2 = |
p
Trbb0⇢1 i. Step iii: from ⇢2 = | 2ih 2|

to  3 = |
p
Traa0a00a000⇢2 i, whose density matrix is ⇢3 = | 3ih 3| and this is the

boundary state in final 8-copy purification (also seen in Fig.3.2).
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⇤)p⇢AB = Entanglement Entropy of Red Curve . (2.10)
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⇤ respectively from other parts. These correspond to measure the reflected
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Figure 2.3: The procedure to construct the pure state with three similar steps.
Step i: from the original pure state ⇢0 = | ABCabcih ABCabc| to  1 = |

p
Trc⇢0 i.

Step ii: from ⇢1 = | 1ih 1| to  2 = |
p
Trbb0⇢1 i. Step iii: from ⇢2 = | 2ih 2|

to  3 = |
p
Traa0a00a000⇢2 i, whose density matrix is ⇢3 = | 3ih 3| and this is the

boundary state in final 8-copy purification (also seen in Fig.3.2).
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even though a, b, c (and the copies of them) are involved in the purification process,
the final big pure state  3 does not depend on a, b, c and their copies because
essentially all of them are traced out. To understand this better, one can view
a, b, c as a certain purification for ⇢ABC in the beginning and change them to
another purification will not a↵ect the final big state constructed here. According
to the notation in Fig.2.3 the final state involves 8 copies of A,B,C and it should
be denoted specifically as

 3 =  AA0A1A0
1A0A0

0A10A
0
10BB0B0B0

0B1B0
1B10B

0
10CC0C1C10C

0C0
0C

0
1C

0
10
. (2.17)

One can now try to draw curves to bipartition the final pure state  3. There are
certain curves running over all bridges among a, b, c. For instance, one such curve
separates the big pure state into two and the entanglement entropy associated with
that curve is given by

�R(A : B : C) ⌘ S(AA0
A1A

0

1B1B
0

1B10B
0

10CC0C1C10 : A0A
0
0A10A

0

10BB
0
B0B

0
0C

0
C

0
0C

0

1C
0

10) 3 .

(2.18)

We define such entanglement entropy as multipartite reflected entropy. We stress
again that for each curve doing the bipartition there is a well defined generalized
reflected entropy.

Last but not least, for any given pure state constructed by the above procedure,
one can trace out some part of it and get a new mixed state. And one can do once
more canonical purification for this mixed density matrix and obtain another new
pure state. It is not hard to realize that by such kinds of constructions, we can
build a pure state in any even number copies of Hilbert spaces.

We can compute these entropies using replica trick. For instance, as the nnn ! 1
limit of Rényi entropy �R can be computed by

�R(A : B : C) = lim
nnn!1

Snnn, Snnn =
1

1� nnn
ln TrR(TrL⇢3)

nnn (2.19)

where L denotes the left side of the bi-partition in (2.18), namely

L ⌘ {AA
0
A1A

0

1, B1B
0

1B10B
0

10 , CC0C1C10} . (2.20)

3 Holography of generalized reflected entropy

In the previous section, we construct many big pure states by performing canoni-
cal purifications for a quantum system on a circle and define di↵erent generalized
reflected entropies from them. Though some of the newly defined entropies are
inspired from holography, all the definitions by themselves are independent of

7
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Figure 3.1: Canonical purification of ⇢AB together with entanglement wedges:
Tracing out c corresponds to gluing Ryu-Takayanagi surfaces (blue lines) for two
copies of entanglement wedges and the new bulk geometry describes two entangled
boundary quantum systems AA⇤ and BB

⇤. We view this process as a fundamental
step to obtain a bulk geometry describing a big pure state. The orange line is the
minimal surface in the bulk seperating AA

⇤ from BB
⇤.

holography. We study their holographic duals in this section. Again we will first
understand the bipartite case and the multipartite generalization will be under-
stood straightforwardly after that. The bipartite case has been largely developed
in [1]. We review the bipartite case for the purpose of generalizations. Notice that
previously we perform canonical purification by solely working with quantum sys-
tems on a circle. Now for those quantum systems having bulk gravity dual, we have
to extend the previous gluing procedure together with the bulk. For simplicity we
will focus on static cases through this section.

Let us first recall the case of ⇢AB. Start from a global pure state  ABc having
a classical bulk solution as its gravity dual. Tracing out c corresponds to discard
other bulk regions and keep only the entanglement wedge for ⇢AB. For a fixed time
slice, this was defined as the region bounded by A[B[�AB where �AB is the Ryu-
Takayanagi surfaces for ⇢AB. Now doubling the Hilbert space for HAB means to
pick up another copy of the entanglement wedge. Doing the canonical purification
for boundary ⇢AB would correspond to gluing the bulk entanglement wedges along
�AB since this is the most natural way to construct the new bulk geometry to
respect the purified boundary constructed in the previous section without creating
new boundaries. We draw the constructed bulk geometry in Fig. 3.1.

Now the question is which minimal surface is the geometrical dual of the re-
flected entropy SR(A : B) constructed in the previous section, the entanglement
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Figure 3.2: A pure state constructed by 8 copies of the subsystem ABC to-
gether with dual glued bulk. The entangling surface (denoted by the closed or-
ange curve) is just twice of the minimal cross sections in Fig.2.1, which is also
the holographic dual of entanglement entropy S(AA0

A1A
0

1B1B
0

1B10B
0

10CC0C1C10 :
A0A

0
0A10A

0

10BB
0
B0B

0
0C

0
C

0
0C

0

1C
0

10), defined to be multipartite reflected entropy of
subsystems ABC, namely �R(A : B : C). It can be seen that �R(A : B :
C) = 2�W (A : B : C) for holographic states.

Figure 3.3: Canonical purification of ⇢ABC (left) with the minimal cross section
denoted by the orange line dual to SR(A : BC). This is twice of EW (A : BC)
denoted by the orange line in the entanglement wedge of ⇢ABC (right)
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Figure 3.4: Canonical purification of ⇢1 (left) with the minimal cross section
denoted by the orange line dual to S(AA0

A1A
0

1CC1)|p⇢1i. This is twice of
⌃min

(1) (C : A : B) denoted by the orange line in the entanglement wedge of ⇢ABC

(right).

Then, we draw a pure state in 4-copy canonical purification in Fig.3.4 where
the left orange line denotes a minimal curve which is dual to S(AA0

A1A
0

1CC1)|p⇢1i.
It can be seen that this is twice of ⌃min

(1) (C : A : B) defined as the minimal curve
with the shape shown in right figure of Fig.3.4.

We also draw a pure state in 8-copy canonical purification in Fig.3.5 where the
left orange line denotes a minimal curve which is dual to S(BB

0
B0B

0
0C

0
C

0
0C

0

1C
0

10) 3 .
It can be seen that this is twice of ⌃min

(2) (A : B : C) defined as the minimal curve
with the shape shown in right figure of Fig.3.5.

It can be seen that there are some inequalities between cross sections mentioned
above, which are

EW (A : BC) + EW (B : CA)  ⌃min
(1) (C : A : B) , (3.1)

⌃min
(1) (A : B : C) + ⌃min

(1) (B : C : A) + ⌃min
(1) (C : A : B)

2
 �W (A : B : C) , (3.2)

EW (A : BC) + EW (B : CA) + EW (C : AB)

 min{⌃min
(2) (A : B : C),⌃min

(2) (B : C : A),⌃min
(2) (C : A : B)}

 max{⌃min
(2) (A : B : C),⌃min

(2) (B : C : A),⌃min
(2) (C : A : B)}

 �W (A : B : C) .

(3.3)

Apart from 2n-copy purifications, any even-copy pure state can be constructed
(not unique). For example, we can construct 12-copy pure state by tracing out
two copies from the 8-copy pure state and then performing canonical purification,

i.e.,  4 = |

q
TrA1B1C1A0

0B
0
0C

0
0⇢3i.

11
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8-copy

Figure 3.5: Canonical purification of ⇢2 (left) with the minimal cross section
denoted by the orange line dual to S(BB
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Holographic multipartite entropy

Figure 3.2: A pure state constructed by 8 copies of the subsystem ABC to-
gether with dual glued bulk. The entangling surface (denoted by the closed or-
ange curve) is just twice of the minimal cross sections in Fig.2.1, which is also
the holographic dual of entanglement entropy S(AA0
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10), defined to be multipartite reflected entropy of
subsystems ABC, namely �R(A : B : C). It can be seen that �R(A : B :
C) = 2�W (A : B : C) for holographic states.

Figure 3.3: Canonical purification of ⇢ABC (left) with the minimal cross section
denoted by the orange line dual to SR(A : BC). This is twice of EW (A : BC)
denoted by the orange line in the entanglement wedge of ⇢ABC (right)
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Figure 2.1: Tripartite entanglement wedge cross-sections �W of subsystems ABC

in AdS3/CFT2. Left : A pure state in 2d CFT on a circle made up of six intervals:
A,B,C, a, b and c. The dotted lines denote Ryu-Takayanagi surfaces of ABC.
Right : Entanglement wedge, the interior of the Ryu-Takayanagi surfaces [ ABC,
in which the closed curve denotes �W .

matrix by tracing out c. There is a simple and canonical purification for a given
⇢AB by doubling the Hilbert space:

|
p
⇢ABi = |

p
Trc| ih |i 2 (HA ⌦HA⇤)⌦ (HB ⌦HB⇤) ⌘ HAA⇤BB⇤ . (2.1)

This can be obtained by flipping Bras to Kets for basis of a given density matrix
⇢AB. It can be shown that

⇢AB = TrHA⇤B⇤ |
p
⇢ABih

p
⇢AB| . (2.2)

The reflected entropy is defined as

SR(A : B) := S(AA⇤)p⇢AB . (2.3)

The reflected entropy turns out to be a good measure of correlations between A

and B for state ⇢AB [1]:

pure state : SR(A : B) = 2S(A) , (2.4)

factorized state : SR(A : B) = 0 , (2.5)

bounded from below : SR(A : B) � I(A : B) , (2.6)

bounded from above : SR(A : B)  2min{S(A), S(B)} , (2.7)

for states saturating Araki-Lieb inequality : SR(A : B) = 2min{S(A), S(B)} .

(2.8)
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Replica trick
• Replica trick in canonical purifications

• Replica trick in Renyi index

gling surface in spacetime. After all these constructions and interpretations we
can define a robust entanglement entropy associated to the red curve, the reflected
entropy

SR(A : B) = S(AA⇤ : BB
⇤)p⇢AB = Entanglement Entropy of Red Curve . (2.10)

Now we are ready to generalize our construction of canonical purification
to multipartite ⇢ABC···. Consider a state on a circle made up of six intervals:
A,B,C, a, b and c, shown in Fig.2.1. We can do di↵erent canonical purifications
by gluing di↵erent regions a, b or c.

The easiest way is to pick up two circles and glue a, b, c once and we get a pure
state

p
⇢ABC . Since the spacetime geometry after gluing is like a pair of pants,

one can have 3 options to draw a red curve to separate 3 boundaries AA
⇤, BB

⇤

and CC
⇤ respectively from other parts. These correspond to measure the reflected

entropy for bipartitions (A : BC), (B : AC) and (C : AB)

SR(A : BC) = S(AA⇤ : BB
⇤
CC

⇤)
p
⇢ABC , (2.11)

SR(B : AC) = S(BB
⇤ : AA⇤

CC
⇤)
p
⇢ABC , (2.12)

SR(C : AB) = S(CC
⇤ : AA⇤

BB
⇤)
p
⇢ABC . (2.13)

One can also perform 2 steps of canonical purification to create a pure state
using 4 copies of HABC . For instance, we first perform the canonical purification
by gluing c from two copies HABCabc and HA0B0C0a0b0c0 and obtain

 1 = |

p
Trc| ABCabcih ABCabc| i . (2.14)

Then we pick up another copy of  1 and do canonical purification again by gluing
b and b

0 and obtain
 2 = |

p
Trbb0 | 1ih 1| i . (2.15)

Now we are left with a, a
0
, a

00
, a

000 and we can pair them and glue. We can try to draw
red curves to bipartition the final pure state in the Hilbert space consisting of 4-
copy of HABC . Entanglement entropy of each curve will measure some correlations
among ⇢ABC . These will include some biparitite reflected entropy detected in the
2-copy purification mentioned before and also some other new measures.

In this work we are particularly interested in another purification involving
8 copies of HABC for the reason we will see later. By adding one more step of
canonical purification to the 4-copies purification by doubling Hilbert space one
can get

 3 = |

p
Traa0a00a000 | 2ih 2| i . (2.16)

In order to make it more transparent we draw our purification process in Fig.2.3.
We switch our notations a little bit for labeling di↵erent copies. We stress that
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Regarding that there are many di↵erent purifications in this manner, and for
each purification there are many di↵erent bipartitions (and therefore di↵erent en-
tanglement entropies), we deduce that there exist a lot of dual pairs of generalized
reflected entropy and its holographic counterpart. We are not going to list all of
them and consider them as direct consequence of our discussion above.

4 Computation of �R in AdS3/CFT2

Now we consider �R for a simple example in AdS3/CFT2. We work in Poincaré
patch, and a static ground state of CFT2 on an infinite line is described by a bulk
solution with the metric

ds
2 =

dx
2 + dz

2

z2
, x 2 (�1,+1), z 2 [0,+1) . (4.1)

The three subsystems we choose are the intervals A = [�d2,�d1 � r], B = [�d1 +
r, d1 � r], C = [d1 + r, d2], where d2 > d1 > 0 and r is relatively small compared
to both d1 and d2. We require that the entanglement wedge of ABC is connected,
as shown in Fig.4.1. Let us first consider the holographic computation. This
involves the computation of multipartite entanglement wedge cross section �W

given in [27]. In this example we have to find a triangle type configuration with
the minimal length, where 3 ending points of the geodesics are located on 3 Ryu-
Takayanagi surfaces (semi-circles) separately, as shown in Fig.4.1. Because of the
reflection symmetry x ! �x, the problem was further reduced to find a special
angle ✓ such that the length of 3 geodesics is minimal

�W (A : B : C) = min
✓


L(✓)

4GN

�
. (4.2)

Then we compute �R(A : B : C) in CFT2 for the same setup in Fig.4.1 with
replica trick.

We first use replica trick to extend the purification  3 to  (m)
3 following the

method in [1], where m is an even number. The three steps (2.14) (2.15) (2.16)
will be generalized to

i :  (m)
1 = |(Trc⇢0)

m
2 i ,

ii :  (m)
2 = |(Trbb0⇢

(m)
1 )

m
2 i ,

iii :  (m)
3 = |(Traa0a00a000⇢

(m)
2 )

m
2 i .

(4.3)

with
p
⇢ changed to ⇢

m
2 . These steps can be represented by path integral and

replica trick. For instance the first step is illustrated in Fig.4.2.
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even though a, b, c (and the copies of them) are involved in the purification process,
the final big pure state  3 does not depend on a, b, c and their copies because
essentially all of them are traced out. To understand this better, one can view
a, b, c as a certain purification for ⇢ABC in the beginning and change them to
another purification will not a↵ect the final big state constructed here. According
to the notation in Fig.2.3 the final state involves 8 copies of A,B,C and it should
be denoted specifically as

 3 =  AA0A1A0
1A0A0

0A10A
0
10BB0B0B0

0B1B0
1B10B

0
10CC0C1C10C

0C0
0C

0
1C

0
10
. (2.17)

One can now try to draw curves to bipartition the final pure state  3. There are
certain curves running over all bridges among a, b, c. For instance, one such curve
separates the big pure state into two and the entanglement entropy associated with
that curve is given by

�R(A : B : C) ⌘ S(AA0
A1A

0

1B1B
0

1B10B
0

10CC0C1C10 : A0A
0
0A10A

0

10BB
0
B0B

0
0C

0
C

0
0C

0

1C
0

10) 3 .

(2.18)

We define such entanglement entropy as multipartite reflected entropy. We stress
again that for each curve doing the bipartition there is a well defined generalized
reflected entropy.

Last but not least, for any given pure state constructed by the above procedure,
one can trace out some part of it and get a new mixed state. And one can do once
more canonical purification for this mixed density matrix and obtain another new
pure state. It is not hard to realize that by such kinds of constructions, we can
build a pure state in any even number copies of Hilbert spaces.

We can compute these entropies using replica trick. For instance, as the nnn ! 1
limit of Rényi entropy �R can be computed by

�R(A : B : C) = lim
nnn!1

Snnn, Snnn =
1

1� nnn
ln TrR(TrL⇢3)

nnn (2.19)

where L denotes the left side of the bi-partition in (2.18), namely

L ⌘ {AA
0
A1A

0

1, B1B
0

1B10B
0

10 , CC0C1C10} . (2.20)

3 Holography of generalized reflected entropy

In the previous section, we construct many big pure states by performing canoni-
cal purifications for a quantum system on a circle and define di↵erent generalized
reflected entropies from them. Though some of the newly defined entropies are
inspired from holography, all the definitions by themselves are independent of
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Now we calculate nnn-th Rényi entropy

Snnn =
1

1� nnn
ln

TrR(TrL⇢
(m)
3 )nnn

(Tr⇢(m)
3 )nnn

. (4.4)

Compared with (2.19), in addition to ⇢3 ! ⇢
(m)
3 , there is a normalized factor

(Tr⇢(m)
3 )nnn.

To compute Rényi entropy we have to replicate the previous replicas (⇢(m)
3

corresponds to single box in Fig.4.3 with m
3-replica) nnn times. So there are m

3
nnn

replicas in total (shown in Fig.4.3), with which we can work out six twist operators
�i(xi), located at x1 = �d2, x2 = �d1�r, x3 = �d1+r, x4 = d1�r, x5 = d1+r, x6 =
d2 respectively. It can be counted from replicas that the conformal dimensions hi

of operators �i(xi) are (see Appendix A)

h1 = h6 =
c

24
(m3

�m)nnn , h2 = h3 =
c

12
(m2

� 1)nnn , h4 = h5 =
c

6
(m�

1

m
)nnn .

(4.5)

Although these dimensions look di↵erent, they will all go to zero when m ! 1.
Once twist operators �i(xi) are specified, conformal dimensions hf of the lead-
ing operator �f in OPE contractions �i(xi)�j(xj) ! �f (xf ) can also be directly
counted. For example,

h16 = h23 = h45 =
c

6
(nnn�

1

nnn
) . (4.6)

It’s not surprising that they are equal because ABC are symmetric.
The trace of density matrix is related to 6-point correlation function of twist

operators

TrR(TrL⇢
(m)
3 )nnn = h�1(x1)�2(x2)�3(x3)�4(x4)�5(x5)�6(x6)iCFT⌦m3nnn . (4.7)

In the large c limit with hi
c fixed, this correlation function can be determined by a

6-point Virasoro block F which in any channel exponentiates [58]

F ⇡ exp


�
c

6
f

✓
hf

c
,
hi

c
, xi

◆�
(4.8)

where f is determined by the solution of a monodromy problem as follows. Con-
sider the di↵erential equation

 
00(z) + T (z) (z) = 0 (4.9)
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Example in AdS3/CFT2
• Example: ground state of CFT2 in infinite line 

Figure 4.1: Three subsystems A, B and C in CFT2 and tripartite entanglement
wedge cross section in AdS3.

(a) (b)

Figure 4.2: Use replica trick to represent  (m)
1 . (a): Trc⇢0 and (b):  (m=6)

1 .
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Regarding that there are many di↵erent purifications in this manner, and for
each purification there are many di↵erent bipartitions (and therefore di↵erent en-
tanglement entropies), we deduce that there exist a lot of dual pairs of generalized
reflected entropy and its holographic counterpart. We are not going to list all of
them and consider them as direct consequence of our discussion above.

4 Computation of �R in AdS3/CFT2

Now we consider �R for a simple example in AdS3/CFT2. We work in Poincaré
patch, and a static ground state of CFT2 on an infinite line is described by a bulk
solution with the metric

ds
2 =

dx
2 + dz

2

z2
, x 2 (�1,+1), z 2 [0,+1) . (4.1)

The three subsystems we choose are the intervals A = [�d2,�d1 � r], B = [�d1 +
r, d1 � r], C = [d1 + r, d2], where d2 > d1 > 0 and r is relatively small compared
to both d1 and d2. We require that the entanglement wedge of ABC is connected,
as shown in Fig.4.1. Let us first consider the holographic computation. This
involves the computation of multipartite entanglement wedge cross section �W

given in [27]. In this example we have to find a triangle type configuration with
the minimal length, where 3 ending points of the geodesics are located on 3 Ryu-
Takayanagi surfaces (semi-circles) separately, as shown in Fig.4.1. Because of the
reflection symmetry x ! �x, the problem was further reduced to find a special
angle ✓ such that the length of 3 geodesics is minimal

�W (A : B : C) = min
✓


L(✓)

4GN

�
. (4.2)

Then we compute �R(A : B : C) in CFT2 for the same setup in Fig.4.1 with
replica trick.

We first use replica trick to extend the purification  3 to  (m)
3 following the

method in [1], where m is an even number. The three steps (2.14) (2.15) (2.16)
will be generalized to

i :  (m)
1 = |(Trc⇢0)

m
2 i ,

ii :  (m)
2 = |(Trbb0⇢

(m)
1 )

m
2 i ,

iii :  (m)
3 = |(Traa0a00a000⇢

(m)
2 )

m
2 i .

(4.3)

with
p
⇢ changed to ⇢

m
2 . These steps can be represented by path integral and

replica trick. For instance the first step is illustrated in Fig.4.2.
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Path integral with replica trick
• Replica in purification

Figure 4.1: Three subsystems A, B and C in CFT2 and tripartite entanglement
wedge cross section in AdS3.

(a) (b)

Figure 4.2: Use replica trick to represent  (m)
1 . (a): Trc⇢0 and (b):  (m=6)

1 .

14



Figure 4.3: Replica trick representing TrR(TrL⇢
(m)
3 )nnn to calculate nnn-th Renyi en-

tropy. Here m = 2,nnn = 3 with 24 replicas in total. There are nnn similar boxes, each
representing the density matrix ⇢(m)

3 = | 
(m)
3 ih 

(m)
3 |. The rule to glue edges of cut

is as follows: in each box, bra and ket of the same object are glued, e.g., the edge
hA| and |Ai are glued. And the ket of + object glues to the bra of the � object
in the next box, e.g., |B+i in the left box and hB � | in the middle box.
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Twist operators
• Counting conformal weights for

• OPE contraction

• Partition function

Now we calculate nnn-th Rényi entropy

Snnn =
1

1� nnn
ln

TrR(TrL⇢
(m)
3 )nnn

(Tr⇢(m)
3 )nnn

. (4.4)

Compared with (2.19), in addition to ⇢3 ! ⇢
(m)
3 , there is a normalized factor

(Tr⇢(m)
3 )nnn.

To compute Rényi entropy we have to replicate the previous replicas (⇢(m)
3

corresponds to single box in Fig.4.3 with m
3-replica) nnn times. So there are m

3
nnn

replicas in total (shown in Fig.4.3), with which we can work out six twist operators
�i(xi), located at x1 = �d2, x2 = �d1�r, x3 = �d1+r, x4 = d1�r, x5 = d1+r, x6 =
d2 respectively. It can be counted from replicas that the conformal dimensions hi

of operators �i(xi) are (see Appendix A)

h1 = h6 =
c

24
(m3

�m)nnn , h2 = h3 =
c

12
(m2

� 1)nnn , h4 = h5 =
c

6
(m�

1

m
)nnn .

(4.5)

Although these dimensions look di↵erent, they will all go to zero when m ! 1.
Once twist operators �i(xi) are specified, conformal dimensions hf of the lead-
ing operator �f in OPE contractions �i(xi)�j(xj) ! �f (xf ) can also be directly
counted. For example,

h16 = h23 = h45 =
c

6
(nnn�

1

nnn
) . (4.6)

It’s not surprising that they are equal because ABC are symmetric.
The trace of density matrix is related to 6-point correlation function of twist

operators

TrR(TrL⇢
(m)
3 )nnn = h�1(x1)�2(x2)�3(x3)�4(x4)�5(x5)�6(x6)iCFT⌦m3nnn . (4.7)

In the large c limit with hi
c fixed, this correlation function can be determined by a

6-point Virasoro block F which in any channel exponentiates [58]

F ⇡ exp


�
c

6
f

✓
hf

c
,
hi

c
, xi

◆�
(4.8)

where f is determined by the solution of a monodromy problem as follows. Con-
sider the di↵erential equation

 
00(z) + T (z) (z) = 0 (4.9)
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Large c simplification
• Large c 6-point block with fixed hf/c, hi/c

• Function f(x) can be solved from monodromy approach 

• Contours for monodromy matrices
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To compute Rényi entropy we have to replicate the previous replicas (⇢(m)
3

corresponds to single box in Fig.4.3 with m
3-replica) nnn times. So there are m

3
nnn

replicas in total (shown in Fig.4.3), with which we can work out six twist operators
�i(xi), located at x1 = �d2, x2 = �d1�r, x3 = �d1+r, x4 = d1�r, x5 = d1+r, x6 =
d2 respectively. It can be counted from replicas that the conformal dimensions hi

of operators �i(xi) are (see Appendix A)

h1 = h6 =
c

24
(m3

�m)nnn , h2 = h3 =
c

12
(m2

� 1)nnn , h4 = h5 =
c

6
(m�

1

m
)nnn .

(4.5)

Although these dimensions look di↵erent, they will all go to zero when m ! 1.
Once twist operators �i(xi) are specified, conformal dimensions hf of the lead-
ing operator �f in OPE contractions �i(xi)�j(xj) ! �f (xf ) can also be directly
counted. For example,

h16 = h23 = h45 =
c

6
(nnn�

1

nnn
) . (4.6)

It’s not surprising that they are equal because ABC are symmetric.
The trace of density matrix is related to 6-point correlation function of twist

operators

TrR(TrL⇢
(m)
3 )nnn = h�1(x1)�2(x2)�3(x3)�4(x4)�5(x5)�6(x6)iCFT⌦m3nnn . (4.7)

In the large c limit with hi
c fixed, this correlation function can be determined by a

6-point Virasoro block F which in any channel exponentiates [58]

F ⇡ exp


�
c

6
f

✓
hf

c
,
hi

c
, xi

◆�
(4.8)

where f is determined by the solution of a monodromy problem as follows. Con-
sider the di↵erential equation

 
00(z) + T (z) (z) = 0 (4.9)

16

where

T (z) =
6X

i=1

✓
6hi/c

(z � xi)2
�

ci

z � xi

◆
. (4.10)

ci are called accessory parameters restricted by three equations which require T (z)
to vanish as z�4 at infinity, namely

6X

i=1

ci = 0 ,

6X

i=1

(cixi �
6hi

c
) = 0 ,

6X

i=1

(cix
2
i �

12hi

c
xi) = 0 . (4.11)

The di↵erential equation (4.9) has two solutions,  1 and  2. As we take the
solutions on a closed contour around one or more singular points, they undergo
some monodromy

✓
 1

 2

◆
! M

✓
 1

 2

◆
. (4.12)

Figure 4.4: The channel and contours chosen to determine the monodromies.
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Plus three conditions (4.11), there are totally six equations of accessory parameters
ci. So we can solve ci which are the partial derivative of f with respect to xi
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There are two semiclassical blocks in �R(A : B : C), namely f(16(nnn�
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nnn), hi, xi)

and f(0, hi, xi) which are the numerator and the denominator in (4.4) respectively.
‘0’ in the later one f(0, hi, xi) means that di↵erential equation (4.9) has trivial
monodromy, i.e., TrMf = 2. When m ! 1, f(0, 0, xi) becomes constant because
it can be easily checked that ci = 0 is a solution. Thus, the partial derivatives of
�R(A : B : C) to xi are
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Note that only when r is su�ciently less than d1 and d1 is su�ciently less than
d2 our channel Fig.4.4 is valid to give the result. Otherwise, �R will experience
phase transitions, as discussed in [51].
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We numerically plot the partial derivative of (half of) �R with respect to r and d1

and compare it with that of �W in Fig.4.5. It can be seen that �R
2 fits well with

�W . 1

1However, when r or a becomes larger, it can be seen from the numerical data that �R
2 di↵ers

gradually from �W .
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Figure 4.1: Three subsystems A, B and C in CFT2 and tripartite entanglement
wedge cross section in AdS3.
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Figure 4.2: Use replica trick to represent  (m)
1 . (a): Trc⇢0 and (b):  (m=6)
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Figure 4.5: Comparison between the derivative of �R
2 and �W (divided by c
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4GN
) with respect (a): to r, with d1 = 20, d2 = 100 and (b): to d1, with r =

0.5, d2 = 100.
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Conclusion

• Infinite many concrete CFT entropies and its AdS duals 
have been found

• Some of the dualities has been tested/proved

• Black hole background and time dependent 
generalization


