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MHV gluon tree amplitudes
[Parke, Taylor ’86]

1. Introduction

Quantum field theory is the pillar on which modern physics rests. It is an indispensable
tool from condensed matter physics to cosmology to particle physics and its success in de-
scribing nature has only recently again been demonstrated in the discovery of a Higgs-like
boson at the LHC [1,2]. But still, eighty years after quantum field theories have first been
studied, no four-dimensional, interacting quantum field theory has ever been solved ex-
actly. The lack of exact solutions is partly explained by that fact that standard methods for
the perturbative computation of observables using Feynman diagrams work nicely in prin-
ciple, but quickly become cumbersome beyond the simplest examples, making it difficult
to generate exact data. However, the final result is often much simpler than intermedi-
ate expressions. The prime example for this is the Parke-Taylor formula [3], describing a
colour-ordered n-gluon maximally helicity violating (MHV) scattering amplitude1 at tree
level, which, written in spinor helicity variables, is given by

Atree
n (1+, . . . , i−, . . . , j−, . . . , n+) =

⟨ij⟩4

⟨12⟩ · · · ⟨n1⟩ . (1.1)

This formula is valid for any number n of gluons. The simplicity of this one-line formula is
to be compared with the effort of calculating and summing up O(n!) Feynman diagrams,
every single one being more complicated than the final result. This formula begs for
another, simpler description.

Over the last decade new powerful methods were developed that allow the calculation
of scattering amplitudes without resorting to Feynman diagrams. In fact, the proof of the
Parke-Taylor formula Eq.(1.1) is by now textbook material (see, for example, [4]). This
progress is mostly due to calculations performed in a special theory, N = 4 supersym-
metric Yang-Mills theory with gauge group SU(N), which we abbreviate as N = 4SYM.
This theory is conformally invariant even at the quantum level and is currently the best
candidate for being a completely solvable quantum field theory, at least in the planar
limit N → ∞. In fact, the scaling dimension of certain operators in N = 4SYM can by
now be calculated efficiently using integrability techniques at all values of the coupling
constant [5–10] and it would be desirable to understand how this success can be lifted to
more complicated observables.

After scaling dimensions, scattering amplitudes are the simplest quantities character-
ising a theory. They are of course richer objects than operator dimensions because they
are functions of the kinematical invariants and not just numbers, but they still depend
solely on on-shell degrees of freedom. Another observable closely related to scattering
amplitudes are form factors, which are basically scattering amplitudes with operator in-
sertions and therefore mixtures between off-shell and on-shell degrees of freedom. While

1MHV amplitudes describe the scattering of n outgoing gluons with n− 2 gluons having positive helicity
and 2 gluons having negative helicity. Accordingly, amplitudes with k gluons having negative helicities
are called Nk−2MHV.

Feynman diagrams

so that it is desirable to choose the same reference momenta for all gluons of a
given helicity, and to take this momentum to be the momentum of one of the
opposite-helicity gluons. This will greatly reduce the number of non-vanishing εi ·εj

invariants. It also turns out that within the set of choices suggested by these
properties, it is preferable to choose a reference momentum that is cyclicly adjacent
to the momentum of the gluon.

As one simple example for the amplitude A(1−, 2+, 3+, 4+), consider reference
momenta (k4, k1, k1, k1) for the legs (1,2,3,4) respectively, leading to the simplifica-
tions

εi · εj = 0, k4 · ε1 = k1 · ε2 = k1 · ε3 = k1 · ε4 = 0

k3 · ε1 = −k2 · ε1 , k4 · ε2 = −k3 · ε2 ,

k4 · ε3 = −k2 · ε3 , k3 · ε4 = −k2 · ε4 .

(3.18)

The reason for using the spinor helicity method is now evident; many of the dot
products of polarization vectors amongst themselves and with the external momenta
simply vanish. Since an amplitude consists of sums of products of these dot prod-
ucts, with the spinor helicity method many of the terms in an amplitude will also
vanish with a judicious choice of the reference momenta.

Fig. 7: An unreadable form of the five-gluon tree amplitude in terms of dot
products of momentum and polarization vectors to illustrate its complexity.

The five-gluon tree amplitude provides a rather clear demonstration of the
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[Bern ’93]

n-gluon 4 5 6 7 8 9 10
# graphs 4 25 220 2485 34300 559405 10525900

Five-gluon expression:



[Del Duca, Duhr, Smirnov 2010]
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a line result in terms of classical polylogarithms!

17 pages =

Result can be remarkably simple
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Classical Polylogarithms for Amplitudes and Wilson Loops
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We present a compact analytic formula for the two-loop six-particle maximally helicity violating
remainder function (equivalently, the two-loop lightlike hexagon Wilson loop) in N = 4 supersym-
metric Yang-Mills theory in terms of the classical polylogarithm functions Lik with cross-ratios of
momentum twistor invariants as their arguments. In deriving our formula we rely on results from
the theory of motives.

INTRODUCTION

The past few years have witnessed revolutionary ad-
vances in our understanding of the structure of scattering
amplitudes, especially in N = 4 supersymmetric Yang-
Mills theory (SYM). It is easy to argue that the seeds
of modern progress were sown already in the 1980s with
the discovery of the Parke-Taylor formula for the sim-
plest nontrivial amplitudes: tree-level maximally helicity
violating (MHV) gluon scattering. The mere existence
of such a simple formula for a quantity which otherwise
would have been prohibitively difficult to calculate us-
ing traditional Feynman diagram methods signalled the
tantalizing possibility that a great vista of unanticipated
structure in scattering amplitudes awaited exploration.

In contrast to the situation at tree level, it is fair to
say that recent progress at loop level has mostly been
evolutionary rather than revolutionary, driven primarily
by faster computers, improved algorithms (both analytic
and numeric), and software for multiloop calculations
which has been made publicly available. Yet we hope
that a great new vista of unexplored structure awaits us
also at loop level in SYM theory.

This paper is concerned with the planar two-loop six-
particle MHV amplitude [1, 2], which in a sense is the
simplest nontrivial SYM loop amplitude. The known in-
frared and collinear behavior of general amplitudes, con-
veniently encapsulated in the ABDK/BDS ansatz [3, 4],
determines the n-particle MHV amplitude at each loop
order L ≥ 2 up to an additive finite function of kinematic

invariants called the remainder function R(L)
n . Given the

presumption of dual conformal invariance [5, 6] for SYM
amplitudes (not yet proven, but supported by all avail-

able evidence [1, 3, 4, 7, 8]), R(L)
n can depend on confor-

mal cross-ratios only. Since there are no cross-ratios for

n = 4, 5, the first nontrivial remainder function is R(2)
6 .

The same function R(2)
6 is also believed [9–12] to arise

as the expectation value of the two-loop lightlike hexagon
Wilson loop in SYM theory [13, 14] (after appropriate
subtraction of ultraviolet divergences, e.g. [15]). Numer-
ical agreement between the two remainder functions was
established in [1, 14]. In a heroic effort, Del Duca, Duhr,
and Smirnov (DDS) explicitly evaluated the appropriate

Wilson loop diagrams to obtain an analytic expression

for R(2)
6 as a 17-page linear combination of generalized

polylogarithm functions [16, 17] (see also [18]).
The motivation for the present work is the belief that

if SYM theory is really as beautiful and rich as recent
developments indicate, then there must exist a more en-

lightening way of expressing the remainder function R(2)
6 .

Ideally, like the Parke-Taylor formula at tree level, the ex-
pression should provide encouragement and guidance as
we seek deeper understanding of SYM at loop level.

We present our new formula for R(2)
6 in the next sec-

tion and then describe the algorithm by which it was
obtained.

THE REMAINDER FUNCTION R
(2)
6

The remainder function R(2)
6 is usually presented as a

function of the three dual conformal cross-ratios

u1 =
s12s45
s123s345

, u2 =
s23s56
s234s123

, u3 =
s34s61
s345s234

, (1)

of the momentum invariants si···j = (ki + · · · + kj)2,
though we will see shortly that cross-ratios of momen-
tum twistor invariants are more natural variables. In
terms of

x±
i = uix

±, x± =
u1 + u2 + u3 − 1±

√
∆

2u1u2u3
, (2)

where ∆ = (u1 + u2 + u3 − 1)2 − 4u1u2u3, we find

R(2)
6 (u1, u2, u3) =

3
∑

i=1

(

L4(x
+
i , x

−
i )−

1

2
Li4(1− 1/ui)

)

− 1

8

(
3∑

i=1

Li2(1 − 1/ui)

)2

+
1

24
J4 +

π2

12
J2 +

π4

72
. (3)

Here we use the functions

L4(x
+, x−) =

1

8!!
log(x+x−)4

+
3
∑

m=0

(−1)m

(2m)!!
log(x+x−)m(ℓ4−m(x+) + ℓ4−m(x−)) (4)
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of such a simple formula for a quantity which otherwise
would have been prohibitively difficult to calculate us-
ing traditional Feynman diagram methods signalled the
tantalizing possibility that a great vista of unanticipated
structure in scattering amplitudes awaited exploration.

In contrast to the situation at tree level, it is fair to
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veniently encapsulated in the ABDK/BDS ansatz [3, 4],
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mal cross-ratios only. Since there are no cross-ratios for

n = 4, 5, the first nontrivial remainder function is R(2)
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6 is also believed [9–12] to arise
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pression should provide encouragement and guidance as
we seek deeper understanding of SYM at loop level.

We present our new formula for R(2)
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tion and then describe the algorithm by which it was
obtained.
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(2)
6
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s123s345
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s23s56
s234s123

, u3 =
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s345s234

, (1)

of the momentum invariants si···j = (ki + · · · + kj)2,
though we will see shortly that cross-ratios of momen-
tum twistor invariants are more natural variables. In
terms of

x±
i = uix

±, x± =
u1 + u2 + u3 − 1±

√
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2u1u2u3
, (2)

where ∆ = (u1 + u2 + u3 − 1)2 − 4u1u2u3, we find

R(2)
6 (u1, u2, u3) =

3
∑
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(

L4(x
+
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i )−

1
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(
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Here we use the functions

L4(x
+, x−) =

1

8!!
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3
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(−1)m

(2m)!!
log(x+x−)m(ℓ4−m(x+) + ℓ4−m(x−)) (4)

2

and

ℓn(x) =
1

2
(Lin(x) − (−1)n Lin(1/x)) , (5)

as well as the quantity

J =
3
∑

i=1

(ℓ1(x
+
i )− ℓ1(x

−
i )). (6)

Note that in the Euclidean region where all ui > 0, the
x+
i never enter the lower half-plane and the x−

i never
enter the upper half-plane. The expression (3) is valid
in the Euclidean region with the understanding that the
branch cuts of Lin(x

+
i ) and Lin(1/x

−
i ) are taken to lie

below the real axis while the branch cuts of Lin(x
−
i ) and

Lin(1/x
+
i ) are taken to lie above the real axis. (The

quantities x+
i x

−
i appearing as arguments of the logs are

always positive.) In writing (3) extreme care has neces-
sarily been taken to ensure the proper analytic structure.
For example one can easily check that J naively simpli-
fies to 1

2 log(x
−/x+), but this relation only holds in the

regions ∆ > 0 or u1 + u2 + u3 < 1. We caution the
reader that any attempt to use any such naive relations,
including the well-known relation between Lin(1/x) and
Lin(x), without careful consideration of the branch struc-
ture, voids our warranty on (3).
Besides its great simplicity, two notable features of (3)

which set it apart from the DDS formula are manifest
symmetry under any permutation of the ui, and the fact
that the expression is valid and readily evaluated for all
positive ui, in particular also outside the unit cube.

DESCRIPTION OF THE ALGORITHM

A Convenient Choice of Variables

The DDS formula is expressed in terms of the classical
polylogarithms Lik as well as a collection of considerably
more complicated multiparameter generalizations stud-
ied by one of the authors [19] and defined recursively by

G(ak, ak−1, . . . ; z) =

∫ z

0
G(ak−1, . . . ; t)

dt

t− ak
(7)

with G(z) ≡ 1, of which the harmonic polylogarithms
familiar in the physics literature [20] are special cases.
The parameters of the various transcendental functions

which appear in the DDS formula involve not just the
cross-ratios (1), but also the more complicated combi-
nations 1 − ui, (1 − ui)/(1 − ui − uj), ui + uj , u

±
jkl =

1−uj−uk+ul±
√
∆

2(1−uj)ul
, and v±jkl =

uk−ul±
√

(uk+ul)2−4ujukul

2(1−uj)uk
.

This large collection of variables is redundant in an ineffi-
cient way, with many rather complicated algebraic iden-
tities amongst them.

Our computation is greatly facilitated by a judicious
choice of variables which trivializes all of these algebraic
relations. We choose to express the three ui by six vari-
ables zi valued in P1 (with an SL(2,C) redundancy) via

u1 =
z23z56
z25z36

, u2 =
z16z34
z14z36

, u3 =
z12z45
z14z25

, (8)

where zij = zi − zj . One virtue of these coordinates is
that ∆ becomes a perfect square, so that the u±

jkl are

rational functions of the zij . (The v±jkl completely drop
out as explained in the following subsection.)
We anticipate that for general n the best variables for

studying the remainder function will be the momentum
twistors of [21]. Indeed the z variables may be thought
of as a particular simplification of momentum twistors
which is valid for the special case n = 6 via the rela-
tion ⟨abcd⟩ ∝ zabzaczadzbczbdzcd. In terms of momentum
twistors

u1 =
⟨1234⟩⟨4561⟩
⟨1245⟩⟨3461⟩, x+

1 = −⟨1456⟩⟨2356⟩
⟨1256⟩⟨3456⟩, etc. (9)

The Symbol of a Transcendental Function

We define a function Tk of transcendentality degree
k as one which can be written as a linear combination
(with rational coefficients) of k-fold iterated integrals of
the form

Tk =

∫ b

a

d logR1 ◦ · · · ◦ d logRk, (10)

where a and b are rational numbers, Ri(t) are rational
functions with rational coefficients and the iterated inte-
grals are defined recursively by

∫ b
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d logR1 ◦ · · · ◦ d logRn =

∫ b

a

(∫ t

a

d logR1 ◦ · · · ◦ d logRn−1

)

d logRn(t). (11)

The integrals are taken along paths from a to b. When
the Ri are rational functions in several variables the issue
of local path independence (or homotopy invariance) is

important (see [22]), and we have checked that R(2)
6 has

this property.
A useful quantity associated with Tk is its symbol, an

element of the k-fold tensor product of the multiplicative
group of rational functions modulo constants (see [22,
sec. 3]). The symbol of the function shown in (10) is

symbol(Tk) = R1 ⊗ · · ·⊗Rk, (12)

and this definition is extended to all functions of degree
k by linearity.
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below the real axis while the branch cuts of Lin(x
−
i ) and

Lin(1/x
+
i ) are taken to lie above the real axis. (The

quantities x+
i x

−
i appearing as arguments of the logs are

always positive.) In writing (3) extreme care has neces-
sarily been taken to ensure the proper analytic structure.
For example one can easily check that J naively simpli-
fies to 1

2 log(x
−/x+), but this relation only holds in the

regions ∆ > 0 or u1 + u2 + u3 < 1. We caution the
reader that any attempt to use any such naive relations,
including the well-known relation between Lin(1/x) and
Lin(x), without careful consideration of the branch struc-
ture, voids our warranty on (3).
Besides its great simplicity, two notable features of (3)

which set it apart from the DDS formula are manifest
symmetry under any permutation of the ui, and the fact
that the expression is valid and readily evaluated for all
positive ui, in particular also outside the unit cube.

DESCRIPTION OF THE ALGORITHM

A Convenient Choice of Variables

The DDS formula is expressed in terms of the classical
polylogarithms Lik as well as a collection of considerably
more complicated multiparameter generalizations stud-
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∆
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u1 =
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⟨1245⟩⟨3461⟩, x+

1 = −⟨1456⟩⟨2356⟩
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The Symbol of a Transcendental Function

We define a function Tk of transcendentality degree
k as one which can be written as a linear combination
(with rational coefficients) of k-fold iterated integrals of
the form

Tk =

∫ b
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d logR1 ◦ · · · ◦ d logRk, (10)

where a and b are rational numbers, Ri(t) are rational
functions with rational coefficients and the iterated inte-
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∫ b

a

d logR1 ◦ · · · ◦ d logRn =
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d logRn(t). (11)

The integrals are taken along paths from a to b. When
the Ri are rational functions in several variables the issue
of local path independence (or homotopy invariance) is

important (see [22]), and we have checked that R(2)
6 has

this property.
A useful quantity associated with Tk is its symbol, an

element of the k-fold tensor product of the multiplicative
group of rational functions modulo constants (see [22,
sec. 3]). The symbol of the function shown in (10) is

symbol(Tk) = R1 ⊗ · · ·⊗Rk, (12)

and this definition is extended to all functions of degree
k by linearity.

Such simplicity is totally unexpected using traditional Feynman diagrams!



Lessons from modern amplitudes

Methodologically: New powerful computational techniques

Conceptually: New structures and new formulations in QFT

BCFW recursion relation

(Generalized) unitarity cuts

Witten’s twistor theory, Double-copy, Grassmannian and Amplituhedron, 
CHY formalism, new geometric structure…

New integral reduction and integration methods

Spinor helicity formalism

Developed based on studying N=4 SYM, 
now applicable to general theories



N=4 super Yang-Mills theory

- conformal invariant, UV finite 
- prime model in AdS/CFT correspondence 
- solvable in the planar limit due to Integrability

N=4 SYM theory : -> QCD’s maximally supersymmetric cousin

L = � 1

g2YM

Tr(Fµ⌫F
µ⌫) + fermions + scalars

where all fields are the in the adjoint representation of the gauge group SU(Nc).

What (more) can we learn from N=4 SYM for realistic QCD?



Maximal Transcendentality Principle 

N=4 SYM QCD

Maximally transcendental parts are equal between the two theories

(conjecture)



Yes

transcendental number
(超越数)

A root of a nonzero polynomial equation with integer 
coefficients?

Transcendental number / function

No

algebraic number 
(代数数)

1. 常见的超越数和超越函数有哪些，那一类的函数会出现在费曼积分中？

2. 物理量中会出现这类函数的物理原因是什么？

3. 这些函数是否有什么联系，是否有有效的方法计算它们，或者是否有方法简化已
知的结果？

4.

3 从从从超超超越越越数数数π说说说起起起

大家都知道数（这里我们指实数或者复数）可以分为有理数和无理数。有些人可
能不太熟悉的是，数也可以分为代数数和超越数。可以对应于有理系数多项式方程的
根的数就是代数数(algebraic number)，反之则为超越数(transcendental number)。有理
数都是代数数，超越数都是无理数，反之则不对。比如无理数

√
2是方程

x2 − 2 = 0 (2)

的根，所以它是代数数。

代数数是可数的，而大部分的数都不可数的，所以超越数远比代数数多得多。人
们最熟知的超越数大概就是圆周率π了。虽然超越数很多，但如何证明一个数是超越数
往往非常困难。

4 超超超越越越数数数和和和超超超越越越函函函数数数

Hermite-Lindemann-Weierstrass定理：考虑一任意非零复数z，那么在z和ez二者中
必有其一是超越数。利用这一定理，我们可以很容易证明为什么e和π是超越数：

1 ∼ e1 , −1 = eiπ ∼ π . (3)

ζ数数数

场论中经常出现的超越数是ζ数:

ζk =
∞
∑

n=1

1

nk
, k ≥ 2 . (4)

如果我们将n做解析延拓，那么得到的就是黎曼ζ函数，和著名的黎曼猜想有直接的联
系。

当k为偶数时，ζ数正比于π2k:

ζ2k =
(−1)k+1B2k(2π)2k

2(2k)!
, (5)
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，

Similarly, a transcendental function is an analytic function 
that does not satisfy a polynomial equation, in contrast to 
an algebraic function.
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Riemann zeta value: Polylogarithms:

其中B2k代表伯努利数：

B2 =
1

6
, B4 = − 1

30
, B6 =

1

45
, ... . (6)

对奇数k情形人们还了解不多，只知道ζ3是无理数，是否是超越数目前都没有证
明。

多多多重重重对对对数数数函函函数数数（（（Polylogarithm）））

多重对数函数，英文称为Polylogarithm，定义为

Lik(z) =
∞
∑

n=1

zn

nk
, (7)

或者以递推的积分形式定义为

Lik(z) =

∫ z

0

Lik−1(t)

t
dt , Li1(z) = − log(1− z) . (8)

『『『多多多重重重』』』推推推广广广

多重ζ数，multiple zeta value (MZV):

ζk1,...,km =
∞
∑

n1>...>nm>0

1

nk1
1 ...nkm

m

, k1 > 1 . (9)

多重多重对数函数，multiple polylogarithm (MPL):

Lik1,...,km(z1, ..., zm) =
∞
∑

n1>...>nm>0

zn1

1 ...znm
m

nk1
1 ...nkm

m

. (10)

5 为为为什什什么么么物物物理理理学学学中中中的的的会会会出出出现现现超超超越越越函函函数数数

我们回到量子场论中的S-矩阵。通过大量计算的直接结果显示，超越函数往往是构
成这些量的基本单元。我们之前看到的例子中就包含了多重对数函数。是否有更直观
的说明为什么S-矩阵和上面提到的超越函数有这样紧密的关系呢？

S-矩阵工程（S-matrix program）是前QCD时期人们为了解释强相互作用而提出
的一套方法，这一方法不需要知道物理的细节（拉氏量），而只需通过一些基本的
物理假设。这一方法在近些年来越来越受到人们的重视，许多新的结果都是在这一
思路上发展出来的。其中，最重要的两点物理性质是幺正性（unitarity）和解析性
（analyticity）：（1）S-矩阵满足幺正性；（2）S-矩阵是一个解析函数，而其极点或
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DµW = ∂µW − igYM[Aµ, W] . (25)

这类算符的反常量纲γ(j)在QCD中是非常重要的物理量。它决定了强子态中夸克、胶
子等部分子的分布函数f(x,Q2)（通过著名的DGLAP方程）：

γ(j) =

∫ 1

0

xj−1W (x) ,
d

d logQ2
f(x,Q2) =

∫ 1

x

dy

y
W (x/y)f(y,Q2) . (26)

d

d logQ2
f(j, Q2) = γ(j)f(j, Q2) . (27)

在Kotikov和Lipato等人的工作中，他们通过研究N = 4SYM中BFKL方程的性质以及
和DGLAP方程的关系，基于一些假设，提出了一个从QCD结果中推导N = 4中twist-
2算符反常量纲的方法。这一关系后来在文献中一般被称作“超越性原理”（“transcendentality
principle”），也就是说N = 4中的反常量纲对应于QCD中最大超越性部分。

γN=4(j) = γQCD(j)|max. trans (28)

在自旋j取无穷大极限所得到的反常量纲称为cusp反常量纲，

γ(j → ∞) = γcusp , (29)

它给出于场论中红外发散的领头阶的信息：

logFB =
∞
∑

ℓ=1

g2ℓ
(

− γ(ℓ)
cusp

(2ℓϵ)2
− G(ℓ)

0

2ℓϵ

) n
∑

i=1

(
µ2

−sii+1
)ℓϵ −

∞
∑

ℓ=1

g2ℓγ(ℓ)

2ℓϵ
+ Fin +O(ϵ) . (30)

另外，在散射振幅方面，研究发现所有的结果都具有最大超越性。具体地说，
就是在第n圈的量子修正结果中，函数所对应的权重是2n。比如单圈就只有log2,Li2函
数，以及π2出现。

7 最最最大大大超超超越越越性性性假假假说说说

两个问题：（1）为什么N = 4中的很多物理量只有最大超越性的数或函数？（2）
为什么这些量很多情形下等价于QCD中的最大超越性部分结果？

具有极大超对称应该是一个重要原因，比如具有极大超对称的引力理论N = 8
SUGRA理论中，引力散射振幅同样具有最大超越性。

8 总总总结结结和和和展展展望望望

在这个报告里我们介绍了

A 报报报告告告中中中的的的问问问题题题

6

• Anomalous dimension of twist-2 operators:

[Kotikov, Lipatov, Onishchenko, Velizhanin]

N=4 SYM QCD

Maximal Transcendentality Principle
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• Higgs-3gluon two-loop amplitudes: [Brandhuber, Travaglini, GY 2012]
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2. pT distribution of Higgs Bosons

At LO, the Higgs boson has no pT and a transverse momentum spectrum for the Higgs

is first generated by the process, gg ! gh, which is an NLO contribution to the gluon

fusion process[48]. As pT ! 0, the partonic cross section for Higgs plus jet production

diverges as 1/p2
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where �̂0 is the LO gg ! h cross section given in Eq. 90, and s, t and u are the partonic

Mandelstam invariants. The pT spectrum for Higgs plus jet at LO is shown in Fig. 13,

where the contributions from the gg and qg, qg initial states are shown separately. Also

shown is the mt ! 1 limit of the spectrum that is derived from the e↵ective Lagrangian of

Eq. 97 . The e↵ective Lagrangian approximation fails around pT ⇠ 2mt. In this process,

there are several distinct momentum scales (pT , mh, mt), as opposed to gluon fusion where

there is only a single scale (mh/mt) at LO. The expansion in mh
mt

for gg ! gh receives

corrections of O( s
m2

t
,

p2
T

m2
t
) and for pT

>
⇠ 2mt, the EFT large top quark mass expansion

cannot be used to obtain reliable distributions.

NLO, NNLO, and N3LO radiative corrections to Higgs plus jet production have been

calculated[49–52] using the mt ! 1 approximation. The lowest order result of Eq. 117

is then reweighted by a K factor derived in the mt ! 1 limit for each kinematic bin.

The e↵ects of the higher order corrections are significant and increase the rate by a factor

of around 1.8 as shown in Fig. 14. The singularity of the LO result at pT = 0 is clearly

visible in Fig. 14 and we note that after the inclusion of the NLO corrections, the pT

spectrum no longer diverges as pT ! 0.

The terms which are singular as pT ! 0 can be isolated and the integrals performed

explicitly. Considering only the gg initial state[53],

d�
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where z ⌘ m2
h/S, �0 = (33 � 2nlf )/6, and nlf = 5 is the number of light flavors. Clearly

when pT << mh, the terms containing the logarithms resulting from soft gluon emission

can give a large numerical contribution. The logarithms of the form ↵n
s logm(m2

h/p
2
T ) can
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𝒪0 = tr(FμνFμν)
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Questions that we will address: 
(1)  To which extend is the correspondence correct? 

(2)  What is the origin of the correspondence? 

(3)  Can we go beyond N=4? How about lower trans. parts?
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where �̂0 is the LO gg ! h cross section given in Eq. 90, and s, t and u are the partonic

Mandelstam invariants. The pT spectrum for Higgs plus jet at LO is shown in Fig. 13,

where the contributions from the gg and qg, qg initial states are shown separately. Also

shown is the mt ! 1 limit of the spectrum that is derived from the e↵ective Lagrangian of

Eq. 97 . The e↵ective Lagrangian approximation fails around pT ⇠ 2mt. In this process,
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is then reweighted by a K factor derived in the mt ! 1 limit for each kinematic bin.

The e↵ects of the higher order corrections are significant and increase the rate by a factor

of around 1.8 as shown in Fig. 14. The singularity of the LO result at pT = 0 is clearly

visible in Fig. 14 and we note that after the inclusion of the NLO corrections, the pT

spectrum no longer diverges as pT ! 0.

The terms which are singular as pT ! 0 can be isolated and the integrals performed

explicitly. Considering only the gg initial state[53],
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can give a large numerical contribution. The logarithms of the form ↵n
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There have been computations for inclusive Higgs production 
to NNNLO orders in the heavy quark limit.

[Anastasiou, Duhr, Dulat, Furlan, Gehrmann, 
Herzog, Lazopoulos, Mistlberger 2016]

ℒeff = C0Htr(FμνFμν) + 𝒪(
1

m2
t

)
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where �̂0 is the LO gg ! h cross section given in Eq. 90, and s, t and u are the partonic

Mandelstam invariants. The pT spectrum for Higgs plus jet at LO is shown in Fig. 13,

where the contributions from the gg and qg, qg initial states are shown separately. Also
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T
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s
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, (117)

where �̂0 is the LO gg ! h cross section given in Eq. 90, and s, t and u are the partonic

Mandelstam invariants. The pT spectrum for Higgs plus jet at LO is shown in Fig. 13,

where the contributions from the gg and qg, qg initial states are shown separately. Also

shown is the mt ! 1 limit of the spectrum that is derived from the e↵ective Lagrangian of

Eq. 97 . The e↵ective Lagrangian approximation fails around pT ⇠ 2mt. In this process,

there are several distinct momentum scales (pT , mh, mt), as opposed to gluon fusion where

there is only a single scale (mh/mt) at LO. The expansion in mh
mt

for gg ! gh receives

corrections of O( s
m2

t
,

p2
T

m2
t
) and for pT

>
⇠ 2mt, the EFT large top quark mass expansion

cannot be used to obtain reliable distributions.

NLO, NNLO, and N3LO radiative corrections to Higgs plus jet production have been

calculated[49–52] using the mt ! 1 approximation. The lowest order result of Eq. 117

is then reweighted by a K factor derived in the mt ! 1 limit for each kinematic bin.

The e↵ects of the higher order corrections are significant and increase the rate by a factor

of around 1.8 as shown in Fig. 14. The singularity of the LO result at pT = 0 is clearly

visible in Fig. 14 and we note that after the inclusion of the NLO corrections, the pT

spectrum no longer diverges as pT ! 0.

The terms which are singular as pT ! 0 can be isolated and the integrals performed

explicitly. Considering only the gg initial state[53],

d�

dp2
T dy

(pp ! gh) |p2
T!0⇠ �̂0

3↵s

2⇡

1

p2
T


6 log

✓
m2

h

p2
T

◆
� 2�0

�
g(zey)g(ze�y) + ... (118)

where z ⌘ m2
h/S, �0 = (33 � 2nlf )/6, and nlf = 5 is the number of light flavors. Clearly

when pT << mh, the terms containing the logarithms resulting from soft gluon emission

can give a large numerical contribution. The logarithms of the form ↵n
s logm(m2

h/p
2
T ) can
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Higgs plus jet production 
is sensitive to new physics.

High dimension operators contributions become important.

ℒeff = C0Htr(FμνFμν) + 𝒪(
1

m2
t

)



Dimension-7 operators

allows us to study this effect and obtain the two-loop anomalous dimensions for the first time.

The rest of the paper is organized as follows. We first review the effective action and

divergence structures in section 2. Then we explain the strategy of computation in section 3.

The results are presented in section 4, followed by a discussion section.

2 Setup

2.1 Effective Lagrangian

Leff = C0Htr(G2) +O

(

1

m2
t

)

, (2.1)

Leff = C0O0 +
1

m2
t

4
∑

i=1

CiOi +O

(

1

m4
t

)

, (2.2)

Higgs production from gluon fusion can be computed using an effective Lagrangian

Leff = Ĉ0O0 +
1

m2
t

4
∑

i=1

ĈiOi +O

(

1

m4
t

)

, (2.3)

where O0 = Htr(G2) is the leading term, and the subleading terms contain dimension-7

operators [35–39]

O1 = Htr(DρGµνD
ρGµν) , (2.4)

O2 = Htr(G ν
µ G ρ

ν G µ
ρ ) , (2.5)

O3 = Htr(DρGρµDσG
σµ) , (2.6)

O4 = Htr(GµρD
ρDσG

σµ) . (2.7)

In this paper, we will focus on the pure gluon sector. The last two operators have zero

contribution in the sector and only contribute when there are internal quark lines. The full

results including complete quarks will be presented else where [? ].

An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an

operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (2.8)

where the operator Oi corresponds to a Higgs-gluon interaction term Oi in the effective

Lagrangian with the Higgs field stripped off, i.e. Oi = HOi, and q2 = m2
H . In the following,

we will refer Higgs amplitudes as form factors.

Using Bianchi identity one can decompose the operator O1 as (see e.g. [36])

O1 =
1

2
∂2O0 − 4 gO2 + 2O4 . (2.9)

Since O4 has no contribution in the pure gluon sector, we have the relation for the form factor

FO1 =
1

2
q2 FO0 − 4 g FO2 , (2.10)

where the partial derivatives reduce to q which is the total momentum flowing through the

O0 operator. This should serve as self-consistency check for the result.

– 3 –

Higgs Effective Field Theory

O1 = Htr(F ν
μ F ρ

ν F μ
ρ )

O2 = Htr(DρFμνDρFμν)
O3 = Htr(DρFρμDσFσμ)
O4 = Htr(FμρDρDσFσμ)

We consider two-loop S-matrix of Higgs plus 3 partons 
with high dimensional operators.

H



Higgs amplitudes as form factors

Higgs amplitudes are equivalent to form factors:

ℱ𝒪i,n = ∫ d4x e−iq⋅x⟨p1, p2, p3 |𝒪i(x) |0⟩

H

𝒪1 = tr(F ν
μ F ρ

ν F μ
ρ )

𝒪2 = tr(DρFμνDρFμν)
𝒪3 = tr(DρFρμDσFσμ)
𝒪4 = tr(FμρDρDσFσμ)

Operator relation:

2

the N = 4 result. In particular, except the transcenden-
tal degree zero part, all terms having rational kinematics
coefficients are identical between two theories.
The computation of two-loop amplitudes in QCD, as

is well known, is a challenging problem. While the two-
loop four-gluon amplitudes are known analytically long
time ago [30–32], the planar two-loop five-gluon ampli-
tudes are still in progress [33–42]. The computation of
Higgs amplitudes has extra complications. The inclusion
of higher dimension operators introduces new complex
interaction vertices and also increases the powers of loop
momenta in the integral numerators. Furthermore, since
the Higgs boson is a color singlet, one encounters non-
planar integrals even for planar Higgs amplitudes, which
makes the reconstruction of full integrand via on-shell
unitarity method [43–45] highly non-trivial.
In this paper, we develop an efficient approach to com-

pute Higgs amplitudes by combinng the unitarity method
and the integration by parts (IBP) reduction [46, 47] in
an ‘unconventional’ way. In particular, we apply the IBP
reduction directly for the cut integrands, which computes
the final coefficients of master integrals, thus avoiding
reconstructing the full integrand. Besides, the IBP re-
duction, which is often the most time consuming part
of the calculation, can be simplified using the on-shell
condition. Similar strategy of combining unitarity cut
and IBP reduction has also been used in [42], see also
[41, 48–52].

Setup.—Higgs production from gluon fusion can be com-
puted using an effective Lagrangian

Leff = Ĉ1O0 +
1

m2
t

4
∑

i=1

ĈiOi +O

(

1

m4
t

)

, (1)

where O0 = HTr(G2) is the leading term, and the sub-
leading terms contain dimension-7 operators [53–57]

O1 = HTr(G ν
µ G ρ

ν G µ
ρ ) , (2)

O2 = HTr(DρGµνD
ρGµν) , (3)

O3 = HTr(DρGρµDσG
σµ) , (4)

O4 = HTr(GµρD
ρDσG

σµ) . (5)

The explicit form of the coefficients Ĉi is not important
for this study, although their renormalization is deter-
mined by the renormalization constant mentioned later.
In this paper, we will focus on the pure gluon sector. The
last two operators have zero contribution in the sector
and can contribute when there are internal quark lines,
see e.g. [57].
An amplitude with a Higgs boson and n gluons is

equivalent to a form factor with the operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (6)

where the operator Oi corresponds to a Higgs-gluon
interaction term Oi in the EFT with the Higgs field

stripped off, i.e. Oi = HOi. q is the total momentum
flowing through the O0 operator, satisfying q2 = m2

H .
In the following, we will refer Higgs amplitudes as form
factors.
Using Bianchi identity one can decompose the operator

O2 as (see e.g. [54])

O2 =
1

2
∂2O0 − 4 gYMO1 + 2O4 . (7)

In the pure gluon sector, since the form factor of O4 is
zero, we have the relation for the form factors

FO2 =
1

2
q2 FO0 − 4 gYM FO1 , (8)

where the partial derivatives reduce to q2. This will serve
as self-consistency check for the result.
A further simplification of the computation is that for

the form factors with three gluons in the pure YM sector,
the color factor factorizes out up to two loops as

F (l)(1a1 , 2a2 , 3a3) = fa1a2a3N l
cF

(l)(1, 2, 3) (9)

for l ≤ 2, where fa1a2a3 is the structure constant of the
gauge group. This can be easily seen by examining the
color factors of various two-loop topologies. This im-
plies that the form factor has only planar contribution.
Below we consider only the color stripped form factor
F (l)(1, 2, 3), and the color factor can be easily reproduced
using (9).

Computation.—Unitarity method is a power tool to con-
struct loop amplitudes or form factors from their discon-
tinuities, i.e. by applying cuts. On the cut, the loop
integrand factorizes into a product of tree-level or lower-
loop amplitudes and form factors. The commonly used
strategy of unitarity method is to reconstruct the full in-
tegrand from the cuts. We will use a different strategy
where the IBP reduction is applied directly for the cut
integrand. In this way, there is no need to construct the
full integrand, and one obtains directly the final coeffi-
cients ci of IBP master integrals:

F (l)|cut =
∑

helicities

F tree
∏

j

Atree
j =

∑

i

ci Mi|cut , (10)

where Mi are IBP master integrals. We would like to
stress that a coefficient ci computed in a single cut chan-
nel must be the final answer. This is because the master
integrals are ‘irreducible’, and the coefficients are loop
momenta independent without ambiguity. Since the cut
integrand is simpler than the full integrand, it also sim-
plifies the IBP reduction. Below we describe our strategy
in more details.
We apply D-dimensional planar unitarity method.

Tree amplitudes and form factors valid in D dimensions
can be computed using planar Feynman diagrams, or re-
cursive techniques such as Berends-Giele method [58].

Using E.O.M:

DρF
ρµ,A = −g

nf
∑

i=1

ψ̄iγ
µTAψi (2.6)

O3 → O′
3 = g2

nf
∑

i,j=1

(ψ̄iγ
µψi)(ψ̄jγµψj) (2.7)

O4 → O′
4 = gFµνD

µ

nf
∑

i,j=1

(ψ̄iγ
νTAψi) (2.8)

An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an

operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (2.9)

where the operator Oi corresponds to a Higgs-gluon interaction term Oi in the effective

Lagrangian with the Higgs field stripped off, i.e. Oi = HOi, and q2 = m2
H . In the following,

we will refer Higgs amplitudes as form factors.

Using Bianchi identity one can decompose the operator O1 as (see e.g. [2])

O2 =
1

2
∂2O0 − 4 gYM O1 + 2O4 . (2.10)

Since O4 has no contribution in the pure gluon sector, we have the relation for the form factor

FO2 =
1

2
q2FO0 − 4 gYM FO1 + 2FO4 , (2.11)

where the partial derivatives reduce to q which is the total momentum flowing through the

O0 operator. This relation should serve as a self-consistency check for the result.

In the following, we will replace O2 by a new operator

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 . (2.12)

2.2 Divergence structure

Form factors contrain UV and IR divergences, for which we apply dimensional regularization

(D = 4− 2ϵ) and use the MS scheme.

The bare form factor is expanded as

Fb = gx0

[

F (0)
b +

α0

4π
F (1)
b +

(α0

4π

)2
F (2)
b +O(α3

0)

]

, (2.13)

where g0 = gYM is the bare gauge coupling and α0 =
g20
4π . We pull out the coupling gx0 in the

tree form factor which depends on the number of external legs.

The renormalization for UV divergences can be implemented in two steps, one for the

coupling constant and one for the local operator.
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O1 = tr(F ν
µ F ρ

ν F µ
ρ ) , (2.6)

O2 = tr(DρFµνD
ρFµν) , (2.7)

O3 = tr(DρFρµDσF
σµ) , (2.8)

O4 = tr(FµρD
ρDσF

σµ) . (2.9)

Using E.O.M:

DρF
ρµ,A = −g

nf
∑

i=1

ψ̄iγ
µTAψi (2.10)

O3 → O′
3 = g2

nf
∑

i,j=1

(ψ̄iγ
µψi)(ψ̄jγµψj) (2.11)

O4 → O′
4 = gFµνD

µ

nf
∑

i,j=1

(ψ̄iγ
νTAψi) (2.12)

An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an

operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (2.13)

where the operator Oi corresponds to a Higgs-gluon interaction term Oi in the effective

Lagrangian with the Higgs field stripped off, i.e. Oi = HOi, and q2 = m2
H . In the following,

we will refer Higgs amplitudes as form factors.

Using Bianchi identity one can decompose the operator O1 as (see e.g. [2])

O2 =
1

2
∂2O0 − 4 gYM O1 + 2O4 . (2.14)

Since O4 has no contribution in the pure gluon sector, we have the relation for the form factor

FO2 =
1

2
q2FO0 − 4 gYM FO1 + 2FO4 , (2.15)

where the partial derivatives reduce to q which is the total momentum flowing through the

O0 operator. This relation should serve as a self-consistency check for the result.

In the following, we will replace O2 by a new operator

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 . (2.16)

2.2 Divergence structure

Form factors contrain UV and IR divergences, for which we apply dimensional regularization

(D = 4− 2ϵ) and use the MS scheme.
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The last two operators have zero contribution in the pure gluon sector and contribute when

there are internal quark lines. In this paper we consider the full results including complete

quarks contributions.

O1 = tr(F ν
µ F ρ

ν F µ
ρ ) , (2.7)

O2 = tr(DρFµνD
ρFµν) , (2.8)

O3 = tr(DρFρµDσF
σµ) , (2.9)

O4 = tr(FµρD
ρDσF

σµ) . (2.10)

Using E.O.M:

DρF
ρµ = −g

nf
∑

i=1

ψ̄iγ
µψi (2.11)

O3 → O′
3 = g2

nf
∑

i,j=1

(ψ̄iγ
µψi)(ψ̄jγµψj) (2.12)

O4 → O′
4 = gFµνD

µ

nf
∑

i,j=1

(ψ̄iγ
νψi) (2.13)

An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an

operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (2.14)

where the operator Oi corresponds to a Higgs-gluon interaction term Oi in the effective

Lagrangian with the Higgs field stripped off, i.e. Oi = HOi, and q2 = m2
H . In the following,

we will refer Higgs amplitudes as form factors.

Using Bianchi identity one can decompose the operator O1 as (see e.g. [2])

O2 =
1

2
∂2O0 − 4 gYM O1 + 2O4 . (2.15)

Since O4 has no contribution in the pure gluon sector, we have the relation for the form factor

FO2 =
1

2
q2FO0 − 4 gYM FO1 + 2FO4 , (2.16)

where the partial derivatives reduce to q which is the total momentum flowing through the

O0 operator. This relation should serve as a self-consistency check for the result.

In the following, we will replace O2 by a new operator

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 . (2.17)
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𝒪0 = tr(FμνFμν)



Two-loop QCD computation

Our strategy:

On-shell unitarity Integration by parts



On-shell unitarity method
Unitarity requires that loop amplitudes/form factors have consistent 
discontinuities by cutting propagators. 

One-Loop 
example:

The form factors are guarantee to be correct once they satisfy all cut 
constraints.

Ctri + Cbub

[Bern, Dixon, Dunbar, Kosower 1994]
[Britto, Cachazo, Feng 2004]

On the cut, the loop quantity factorizes into a product of tree-level or 
lower-loop results. 



Integration by part reduction

A set of linear relations between different integrals.

�(l4 � p1)2 = �

q

p1

p2

l4
q2

2

Figure 4. Example of rational IBP relations.

[Mention Feynman parametrization here?]

A fundamental property of Feynman integrals, as those in equation (2.5), is that they

obey integration-by-parts (IBP) identities [60, 61], which follow from
Z

dDl1 . . . d
DlL

@

@lµi
(integrand) = 0 . (2.6)

Working out the left-hand side gives to a linear relation between di↵erent integrals. By solving

linear systems of such equations, a generic Feynman integral can be expressed in terms of a

set of basis integrals. This is known as IBP reduction, and the set of basis integrals is also

known as the set of master integrals. The form factor was expressed in terms of set of master

integrals [28] using the Reduze code [62].2 The master integrals, however, have still evaded full

integration so far due to their overwhelming complexity. In addition, the full IBP reduction

leads generically to coe�cients that contain higher-order poles in ✏. This requires to evaluate

the master integrals to higher order of the ✏ expansion, which makes the problem harder. In

this paper a di↵erent strategy will be used by expandind the form factor in term of a set of

integrals which are each simple enough to integrate and have ✏-independent prefactors.

A particular subset of the IBP relation relations turn out to be very useful for our purpose.

These are the IBP relations in which the coe�cients in front of integrals are pure rational

numbers and independent of ✏. These ‘rational IBP’ relations have been obtained in [71] for

the form factor under study here as a subset of the full reduction. An example is shown in

Fig. 4. Note that integral relations derived from graph symmetries are a particular subset of

the rational IBP relations.

3 Uniformly transcendental basis

A key idea of the present study is to expand the form factor in a set of integrals that all

have uniform transcendentality (UT), which will be referred to as UT integrals. Such a

representation of the form factor will make manifest the expected maximal transcendentality

property of N = 4 SYM, and has been achieved at three loops in [33]. As will be shown in

next section, the UT integrals turn out to be much simpler to integrate than generic integrals,

which is crucial for the computation at hand.

There are basically three ways to show whether an integral is UT.

2There exist various private and public implementations of IBP reduction, mainly based on Laporta’s

algorithm [63], such as AIR [64], FIRE [65–67] and Reduze [62, 68]. See LiteRed [69, 70] for an alternative

approach to IBP reduction.

– 6 –

[Chetyrkin, Tkachov 1981]

Public packages: 
Reduze 2, FIRE, LiteRed, etc

Any integrand = (coefficients) x (Master integrals)



Unitarity + IBP

• Usual strategy  (blue color):

Unitarity cuts Full integrand

Full master 
expansion

IBP

Non-trivial reconstruction



Unitarity + IBP

• Improved strategy (red color):

Unitarity cuts Full integrand

Full master 
expansion

IBP

Master 
expansion 

on cut

IBP @ cut

reconstruction

Collect all cuts



Improved strategy
We will apply a different strategy which allow overcoming both issues. The key idea is

to apply IBP reduction directly for the cut integrand. The logic is thus outlined as:

F (l)|cut =
∑

helicities

F tree
∏

j

Atree
j =

∑

i

ci Mi|cut , (3.1)

whereMi are IBP master integrals. In this way, there is no need to contruct the full integrand,

but one reaches directly to the finally coefficients ci of IBP master integrals. Because the cut

integrand are simpler than the full integrand, there is a significant room of simplification for J: drop mas-

ter and men-

tion Zeng’s

paper

J: drop mas-

ter and men-

tion Zeng’s

paper

the IBP reduction. Furthermore, the coefficients computed by a single cut must be the final

answer, i.e. no ambiguity involved. This is because the master integrals are “unreducible”,

and the coefficients are loop momenta independent.
Y: mention

color factor

and only pla-

nar

Y: mention

color factor

and only pla-

nar

Below we illustrate our strategy in more details.

We will apply D-dimensional unitarity method. We choose to use the planar unitarity

cut. One can also carry out the non-planar unitarity cut, in which the building blocks with be

the complete amplitude(form factors) with color factors. However, as will be discussed later,

the non-planar contribution vanishes up to 2 loops, so these two methods are equivalent.

Tree amplitudes and form factors can be computed using planar Feynman diagrams, or

recursive techniques such as Berends-Giele method[42]. To sum over all helicity states for the

cut legs, we contract the internal gluon polarization vectors using the following rule:

εµi ◦ ενi ≡
∑

helicities

εµi ε
ν
i = ηµν −

qµpνi + qνpµi
q · pi

, (3.2)

where qµ is an arbitrary reference momenta.

Since the cut-integrand is gauge invariant, we can further expand the integral using a set

of gauge invariant basis Bα (see e.g. [27] and also [43, 44] for recent general discussion)

Fn(εi, pi, la)|cut =
∑

α

fα
n (pi, la)Bα . (3.3)

and fα
n (pi, la) can be computed as

fα
n (pi, la) = Bα ◦ Fn(εi, pi, la) , (3.4)

where the dual basis Bα play as projectors, which satisfies,

Bα ◦Bβ = δαβ , Bα = GαβB
β, Gαβ = Bα ◦Bβ . (3.5)

For the form factor with three gluons, the gauge invariant basis has 4 elements and we choose

the basis to be [27]

B1 = A1C23 , B2 = A2C31 , B3 = A3C12 , B4 = A1A2A3 , (3.6)

in which Ai and Cij are defined by

Ai =
εi · pj
pi · pj

−
εi · pk
pi · pk

, Cij = εi · εj −
(pi · εj)(pj · εi)

pi · pj
. (3.7)

– 6 –

On-shell unitarity Integration by parts

• no need to reconstruct full integrand
• IBP is simplified

Advantages:

• Different cuts provide self-consistency checks



Higgs plus three gluons

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4. The cuts needed in the 2-loop 3-point form factor calculation. For F (2)
O2

, only the first cuts
are needed.

p1

p2p3

(1)

q

q

p3 q

q

q

p3

p3

p3
p1

p2

p1 p1 p1

p2 p2 p2

(2) (2)′ (3) (3)′

Figure 5. Master integrals of F (2)
O2

captured by the s12 triple cut.

(4) (5) (6) (7)

Figure 6. Master integrals of F (2)
O2

that are not captured by the s12 triple cut.

for integral (5) and (6), since the permutation does not alter the diagram.

The cuts needed for the three-point two-loop form factors are given in Figure 4. These

cuts are all needed for the form factor of Tr(DFDF ), while for Tr(F 3) only the first four

cuts are needed. The form factor F (2)
O2

contains seven master integrals up to permutations of

external legs, as show in Figure 5 and Figure 6. Each cut fixes the coefficients of a subset

of these master integrals. For example, triple cut (b) of Figure 4 in s12 channel is given in

terms of five master integrals in Figure 5, and the coefficients of (2)′ (or (3)′) are related to

that of (2) (or (3)) by flipping symmetry p1 ↔ p2. If a master integral appears in the result

of several different cuts, its coefficient in these cuts must be the same.

The full two-loop 3-point form factor can be given as

F (2)
O2

(p1, p2, p3; q) =
1

2

( 7
∑

i=1

ciMi +
∑

i=2,5

ciMi

)

+ perms(p1, p2, p3) , (3.9)

where Mi correspond to the integrals with label (i) in Figure 5 and Figure 6.

4 Results

The method of last section computes the bare form factors. For the Higgs and three-gluon

amplitudes considered in this paper, all master integrals have been known explicitly in terms
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All cuts that are needed:
H

4

l
p

FIG. 5. The master integrals of the 2-loop 3-point form factor.
The second double-box master has a numerator (l − p)2. A
propagator with a dot is a double propagator.

ter integrals have been obtained in terms of harmonic
polylogarithms [63, 64]. Thus we obtain the bare form
factors in explicit transcendental functions.

Divergence subtraction and checks.—The bare form fac-
tors contrain both ultraviolet (UV) and infrared (IR) di-
vergences. Our QCD results are regularized in the CDR
scheme, and we use MS renormalization scheme [65]. To
remove the UV divergences in the form factors, both the
gauge coupling and the operator require renormalization.
For the IR divergences, we apply the subtraction formula
by Catani [66].
At two-loop, all poles in 1/ϵm,m = 4, 3, 2 are totally

fixed by the universal IR structure and the one-loop data,
which provides non-trivial consistency check of the re-
sults. From the 1/ϵ UV pole one can extract the two-loop
anomalous dimension of the operator, which is related to
the renormalization constant of the operator by

γ = µ
∂

∂µ
logZ . (14)

Our computations reproduce all known results, includ-
ing the non-trivial two-loop QCD amplitudes of Higgs
plus three gluons with the operator O0 [24] (see also
[67]). For the latter, we match not only the divergences
but also the finite remainders exactly, which provides a
non-trivial check for our computation. The N = 4 com-
putations also reproduce those in [23] and [29].
As a further consistency check of the new results of

dimension-7 operators, we find the form factor results
satisfy exactly the linear relation (8). This is true already
for the expressions in terms of IBP master integrals.

Operator mixing at two loops.—At two-loop the operator
mixing appears. Let us first consider O2. Based on (8),
we can define a new operator

Õ2 = −
3

2
(O2 + 8gYMO1) = −

3

4
∂2O0 . (15)

The new operator Õ2 has no mixing with others. The
anomalous dimension of Õ2 is identical to that of O0,

and the form factor of Õ2 is proportional to that of O0

as

FÕ2
= −

3

4
q2 FO0 . (16)

Below we only focus on the results for the operator O1.
The normalization constant − 3

4 is introduced such that

F (0)

Õ2
(1−, 2−, 3−)/F (0)

O1
(1−, 2−, 3−) = 1/(uvw), where

u =
s12
q2

, v =
s23
q2

, w =
s13
q2

, q2 = s123 . (17)

To study the operator mixing effect for O1, we
first consider the form factor with two external gluons

F (l)
O1

(1−, 2−). The tree and one-loop results are zero,
while at two-loop we obtain

F (2)
O1

(1−, 2−) =F (0)

Õ2
(1−, 2−)

(

−
1

ϵ
+ 2 log s12 −

487

72

)

+O(ϵ1) . (18)

This is completely an operator mixing effect between O1

and Õ2. Furthermore, for the three-point form factor

F (2)
O1

(1−, 2−, 3−), its Z(2) part is given as

F (2)
O1

(1−, 2−, 3−)
∣

∣

Z(2)-part
(19)

= F (0)
O1

(1−, 2−, 3−)

(

−
19

24ϵ2
+

25

12ϵ
−

1

uvw

1

ϵ

)

=

(

−
19

24ϵ2
+

25

12ϵ

)

F (0)
O1

(1−, 2−, 3−)−
F (0)

Õ2
(1−, 2−, 3−)

ϵ
.

The term 1
uvw

is precisely due to the operator mixing,
and its divergence is consistent with (18).
Similar to (15), we can define a new operator which

avoids the operator mixing as

Õ1 = O1 +
1

ϵ

1

gYM

(αs

4π

)2
Õ2 , (20)

and we have

Z(2)

Õ1
= −

19

24ϵ2
+

25

12ϵ
, γ(2)

Õ1
=

25

3
, (21)

in which the two-loop anomalous dimensions is computed
using (14). We emphasize that it is an important consis-
tency check that the 1/ϵ2 term in the two-loop renormal-
ization constant cancel exactly by the one-loop data.

Two-loop finite remainder.—After renormalization and
subtracting the IR divergences, the two-loop finite re-

mainder of F (2)
R,O1

(1−, 2−, 3−) is given in terms of har-
monic polylogarithms, which can be simplified using the
symbology technique for transcendental functions [68].
The final expression takes a remarkable simple form. It
can be decomposed as:

F (2),fin
R,O1

= F (0)
O1

4
∑

i=0

Ω(2)
O1;i

, (22)

[Gehrmann, Remiddi 2001]

Master integrals are known in terms of 2d Harmonic polylogarithms.



Loop structure of form factors

IR divergences

UV divergences

The IR and UV are mixed in general in a non-trivial way.

General structure of (bare) amplitudes/form factors:

Form factors have divergences:

soft and collinear divergences

renormalization of coupling g and operators O

full result = IR + UV + finite remainder



Loop structure of form factors

Universal infrared 
divergences UV divergences

and more explicitly

Fαβ = ϵα̇β̇
(

∂αα̇Aββ̇ − ∂ββ̇Aαα̇

)

, Fα̇β̇ = ϵαβ
(

∂αα̇Aββ̇ − ∂ββ̇Aαα̇

)

. (3.19)

Next, we recall that the polarisation vectors of gluon are given as:

ε−αα̇ =
λαξ̃α̇

[λ ξ̃]
, ε+αα̇ =

ξαλ̃α̇

⟨ξ λ̃⟩
. (3.20)

Finally, note that in the Feynman diagram computation, after Wick contraction and
LSZ reduction, Aαα̇ in (3.19) is effectively replaced by polarisation vectors. Replacing
also ∂αα̇ by λαλ̃α̇, we reproduce the relation given in (3.13). Similar argument applies
for fermions.

3.5 Structure of form factors

Universality of infrared divergences. Anomalous dimension and renormalizaiton.

logFB =
∞
∑

ℓ=1

g2ℓ
(

− γ(ℓ)cusp

(2ℓϵ)2
− G(ℓ)

0

2ℓϵ

) n
∑

i=1

(
µ2

−sii+1
)ℓϵ −

∞
∑

ℓ=1

g2ℓγ(ℓ)

2ℓϵ
+ Fin +O(ϵ) (3.21)

logFbare =
∞
∑

ℓ=1

g2ℓ
(

− γ(ℓ)cusp

(2ℓϵ)2
− G(ℓ)

0

2ℓϵ

) n
∑

i=1

(
µ2

−sii+1
)ℓϵ − (logZ) + Fin +O(ϵ) (3.22)

4 Examples

Sectors:

4.1 Form factors in the SO(6) sector

One-loop and two-loop result. Application: Konishi operator.

6

In the case of N=4 SYM:

Similar (but a little more complicated) structure is also known for QCD.



Operator mixing

We see that there is no operator mixing at one loop [check?].

We decompose the one-loop finite part according to the color factor as

F (1),fin
OI

= F (0)
OI

(

NcR
(1),Nc

OI
+

1

Nc
R(1),1/Nc

OI
+ nf R

(1),nf

OI

)

. (4.19)

R(1)
O1,α

case:

R(1),Nc

O1
= , (4.20)

R(1),1/Nc

OI
= , (4.21)

R
(1),nf

OI
= . (4.22)

R(1)
O4,α

case:

R(1)
O4,β

case:

R(1)
O4,γ

case:

4.2 Two-loop results

Renormalization constants

At two-loop there is operator mixing effect, that in general the renormalization constant is

actually a matrix ZIJ

OR
I =

∑

J

ZIJOJ , (4.23)

such that the renormalized operators OR
I have no mixing with each other.

In general, we expect the Z(2) part of form factors takes the following structure

F (2)
OI

|Z(2) = (Z(2))IJF
(0)
OJ

. (4.24)

The double pole terms are determined by the one-loop results

(Z(2))
∣

∣

1
ϵ2

-part.
=

1

2

(

Z(1)
)2

−
1

2ϵ
Z(1)β0 , (4.25)

which provides a nice check of the results.

The single pole term is intrinsic the new two-loop contribution (XX normalization to fix

XX):

(Z(2))IJ
∣

∣

1
ϵ
-part.

= (4.26)

1

ϵ

⎛

⎜

⎜

⎜

⎜

⎝

25N2
c

12 +
5Ncnf

12 − 3nf

4Nc
12N2

c X13 −5N2
c

24 − 5
3 +

Ncnf

12

0 −β1 0 0

0 0 X33 0
(8CF

3 +
2nf

3

)

nf

(

5Nc
6 − 2

9Nc

)

2nf X43 −80N2
c

27 + 20
9 − 7

27N2
c
−

(

25Nc
27 + 13

18Nc

)

nf

⎞

⎟

⎟

⎟

⎟

⎠

,
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and the second term is due to the mixing with Ô2 which gives a o↵-diagonal component:

(Z(2)) 2
1 =� 1

✏
N2

c . (5.28)

The two-loop finite remainder can be decomposed according to the color factors as:

F (2),fin

Ô1,↵
= F (0)

Ô1

⇣
N2

c R
(2),N2

c

Ô1,↵
+Nc nf R

(2),Ncnf

Ô1,↵
+ n2

f
R

(2),n2
f

Ô1,↵
+R(2)

Ô1,↵;log(�q2)

⌘
, (5.29)

where the explicit expressions are collected in Appendix B.1.

5.3 Operator renormalization

As discussed above in (5.26), the operators in general encounter operator mixing e↵ects. The

renormalized operators are defined through bare ones as

ÔR
I = Z J

I ÔB
J , (5.30)

where the renormalization constant matrix Z J

I
depends on coupling constant, regularization

parameter ✏ and color factors. We summarize below the renormalization constant matrix for

dimension-6 operators at one and two loops.

At one-loop, there is no operator mixing:

(Z(1)

Ô
) =

1

✏

0

BBB@

Nc
2 + nf 0 0 0

0 ��0 0 0

0 0 (Z(1)) 3
3 0

0 0 0 8CF
3 +

2nf

3

1

CCCA
.

Two-loop renormalization Z(2) contains contains double pole terms in ✏ which are de-

termined by the one-loop results as (2.17). The simple pole term is intrinsic new two-loop

contribution:

(Z(2)

Ô
)
��
1
✏ -part.

= (5.31)

1

✏

0

BBBB@

25N2
c

12 +
5Ncnf

12 � 3nf

4Nc
�N2

c (Z(2)) 3
1

5
9 + 5N2

c
12

0 ��1 0 0

0 0 (Z(2)) 3
3 nf

⇣
5Nc
72 + 1

18Nc

⌘
+ 1

36 + 7
72N2

c

0
�
� 5Nc

6 + 2
9Nc

�
nf (Z(2)) 3

4
80N2

c
27 � 20

9 + 7
27N2

c
+
�
25Nc
27 + 13

18Nc

�
nf

1

CCCCA
.

To determine the renormalization constants (Z(l)) 3
I
, one needs to compute form factors of

Ô3 with four partons, which we leave for further work.
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Ô1,↵
+ n2

f
R

(2),n2
f
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Ô1,↵
+R(2)
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Ô
)
��
1
✏ -part.

= (5.31)

1

✏

0

BBBB@

25N2
c

12 +
5Ncnf

12 � 3nf

4Nc
�N2

c (Z(2)) 3
1

5
9 + 5N2

c
12

0 ��1 0 0

0 0 (Z(2)) 3
3 nf

⇣
5Nc
72 + 1

18Nc

⌘
+ 1

36 + 7
72N2

c

0
�
� 5Nc

6 + 2
9Nc

�
nf (Z(2)) 3

4
80N2

c
27 � 20

9 + 7
27N2

c
+

�
25Nc
27 + 13

18Nc

�
nf

1

CCCCA
.

To determine the renormalization constants (Z(l)) 3
I
, one needs to compute form factors of
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No mixing at one-loop:

Starting to mix at two-loop:

𝒪1 = tr(F ν
μ F ρ

ν F μ
ρ )

𝒪2 = tr(DρFμνDρFμν)

𝒪3 = tr(DρFρμDσFσμ)
𝒪4 = tr(FμρDρDσFσμ)

Table 2. Normalized tree-level form factors r(0)
ÔI

= F (0)

ÔI
/F (0)

Ô2
.

r(0)
Ô

↵ � �

Ô1 u v w 0 0

Ô2 1 1 1

Ô3 0 0 0

Ô4 0 0 u

Since the operators satisfy the linear relation (2.7), it is convenient to introduce Ô2 as

Ô2 ⌘ @2O0 . (5.3)

The form factor of Ô2 is the same as O0 up to an over all factor s123:

F
Ô2

= s123FO0 . (5.4)

From now on, we will take ÔI as the basis of dimension-6 operators:

ÔI = {O1, Ô2,O3,O4} . (5.5)

For convenience, we introduce the ‘dimensionless’ form factors r(`)
ÔI

as

r(`)
ÔI

:= F (`)

b,ÔI
/F (0)

Ô2
, (5.6)

The ratio tree-level form factors are given as (also summarized in Table 2):

r(0)
Ô1,↵

= u v w , r(0)
Ô1,�

= r(0)
Ô1,�

= 0 , (5.7)

r(0)
Ô3,↵

= r(0)
Ô3,�

= r(0)
Ô3,�

= 0 , (5.8)

r(0)
Ô4,↵

= r(0)
Ô4,�

= 0 , r(0)
Ô4,�

= u . (5.9)

Note that, we have normalized the operators properly, such that the tree form factors all have

unit constant.

5.2 Loop corrections

We consider the form factors of O0 and Ô1 in details. The purpose is to set up the notation

and explain the subtraction of divergences. The results of other operators are collected in

Appendix A and B.
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2

the N = 4 result. In particular, except the transcenden-
tal degree zero part, all terms having rational kinematics
coefficients are identical between two theories.
The computation of two-loop amplitudes in QCD, as

is well known, is a challenging problem. While the two-
loop four-gluon amplitudes are known analytically long
time ago [30–32], the planar two-loop five-gluon ampli-
tudes are still in progress [33–42]. The computation of
Higgs amplitudes has extra complications. The inclusion
of higher dimension operators introduces new complex
interaction vertices and also increases the powers of loop
momenta in the integral numerators. Furthermore, since
the Higgs boson is a color singlet, one encounters non-
planar integrals even for planar Higgs amplitudes, which
makes the reconstruction of full integrand via on-shell
unitarity method [43–45] highly non-trivial.
In this paper, we develop an efficient approach to com-

pute Higgs amplitudes by combinng the unitarity method
and the integration by parts (IBP) reduction [46, 47] in
an ‘unconventional’ way. In particular, we apply the IBP
reduction directly for the cut integrands, which computes
the final coefficients of master integrals, thus avoiding
reconstructing the full integrand. Besides, the IBP re-
duction, which is often the most time consuming part
of the calculation, can be simplified using the on-shell
condition. Similar strategy of combining unitarity cut
and IBP reduction has also been used in [42], see also
[41, 48–52].

Setup.—Higgs production from gluon fusion can be com-
puted using an effective Lagrangian

Leff = Ĉ1O0 +
1

m2
t

4
∑

i=1

ĈiOi +O

(

1

m4
t

)

, (1)

where O0 = HTr(G2) is the leading term, and the sub-
leading terms contain dimension-7 operators [53–57]

O1 = HTr(G ν
µ G ρ

ν G µ
ρ ) , (2)

O2 = HTr(DρGµνD
ρGµν) , (3)

O3 = HTr(DρGρµDσG
σµ) , (4)

O4 = HTr(GµρD
ρDσG

σµ) . (5)

The explicit form of the coefficients Ĉi is not important
for this study, although their renormalization is deter-
mined by the renormalization constant mentioned later.
In this paper, we will focus on the pure gluon sector. The
last two operators have zero contribution in the sector
and can contribute when there are internal quark lines,
see e.g. [57].
An amplitude with a Higgs boson and n gluons is

equivalent to a form factor with the operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (6)

where the operator Oi corresponds to a Higgs-gluon
interaction term Oi in the EFT with the Higgs field

stripped off, i.e. Oi = HOi. q is the total momentum
flowing through the O0 operator, satisfying q2 = m2

H .
In the following, we will refer Higgs amplitudes as form
factors.
Using Bianchi identity one can decompose the operator

O2 as (see e.g. [54])

O2 =
1

2
∂2O0 − 4 gYMO1 + 2O4 . (7)

In the pure gluon sector, since the form factor of O4 is
zero, we have the relation for the form factors

FO2 =
1

2
q2 FO0 − 4 gYM FO1 , (8)

where the partial derivatives reduce to q2. This will serve
as self-consistency check for the result.
A further simplification of the computation is that for

the form factors with three gluons in the pure YM sector,
the color factor factorizes out up to two loops as

F (l)(1a1 , 2a2 , 3a3) = fa1a2a3N l
cF

(l)(1, 2, 3) (9)

for l ≤ 2, where fa1a2a3 is the structure constant of the
gauge group. This can be easily seen by examining the
color factors of various two-loop topologies. This im-
plies that the form factor has only planar contribution.
Below we consider only the color stripped form factor
F (l)(1, 2, 3), and the color factor can be easily reproduced
using (9).

Computation.—Unitarity method is a power tool to con-
struct loop amplitudes or form factors from their discon-
tinuities, i.e. by applying cuts. On the cut, the loop
integrand factorizes into a product of tree-level or lower-
loop amplitudes and form factors. The commonly used
strategy of unitarity method is to reconstruct the full in-
tegrand from the cuts. We will use a different strategy
where the IBP reduction is applied directly for the cut
integrand. In this way, there is no need to construct the
full integrand, and one obtains directly the final coeffi-
cients ci of IBP master integrals:

F (l)|cut =
∑

helicities

F tree
∏

j

Atree
j =

∑

i

ci Mi|cut , (10)

where Mi are IBP master integrals. We would like to
stress that a coefficient ci computed in a single cut chan-
nel must be the final answer. This is because the master
integrals are ‘irreducible’, and the coefficients are loop
momenta independent without ambiguity. Since the cut
integrand is simpler than the full integrand, it also sim-
plifies the IBP reduction. Below we describe our strategy
in more details.
We apply D-dimensional planar unitarity method.

Tree amplitudes and form factors valid in D dimensions
can be computed using planar Feynman diagrams, or re-
cursive techniques such as Berends-Giele method [58].

Table 2. Normalized tree-level form factors r(0)
ÔI

= F (0)

ÔI
/F (0)

Ô2
.

r(0)
Ô

↵ � �

Ô1 u v w 0 0

Ô2 1 1 1

Ô3 0 0 0

Ô4 0 0 u

Since the operators satisfy the linear relation (2.7), it is convenient to introduce Ô2 as

Ô2 ⌘ @2O0 . (5.3)

The form factor of Ô2 is the same as O0 up to an over all factor s123:

F
Ô2

= s123FO0 . (5.4)

From now on, we will take ÔI as the basis of dimension-6 operators:

ÔI = {O1, Ô2,O3,O4} . (5.5)

For convenience, we introduce the ‘dimensionless’ form factors r(`)
ÔI

as

r(`)
ÔI

:= F (`)

b,ÔI
/F (0)

Ô2
, (5.6)

The ratio tree-level form factors are given as (also summarized in Table 2):

r(0)
Ô1,↵

= u v w , r(0)
Ô1,�

= r(0)
Ô1,�

= 0 , (5.7)

r(0)
Ô3,↵

= r(0)
Ô3,�

= r(0)
Ô3,�

= 0 , (5.8)

r(0)
Ô4,↵

= r(0)
Ô4,�

= 0 , r(0)
Ô4,�

= u . (5.9)

Note that, we have normalized the operators properly, such that the tree form factors all have

unit constant.

5.2 Loop corrections

We consider the form factors of O0 and Ô1 in details. The purpose is to set up the notation

and explain the subtraction of divergences. The results of other operators are collected in

Appendix A and B.

– 19 –

Dim-6 operator basis:

We also study one- and two-loop mixing up to operators of dim-14. [Jin, Ren, GY in prep.]

[Jin, GY  1910.09384] 𝒪0 = tr(FμνFμν)



Loop structure of form factors
General structure of (bare) amplitudes/form factors:

full result = universal IR + UV + finite remainder

we have the relations between the renormalized components F (l) and the bare ones F (l)
b as

F (0) = F (0)
b , (2.18)

F (1) = S−1
ϵ F (1)

b +
(

Z(1) −
x

2

β0
ϵ

)

F (0)
b , (2.19)

F (2) = S−2
ϵ F (2)

b + S−1
ϵ

[

Z(1) −
(

1 +
x

2

)β0
ϵ

]

F (1)
b

+
[

Z(2) −
x

2

β0
ϵ
Z(1) +

x2 + 2x

8

β2
0

ϵ2
−

x

4

β1
ϵ

]

F (0)
b . (2.20)

The renormalized form factor contains IR divergences, which take a universal structure

[41, 42] (see also [28]):

F (1) = I(1)(ϵ)F (0) + F (1),fin +O(ϵ) , (2.21)

F (2) = I(2)(ϵ)F (0) + I(1)(ϵ)F (1) + F (2),fin +O(ϵ) , (2.22)

where for the form factor with n external gluons, we have

I(1)(ϵ) = −
eγEϵ

Γ(1− ϵ)

(

Nc

ϵ2
+

β0
2ϵ

) n
∑

i=1

(−si,i+1)
−ϵ , (2.23)

I(2)(ϵ) = −
1

2

[

I(1)(ϵ)
]2

−
β0
ϵ
I(1)(ϵ)

+
e−γEϵΓ(1− 2ϵ)

Γ(1− ϵ)

[

β0
ϵ

+

(

67

9
−

π2

3

)

Nc

]

I(1)(2ϵ)

+ n
eγEϵ

ϵΓ(1− ϵ)

[(

ζ3
2

+
5

12
+

11π2

144

)

N2
c

]

. (2.24)

3 Computation

Unitarity method is a power tool to construct the integrand for loop amplitudes or form factors

from their discontinuities, i.e. by applying cuts. On the cut, the loop integrand factorizes

into a product of tree-level or lower-loop amplitudes and form factors. The commonly used

strategy of unitarity method is to reconstruct the full integrand. Given the cut integrand, one

can apply reduction techniques to write the result in a form that can be identified as a sum of

all possible cut of a set of integrals, which form an ansatz for the full integrand. In general,

not all integrals may appear in a given cut, and additional cuts have to be considered. The

complete ansatz must be consistent with all possible cut.

There are two shortcomings of this strategy. First, it is not a trivial task to reconstruct

the full uncut integrand. At one-loop, a complete set of simple basis integrals are well known.

However, this is not true at two loops and beyond, and there is a significant increase of the

number and complexity of loop topologies, and a single integral may contribute several cut

terms. Second, even after reconstruct the full integrand, one still needs to perform further

reduction, such as IBP reduced to a set of master integrals which allows integral evaluations.

Often it is the IBP reduction which is a main bottle-neck of the full computation.

– 5 –

The non-trivial information is contained in the finite remainder:
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Higgs and 3-parton results

external particles (1−, 2−, 3−) (1−, 2−, 3+) (1q, 2q, 3−)

form factors F (l)
Oi,α

F (l)
Oi,β

F (l)
Oi,γ

Table 1. Notation of form factors

The ϵ poles are constrained by the divergences structures as discussed in section 2.2. All

poles in 1/ϵm,m = 4, 3, 2 are totally fixed by the one-loop results, providing non-trivial self-

consistency check of the results. From the 1/ϵ UV pole one obtains the two-loop anomalous

dimension of the operator.

As an important check of the method, we have reproduced known results including the

non-trivial two-loop amplitudes of Higgs to three partons with the operator tr(F 2) [8]. Our

results not only reproduce the correct divergences but also the finite remainders exactly.

As a further check, we recall that the form factors should satisfy the linear relation (2.18).

We explicitly check our computation, and already at the level of IBP master integrals, we

find the results satisfy exactly this linear relation. This provides a non-trivial consistency

check for our computation. We would like to emphasize the computation of form factor for

tr(DFDF ) is more involving than the known result of tr(F 2) due to extra derivatives in the

operator, and our method can be efficiently applied to such case is also possible to operators

with higher dimension.

For three parton form factors, it is enough to consider three configurations given in

Table 1. We first give the tree-level form factors for the dimension-5 operator:

F (0)
O0,α

= gYM

m4
H

[12][23][31]
, F (0)

O0,β
= gYM

⟨12⟩4

⟨12⟩⟨23⟩⟨31⟩
, F (0)

O0,γ
= gYM

⟨23⟩2

⟨12⟩
. (4.1)

Since the operators satisfy the linear relation:

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 , (4.2)

we have

F (ℓ)

Ô2
=

m2
H

2
F (ℓ)
O0

, (4.3)

where the latter results have been obtained in [? ].

To give the form factors of other dimension-7 operators, we introduce the dimensionless

ratio r(0)
OI

r(ℓ)
OI

:= F (ℓ)
b,OI

/F (0)

Ô2
, (4.4)

For the convention, we use

u =
s12
q2

, v =
s23
q2

, w =
s13
q2

, q2 = s123 = m2
H . (4.5)

– 10 –

There are six different color factors:

ℛ(2)
𝒪 = N2

c ℛ(2),N2
c

𝒪 +N0
c ℛ(2),N0

c
𝒪 +

1
N2

c
ℛ(2),N−2

c
𝒪 + nf Ncℛ

(2),nf Nc
𝒪 +

nf

Nc
ℛ(2),nf /Nc

𝒪 + n2
f ℛ(2),n2

f
𝒪

ℛ(l)
𝒪 = ℱ(l),fin

𝒪 /ℱ(0)
𝒪

3-gluon case



Finite remainder for 

Degree-4 part:

Organized according to transcendentality degree:

which is completely an operator mixing effect and the divergence is consistent with (4.9).

We can define a new operator which diagonalize the renormalization matrix as

Õ2 = O2 +
1

g0ϵ

(α0

4π

)2
O1 , (4.11)

and we have

Z(2)

Õ2
= −

19

24ϵ2
+

25

12ϵ
, γ(2)

Õ2
=

25

3
, (4.12)

in which the two-loop anomalous dimensions is computed by the relation (2.22). It is an

important consistency check of the results that all double poles in ϵ in the two-loop renor-

malization constants exactly cancel.

F (2),fin
O2

= F (0)
O2

(

4
∑

i=0

Ω(2)
O2;i

+ Ω(2)
O2;log(q2)

)

, (4.13)

The two-loop finite remainder of F (2)
O2

(1−, 2−, 3−) can be simplified using the symbology

technique for transcendental functions [47]. The final expression takes a remarkable simple

form. It can be decomposed as:

F (2),fin
O2

= F (0)
O2

N2
c

(

4
∑

i=0

Ω(2)
O2;i

+ Ω(2)
O2;log(q2)

)

, (4.14)

where the term Ω(2)
O2;i

has uniform transcendental degree i and only depends on the ratios

{u, v, w}, and the term Ω(2)
O2;log(q2)

is proportional to log(q2).

Degree 4: The maximally transcendental part is give by:

Ω(2)
O2;4

=−
3

2
Li4(u) +

3

4
Li4
(

−
uv

w

)

−
3

4
log(w)

[

Li3
(

−
u

v

)

+ Li3
(

−
v

u

)]

+
log2(u)

32

[

log2(u) + log2(v) + log2(w)− 4 log(v) log(w)
]

+
ζ2
8

[

5 log2(u)− 2 log(v) log(w)
]

−
1

4
ζ4 + perms(u, v, w) . (4.15)

Up to a term .., this is identical to the remainder of form factor of a BPS operator in N = 4

[31] and later also appeared in the form factor of non-protected operators [32–34].

Degree 3: The transcendentality-3 part is give by:

Ω(2)
O2;3

=
(

1 +
u

w

)

T3 +
143

72
ζ3 −

11

24
ζ2 log(u) + perms(u, v, w) , (4.16)

where

T3 :=
[

− Li3
(

−
u

w

)

+ log(u)Li2

(

v

1− u

)

−
1

2
log(1− u) log

(

w2

1− u

)

+
1

2
Li3
(

−
uv

w

)

+
1

2
log(u) log(v) log(w) +

1

12
log3(w) + (u ↔ u)

]

+ Li3(1− v)− Li3(u) +
1

2
log2(v) log

(

1− v

u

)

− ζ2 log
(uv

w

)

. (4.17)
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The last two operators have zero contribution in the pure gluon sector and contribute when

there are internal quark lines. In this paper we consider the full results including complete

quarks contributions.

Using E.O.M:

DρF
ρµ = −g

nf
∑

i=1

ψ̄iγ
µψi (2.7)

O3 → O′
3 = g2

nf
∑

i,j=1

(ψ̄iγ
µψi)(ψ̄jγµψj) (2.8)

O4 → O′
4 = gFµνD

µ

nf
∑

i,j=1

(ψ̄iγ
νψi) (2.9)

An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an

operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (2.10)

where the operator Oi corresponds to a Higgs-gluon interaction term Oi in the effective

Lagrangian with the Higgs field stripped off, i.e. Oi = HOi, and q2 = m2
H .

O0 = tr(F 2) (2.11)

O1 = tr(F 3) (2.12)

O1 = tr(F ν
µ F ρ

ν F µ
ρ ) , (2.13)

O2 = tr(DρFµνD
ρFµν) , (2.14)

O3 = tr(DρFρµDσF
σµ) , (2.15)

O4 = tr(FµρD
ρDσF

σµ) . (2.16)

In the following, we will refer Higgs amplitudes as form factors.

Using Bianchi identity one can decompose the operator O1 as (see e.g. [2])

O2 =
1

2
∂2O0 − 4 gYM O1 + 2O4 . (2.17)

Since O4 has no contribution in the pure gluon sector, we have the relation for the form factor

FO2 =
1

2
q2FO0 − 4 gYM FO1 + 2FO4 , (2.18)

where the partial derivatives reduce to q which is the total momentum flowing through the

O0 operator. This relation should serve as a self-consistency check for the result.

In the following, we will replace O2 by a new operator

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 . (2.19)

– 2 –

where we recall that

β0 =
11CA

3
−

2nf

3
, β1 =

34C2
A

3
−

10CAnf

3
− 2CFnf , (4.27)

and

CA = Nc , CF =
N2

c − 1

2Nc
. (4.28)

Two-loop remainders

We decompose the two-loop finite remainder of F (2)
Oi

according to the color structure as:

F (2),fin
OI

= F (0)
OI

(

N2
c R

(2),N2
c

OI
+N0

c R
(2),N0

c
OI

+
1

N2
c
R(2),1/N2

c
OI

+
nf

Nc
R

(2),nf /Nc

OI
+Nc nf R

(2),Ncnf

OI
+ n2

f R
(2),n2

f

OI

)

. (4.29)

R(2)

Ô2
results can be obtained from the results of O0 which have been obtained in [? ]. We

give the precise correspondence between our notation and that in [? ].

Below we present the full results for other three operators.

R(2)
O1,α

case:

R(2),N2
c

O1,α
=

4
∑

i=0

Ω(2)
O1;i

. (4.30)

Degree 4: The maximally transcendental part is give by:

R(2),N2
c

O1,α;4
=−

3

2
Li4(u) +

3

4
Li4

(

−
uv

w

)

−
3

4
log(w)

[

Li3
(

−
u

v

)

+ Li3
(

−
v

u

)]

+
log2(u)

32

[

log2(u) + log2(v) + log2(w) − 4 log(v) log(w)
]

+
ζ2
8

[

5 log2(u)− 2 log(v) log(w)
]

−
1

4
ζ4 + perms(u, v, w) . (4.31)

Degree 3: The transcendentality-3 part is give by:

R(2),N2
c

O1,α;3
=
(

1 +
u

w

)

T3 +
143

72
ζ3 −

11

24
ζ2 log(u) + perms(u, v, w) , (4.32)

where

T3 :=
[

− Li3
(

−
u

w

)

+ log(u)Li2

(

v

1− u

)

−
1

2
log(1− u) log

(

w2

1− u

)

+
1

2
Li3

(

−
uv

w

)

+
1

2
log(u) log(v) log(w) +

1

12
log3(w) + (u ↔ u)

]

+ Li3(1− v)− Li3(u) +
1

2
log2(v) log

(

1− v

u

)

− ζ2 log
(uv

w

)

. (4.33)
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𝒪1 → ggg



Finite remainder

Simplified results: (using e.g. “symbol”)

[Brandhuber, Kostacinska, Penante, 
Travaglini 2017]

5

where Ω(2)
O1;i

has uniform transcendentality weight i.
The corresponding N = 4 result was first computed

in [29] which we have reproduced using our method. To
properly compare the two results, we recompute the N =
4 result in the Catani subtraction scheme [66], denoted

by Ω(2),N=4
O1;i

. This is different from the result given in
[29] which is based on BDS subtraction scheme [69].
Below we give the explicit QCD results according the

transcendentality weight, and we comment on their re-
lation to the corresponding N = 4 counterparts. As we
will see, not only the maximally transcendental parts are
identical, the lower transcendental parts are also closely
related to each other.

Weight 4: The maximally transcendental part is give
by:

Ω(2)
O1;4

= −
3

2
Li4(u) +

3

4
Li4

(

−
uv

w

)

−
3

2
log(w)Li3

(

−
u

v

)

+
log2(u)

32

[

log2(u) + log2(v) + log2(w)− 4 log(v) log(w)
]

+
ζ2
8

[

5 log2(u)− 2 log(v) log(w)
]

−
1

4
ζ4 −

1

2
ζ3 log(−q2) + perms(u, v, w) . (23)

We find a precise match between QCD andN = 4 results:

Ω(2)
O1;4

= Ω(2),N=4
O1;4

, (24)

which confirms the argument made in [29]. Note that
the expression is slightly different from the result of [29],
which also appears in other form factors in N = 4 SYM

[70–73]; this is purely due to the change of scheme be-
tween Catani and BDS subtraction.
Weight 3: The transcendentality-3 part is give by:

Ω(2)
O1;3

=
(

1 +
u

w

)

T3 +
143

72
ζ3 −

11

24
ζ2 log(−u q2)

+ perms(u, v, w) , (25)

where

T3 :=
[

− Li3
(

−
u

w

)

+ log(u)Li2

(

v

1− u

)

−
1

2
log(1 − u) log(u) log

(

w2

1− u

)

+
1

2
Li3

(

−
uv

w

)

+
1

2
log(u) log(v) log(w)

+
1

12
log3(w) + (u ↔ v)

]

+ Li3(1− v)− Li3(u) +
1

2
log2(v) log

(

1− v

u

)

− ζ2 log
(uv

w

)

. (26)

Very interestingly, the corresponding N = 4 SYM result
is given by

Ω(2),N=4
O1;3

=
(

1 +
u

w

)

T3 + perms(u, v, w) . (27)

The function T3 was also given as the building block of
the corresponding N = 4 result [29] and also appeared
in the form factor in the SU(2) sector in N = 4 [71].
Weight 2: The transcendentality-2 part is give by:

Ω(2)
O1;2

=

{(

u2

w2
+

v2

w2
− 1

)

[

Li2(1 − u) +
1

2
log(u) log(v)

−
1

2
ζ2
]

−
55

48
log2(u) +

73

72
log(u) log(v) +

23

6
ζ2

+ perms(u, v, w)

}

−
19

36
log(uvw) log(−q2)

−
19

24
log2(−q2) . (28)

The first term containing the rational coefficient u2/w2+
v2/w2 is identical to the corresponding N = 4 SYM re-
sult. We note that the coefficient of log2(−q2) equals the
coefficient of double pole in the two-loop renormalization
constant (21).
Weight 1 and 0: The weight-1 part is give by:

Ω(2)
O1;1

=

(

119

18
+

v

w
+

u2

2vw

)

log(u) (29)

+

(

119

18
−

1

3uvw

)

log(−q2) + perms(u, v, w) ,

where the terms with coefficients that are rational func-
tions of {u, v, w} are identical to the N = 4 SYM result.
Finally, the weight-0 part is give by:

Ω(2)
O1;0

=
487

72

1

uvw
−

14075

216
, (30)

in which we note that the coefficient of 1
uvw

equals the
finite rational number in (18).

This is completely an operator mixing effect between O1 and Õ2. Furthermore, for the three-

point form factor F (2)
O1

(1−, 2−, 3−), its Z(2) part is given as

F (2)
O1

(1−, 2−, 3−)
∣

∣

Z(2)-part
= F (0)

O1
(1−, 2−, 3−)

(

−
19

24ϵ2
+

25

12ϵ
−

1

uvw

1

ϵ

)

=

(

−
19

24ϵ2
+

25

12ϵ

)

F (0)
O1

(1−, 2−, 3−)−
F (0)

Õ2
(1−, 2−, 3−)

ϵ
.

The term 1
uvw is precisely due to the operator mixing, and its divergence is consistent with

(1.4).

Similar to (1.1), we can define a new operator which avoids the operator mixing as

Õ1 = O1 +
1

ϵ

1

gYM

(αs

4π

)2
Õ2 , (1.5)

and we have

Z(2)

Õ1
= −

19

24ϵ2
+

25

12ϵ
, γ(2)

Õ1
=

25

3
, (1.6)

in which the two-loop anomalous dimensions is computed using (2.20). We emphasize that it

is an important consistency check that the 1/ϵ2 term in the two-loop renormalization constant

cancel exactly by the one-loop data.

Two-loop finite remainder.—After renormalization and subtracting the IR divergences, the

two-loop finite remainder of F (2)
R,O1

(1−, 2−, 3−) is given in terms of harmonic polylogarithms,

which can be simplified using the symbology technique for transcendental functions [47]. The

final expression takes a remarkable simple form. It can be decomposed as:

F (2),fin
R,O1

= F (0)
O1

4
∑

i=0

Ω(2)
O1;i

, (1.7)

where Ω(2)
O1;i

has uniform transcendentality weight i.

The corresponding N = 4 result was first computed in [30] which we have reproduced

using our method. To properly compare the two results, we recompute the N = 4 result in

the Catani subtraction scheme [40], denoted by Ω(2),N=4
O1;i

. This is different from the result

given in [30] which is based on BDS subtraction scheme [? ].

Below we give the explicit QCD results according the transcendentality weight, and we

comment on their relation to the corresponding N = 4 counterparts. As we will see, not

only the maximally transcendental parts are identical, the lower transcendental parts are also

closely related to each other.

Weight 4: The maximally transcendental part is give by:

Ω(2)
O1;4

=−
3

2
Li4(u) +

3

4
Li4
(

−
uv

w

)

−
3

2
log(w)Li3

(

−
u

v

)

+
ζ2
8

[

5 log2(u)− 2 log(v) log(w)
]

+
log2(u)

32

[

log2(u) + 2 log2(v)− 4 log(v) log(w)
]

−
1

4
ζ4 −

1

2
ζ3 log(−q2) + perms(u, v, w) .

– 2 – [Q.Jin and GY, PRL 121 101603 (2018)]



Higgs plus 3-parton results

external particles (1−, 2−, 3−) (1−, 2−, 3+) (1q, 2q, 3−)

form factors F (l)
Oi,α

F (l)
Oi,β

F (l)
Oi,γ

Table 1. Notation of form factors

The ϵ poles are constrained by the divergences structures as discussed in section 2.2. All

poles in 1/ϵm,m = 4, 3, 2 are totally fixed by the one-loop results, providing non-trivial self-

consistency check of the results. From the 1/ϵ UV pole one obtains the two-loop anomalous

dimension of the operator.

As an important check of the method, we have reproduced known results including the

non-trivial two-loop amplitudes of Higgs to three partons with the operator tr(F 2) [8]. Our

results not only reproduce the correct divergences but also the finite remainders exactly.

As a further check, we recall that the form factors should satisfy the linear relation (2.18).

We explicitly check our computation, and already at the level of IBP master integrals, we

find the results satisfy exactly this linear relation. This provides a non-trivial consistency

check for our computation. We would like to emphasize the computation of form factor for

tr(DFDF ) is more involving than the known result of tr(F 2) due to extra derivatives in the

operator, and our method can be efficiently applied to such case is also possible to operators

with higher dimension.

For three parton form factors, it is enough to consider three configurations given in

Table 1. We first give the tree-level form factors for the dimension-5 operator:

F (0)
O0,α

= gYM

m4
H

[12][23][31]
, F (0)

O0,β
= gYM

⟨12⟩4

⟨12⟩⟨23⟩⟨31⟩
, F (0)

O0,γ
= gYM

⟨23⟩2

⟨12⟩
. (4.1)

Since the operators satisfy the linear relation:

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 , (4.2)

we have

F (ℓ)

Ô2
=

m2
H

2
F (ℓ)
O0

, (4.3)

where the latter results have been obtained in [? ].

To give the form factors of other dimension-7 operators, we introduce the dimensionless

ratio r(0)
OI

r(ℓ)
OI

:= F (ℓ)
b,OI

/F (0)

Ô2
, (4.4)

For the convention, we use

u =
s12
q2

, v =
s23
q2

, w =
s13
q2

, q2 = s123 = m2
H . (4.5)

– 10 –

There are six different color factors:

ℛ(2)
𝒪 = C2

Aℛ(2),C2
A

𝒪 +CACFℛ(2),CACF
𝒪 +C2

Fℛ(2),C2
F

𝒪 + nfCAℛ(2),nfCA
𝒪 + nfCFℛ(2),nfCF

𝒪 + n2
f ℛ(2),n2

f
𝒪

CA = Nc , CF =
N2

c − 1
2Nc

ℛ(2)
𝒪 = N2

c ℛ(2),N2
c

𝒪 +N0
c ℛ(2),N0

c
𝒪 +

1
N2

c
ℛ(2),N−2

c
𝒪 + nf Ncℛ

(2),nf Nc
𝒪 +

nf

Nc
ℛ(2),nf /Nc

𝒪 + n2
f ℛ(2),n2

f
𝒪

A different expansion:

ℛ(l)
𝒪 = ℱ(l),fin

𝒪 /ℱ(0)
𝒪
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9

Harmonic polylogarithms [61]: G(m⃗(z); y) and G(m⃗; z), where y = v = s23
q2 , z = w = s13

q2 . Explicitly, they are:

R(2),C2

A

O0;4
=

4

3
G(0, z)G(1, z)3−

3

2
G(0, z)2G(1, z)2 +2G(−z, y)2G(1, z)2− 2G(0, z)G(−z, y)G(1, z)2−

4

3
G(−z, y)3G(1, z)

− 4G(0, 0,−z, y)G(1, z) + 2G(−z, 0, 1− z, y)G(1, z)− 3G(0, 1, z)2 +G(0, y)2
(

−
3

2
G(0, z)2 +G(1, z)G(0, z)

+
1

2
G(1, z)2 +

1

2
G(1− z, y)2 +G(1, y)(2G(0, z)− 2G(1, z)− 2G(1− z, y))+ (G(0, z) +G(1, z))G(1− z, y)

)

+G(1− z, y)2
(

1

2
G(0, z)2 + 2G(1, z)G(0, z)− 2G(1, z)G(−z, y)

)

+G(1− z, y)
(

−G(1, z)G(0, z)2 + 4G(1, z)2G(0, z)− 2G(1, z)G(−z, y)G(0, z) + 4G(1, z)G(−z, y)2
)

+G(0, y)
(

3G(1, z)G(0, z)2− 2G(1, z)2G(0, z)−G(1− z, y)2G(0, z)+
(

2G(0, z)G(1, z)− 2G(1, z)2
)

G(−z, y)

+G(1− z, y)
(

G(0, z)2 − 4G(1, z)G(0, z)− 2G(1, z)G(−z, y)
))

+G(1, y)
(

G(1− z, y)(2G(1, z)G(−z, y)− 2G(0, z)G(1, z))−G(0, z)G(1, z)2
)

+
(

−3G(1, z)2 + 8G(−z, y)G(1, z)− 4G(1− z, y)2 − 4G(−z, y)2 +G(0, y)(−4G(0, z)− 2G(1, z))

+G(1, y)(2G(0, z) + 4G(1, z) + 4G(1− z, y)) +G(1− z, y)(8G(−z, y)− 8G(1, z))
)

G(0, 1, z)

+ (−2G(0, y)G(0, z)− 2G(1, y)G(0, z) + 4G(1, z)G(0, z)− 2G(1, z)G(−z, y)− 2G(0, 1, z))G(0, 1− z, y)

+ (2G(0, y)G(1, z)− 2G(0, z)G(1, z) + 2G(1, y)G(1, z))G(0,−z, y) +G(0, 1, y)(2G(0, z)G(1− z, y)

+G(0, y)(−4G(0, z) + 4G(1, z) + 4G(1− z, y))− 2G(1, z)G(−z, y)− 2G(−z, 1− z, y))

+G(1− z, 1, y)(2G(0, z)G(1, z)− 2G(−z, y)G(1, z) +G(0, y)(−2G(0, z) + 4G(1, z) + 4G(1− z, y))

− 4G(0, 1, z)− 2G(−z, 1− z, y)) +
(

−2G(1− z, y)2 + (4G(1, z)− 2G(0, z))G(1− z, y)− 2G(0, z)G(1, z)

+G(0, y)(2G(0, z)− 2G(1, z)− 2G(1− z, y)) +G(1, y)(2G(1− z, y)− 2G(1, z))
)

G(−z, 1− z, y)

+ (4G(0, z)− 4G(1, z)− 4G(1− z, y))G(0, 0, 1, y)

+ (6G(0, y) + 2G(0, z)− 6G(1, y) + 10G(1, z) + 8G(1− z, y)− 8G(−z, y))G(0, 0, 1, z)

+4G(0, z)G(0, 0, 1−z, y)+(6G(0, y)+4G(0, z)−6G(1, y)+4G(1, z)+8G(1−z, y)−8G(−z, y))G(0, 1, 1, z)

+ (2G(0, z)− 4G(1, z)− 4G(1− z, y))G(0, 1− z, 1, y) + 4G(0, z)G(0, 1− z, 1− z, y)

+ (2G(0, y)− 2G(0, z) + 2G(1, y) + 2G(1, z))G(0,−z, 1− z, y)

+ (−2G(0, y)− 4G(1, z)− 4G(1− z, y))G(1− z, 0, 1, y)− 4G(0, y)G(1− z, 1− z, 1, y)

+ (2G(1, z) + 2G(1 − z, y))G(−z, 0, 1, y) + (2G(1, z) + 2G(1− z, y))G(−z, 1− z, 1, y)

+ (−4G(1, y)− 4G(1, z) + 8G(1− z, y))G(−z, 1− z, 1− z, y) + 8G(1 − z, y)G(−z,−z, 1− z, y)

− 12G(0, 0, 0, 1, z)− 8G(0, 0, 1, 1, z)− 4G(0, 0,−z, 1− z, y)− 2G(0, 1, 1, 1, z) + 2G(0, 1− z, 0, 1, y)

+ 4G(0, 1− z, 1− z, 1, y)− 2G(0, 1− z,−z, 1− z, y) + 4G(1− z, 0, 0, 1, y) + 4G(1− z, 0, 1− z, 1, y)

+ 4G(1− z, 1− z, 0, 1, y)− 2G(1− z,−z, 0, 1, y)− 2G(1− z,−z, 1− z, 1, y)− 12G(−z, 1− z, 1− z, 1− z, y)

− 8G(−z,−z, 1− z, 1− z, y)− 8G(−z,−z,−z, 1− z, y) +
(

−3G(1, z)2 + 3G(0, z)G(1, z)+ 2G(−z, y)G(1, z)

− 4G(1− z, y)2 + (3G(0, z)− 8G(1, z))G(1− z, y) +G(1, y)(−2G(0, z) + 2G(1, z) + 2G(1− z, y))

+G(0, y)(−G(0, z) +G(1, z) + 3G(1− z, y))− 2G(0, 1− z, y)− 2G(1− z, 1, y) + 2G(−z, 1− z, y)
)

ζ(2)

+
119ζ(4)

8
+ (−7G(0, y)− 7G(0, z) + 6G(1, y) + 7G(1, z) +G(1− z, y))ζ(3) ,

(45)
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R(2),CACF

O0;4
= −

4

3
G(0, z)G(1, z)3 + 3G(0, z)2G(1, z)2 − 8G(0, 0,−z, y)G(1, z)− 10G(−z, 0, 1− z, y)G(1, z)

− 2G(0, 1, y)2 + 11G(0, 1, z)2 +
(

2G(0, z)2G(1, z)− 2G(0, z)G(1, z)2
)

G(1− z, y)

+G(0, y)2
(

3G(0, z)2−2G(1, z)G(0, z)−2G(1−z, y)G(0, z)+G(1, y)(−4G(0, z)+4G(1, z)+4G(1−z, y))
)

+G(0, y)
(

−6G(1, z)G(0, z)2 + 3G(1, z)2G(0, z) +
(

4G(0, z)G(1, z)− 2G(0, z)2
)

G(1− z, y)

+G(1, y)(2G(0, z)G(1, z) + 2G(0, z)G(1− z, y))
)

+G(1, y)
(

3G(0, z)G(1, z)2 +G(1− z, y)(6G(0, z)G(1, z)− 10G(1, z)G(−z, y))
)

+
(

−2G(0, y)2 + (8G(0, z)− 4G(1, y) + 10G(1, z) + 4G(1− z, y))G(0, y)− 5G(1, z)2 − 8G(0, z)G(1, z)

+G(1, y)(−6G(0, z)− 16G(1, z)− 16G(1− z, y)) + (−4G(0, z)− 4G(1, z))G(1− z, y)
)

G(0, 1, z)

+
(

−2G(0, z)2 + 2G(0, y)G(0, z) + 6G(1, y)G(0, z) + 8G(1− z, y)G(0, z) + 10G(1, z)G(−z, y)

+ 2G(0, 1, z)
)

G(0, 1− z, y) + (2G(0, y)G(1, z)− 2G(0, z)G(1, z)− 10G(1, y)G(1, z))G(0,−z, y)

+G(1, y)(10G(1, z)− 10G(1− z, y))G(−z, 1− z, y)

+G(1− z, 1, y)
(

−2G(0, y)2 + (2G(0, z)− 4G(1, y)− 8G(1, z)− 8G(1− z, y))G(0, y)− 6G(0, z)G(1, z)

+ 10G(1, z)G(−z, y) + 16G(0, 1, z) + 10G(−z, 1− z, y)
)

+G(0, 1, y)(−2G(0, z)G(1, z)+10G(−z, y)G(1, z)+G(0, y)(6G(0, z)− 4G(1, y)−6G(1, z)−6G(1− z, y))

− 8G(0, z)G(1− z, y) + 4G(0, 1, z)− 8G(1− z, 1, y) + 10G(−z, 1− z, y))

+ (4G(0, y)− 4G(0, z) + 8G(1, y) + 4G(1, z) + 4G(1− z, y))G(0, 0, 1, y)

+ (−10G(0, y) + 6G(0, z) + 22G(1, y) + 2G(1, z) + 4G(1− z, y))G(0, 0, 1, z)− 4G(0, z)G(0, 0, 1− z, y)

+ 8G(0, y)G(0, 1, 1, y) + (−26G(0, y) + 26G(1, y) + 28G(1, z) + 12G(1− z, y))G(0, 1, 1, z)

+ (−4G(0, y)− 2G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(0, 1− z, 1, y)

− 16G(0, z)G(0, 1− z, 1− z, y) + (2G(0, y)− 2G(0, z)− 10G(1, y)− 10G(1, z))G(0,−z, 1− z, y)

+ (2G(0, y) + 4G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(1− z, 0, 1, y) + 12G(0, y)G(1− z, 1, 1, y)

+ 16G(0, y)G(1− z, 1− z, 1, y) + (−10G(1, z)− 10G(1− z, y))G(−z, 0, 1, y)

+ (−10G(1, z)− 10G(1− z, y))G(−z, 1− z, 1, y) + 20G(1, y)G(−z, 1− z, 1− z, y)

− 12G(0, 0, 0, 1, y)− 20G(0, 0, 0, 1, z)− 8G(0, 0, 1, 1, y)− 28G(0, 0, 1, 1, z) + 12G(0, 0, 1− z, 1, y)

− 8G(0, 0,−z, 1− z, y)− 46G(0, 1, 1, 1, z) + 8G(0, 1, 1− z, 1, y) + 6G(0, 1− z, 0, 1, y)

+ 4G(0, 1− z, 1, 1, y)− 16G(0, 1− z, 1− z, 1, y) + 10G(0, 1− z,−z, 1− z, y) + 4G(1− z, 0, 1, 1, y)

− 16G(1− z, 0, 1− z, 1, y)− 16G(1− z, 1− z, 0, 1, y)+ 10G(1− z,−z, 0, 1, y)+ 10G(1− z,−z, 1− z, 1, y)

+
(

−2G(0, y)2 + (−8G(0, z) + 2G(1, y) + 10G(1, z) + 4G(1− z, y))G(0, y)− 2G(0, z)2 − 5G(1, z)2

+ 6G(0, z)G(1, z) +G(1, y)(6G(0, z)− 6G(1, z)− 6G(1− z, y)) + (4G(0, z)− 4G(1, z))G(1− z, y)

− 2G(0, 1, y) + 2G(0, 1− z, y) + 2G(1− z, 1, y)
)

ζ(2)

−
311ζ(4)

4
+ (22G(0, y) + 22G(0, z)− 18G(1, y)− 52G(1, z)− 34G(1− z, y))ζ(3) ,

(46)

11

R(2),C2

F

O0;4
=

(

−G(0, z)2+2G(1, z)G(0, z)+ 2G(1− z, y)G(0, z)+ 2G(1, y)2 +G(1, y)(−4G(1, z)− 4G(1− z, y))
)

G(0, y)2

+

(

−
4

3
G(1, y)3 − 2G(0, z)G(1, z)2 + 2G(0, z)2G(1, z) +

(

2G(0, z)2 − 4G(0, z)G(1, z)
)

G(1 − z, y)

)

G(0, y)

− 12G(1− z, 1, 1, y)G(0, y)− 16G(1− z, 1− z, 1, y)G(0, y)−G(0, z)2G(1, z)2

+ 2G(0, 1, y)2 − 8G(0, 1, z)2 +
(

2G(0, z)G(1, z)2 − 2G(0, z)2G(1, z)
)

G(1− z, y)

+G(1, y)
(

G(1− z, y)(8G(1, z)G(−z, y)− 4G(0, z)G(1, z))− 2G(0, z)G(1, z)2
)

+
(

2G(0, y)2 + (−4G(0, z) + 4G(1, y)− 8G(1, z)− 4G(1− z, y))G(0, y) + 8G(1, z)2 + 8G(0, z)G(1, z)

+ (4G(0, z) + 4G(1, z))G(1− z, y) +G(1, y)(4G(0, z) + 12G(1, z) + 12G(1− z, y))
)

G(0, 1, z)

+
(

2G(0, z)2 − 4G(0, y)G(0, z)− 4G(1, y)G(0, z)− 8G(1− z, y)G(0, z)− 8G(1, z)G(−z, y)
)

G(0, 1− z, y)

+ 8G(1, y)G(1, z)G(0,−z, y)

+G(1− z, 1, y)
(

2G(0, y)2 + (−4G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(0, y) + 4G(0, z)G(1, z)

− 8G(1, z)G(−z, y)− 12G(0, 1, z)− 8G(−z, 1− z, y)
)

+G(0, 1, y)
(

4G(1, y)2+4G(0, z)G(1− z, y)+G(0, y)(4G(1, y)+4G(1, z)+4G(1− z, y))− 8G(1, z)G(−z, y)

− 4G(0, 1, z) + 8G(1− z, 1, y)− 8G(−z, 1− z, y)
)

+G(1, y)(8G(1− z, y)− 8G(1, z))G(−z, 1− z, y)

+(−8G(0, y)−16G(1, y))G(0, 0, 1, y)+(4G(0, y)−8G(0, z)−16G(1, y)−12G(1, z)−4G(1−z, y))G(0, 0, 1, z)

+ 4G(0, z)G(0, 0, 1− z, y) + 8G(1, z)G(0, 0,−z, y) + (−8G(0, y)− 8G(1, y))G(0, 1, 1, y)

+ (20G(0, y)− 4G(0, z)− 20G(1, y)− 32G(1, z)− 12G(1− z, y))G(0, 1, 1, z)

+ (4G(0, y) + 4G(0, z)− 4G(1, y)− 8G(1, z)− 8G(1− z, y))G(0, 1− z, 1, y) + 16G(0, z)G(0, 1− z, 1− z, y)

+ (8G(1, y) + 8G(1, z))G(0,−z, 1− z, y) + (−4G(1, y)− 8G(1, z)− 8G(1− z, y))G(1− z, 0, 1, y)

+ (8G(1, z) + 8G(1− z, y))G(−z, 0, 1, y) + 8G(1, z)G(−z, 0, 1− z, y)

+ (8G(1, z) + 8G(1− z, y))G(−z, 1− z, 1, y)− 16G(1, y)G(−z, 1− z, 1− z, y) + 24G(0, 0, 0, 1, y)

+ 32G(0, 0, 0, 1, z) + 16G(0, 0, 1, 1, y) + 36G(0, 0, 1, 1, z)− 12G(0, 0, 1− z, 1, y) + 8G(0, 0,−z, 1− z, y)

+ 8G(0, 1, 1, 1, y) + 48G(0, 1, 1, 1, z)− 8G(0, 1, 1− z, 1, y)− 8G(0, 1− z, 0, 1, y)− 4G(0, 1− z, 1, 1, y)

+ 16G(0, 1− z, 1− z, 1, y)− 8G(0, 1− z,−z, 1− z, y)− 4G(1− z, 0, 0, 1, y)− 4G(1− z, 0, 1, 1, y)

+ 16G(1− z, 0, 1− z, 1, y) + 16G(1− z, 1− z, 0, 1, y)− 8G(1− z,−z, 0, 1, y)− 8G(1− z,−z, 1− z, 1, y)

+
(

2G(0, y)2 + (12G(0, z)− 8G(1, y)− 8G(1, z)− 4G(1− z, y))G(0, y) + 2G(0, z)2 + 4G(1, y)2 + 8G(1, z)2

− 12G(0, z)G(1, z) + (4G(1, z)− 4G(0, z))G(1− z, y) +G(1, y)(−4G(0, z) + 4G(1, z) + 4G(1− z, y))
)

ζ(2)

+ 69ζ(4) + (−16G(0, y)− 16G(0, z) + 12G(1, y) + 44G(1, z) + 32G(1− z, y))ζ(3) .

(47)

Although each terms is very complicated, the sum of the three terms (or equivalently, by changing CF to be CA) is
remarkably simple as given in (18), which is expressed in terms of only classical polylogarithms.

Next, we give the result of R(2)
ψ̄ψ;4

(1q, 2q̄, 3±). It has the same color structure as previous case, and we also express

the result in the same basis of 2d Harmonic polylogarithms:

R(2)
ψ̄ψ;4

(1q, 2q̄, 3±) = C2
AR

(2),C2

A

ψ̄ψ;4
(1q, 2q̄, 3±) + CACFR

(2),CACF

ψ̄ψ;4
(1q, 2q̄, 3±) + C2

FR
(2),C2

F

ψ̄ψ;4
(1q, 2q̄, 3±) , (48)

G (1 − z, − z,1 − z,1,y)

ℛ(2)
tr(F2);4(1

q,2q̄,3±) = C2
Aℛ(2),C2

A
tr(F2);4(1

q,2q̄,3±) + CACFℛ(2),CACF
tr(F2);4 (1q,2q̄,3±) + C2

Fℛ(2),C2
F

tr(F2);4(1
q,2q̄,3±)



Multiple 
polyLogarithm

Sum three terms together we get the 3-gluon result !   
(not obvious in Nc expansion!)

9

Harmonic polylogarithms [61]: G(m⃗(z); y) and G(m⃗; z), where y = v = s23
q2 , z = w = s13

q2 . Explicitly, they are:

R(2),C2

A

O0;4
=

4

3
G(0, z)G(1, z)3−

3

2
G(0, z)2G(1, z)2 +2G(−z, y)2G(1, z)2− 2G(0, z)G(−z, y)G(1, z)2−

4

3
G(−z, y)3G(1, z)

− 4G(0, 0,−z, y)G(1, z) + 2G(−z, 0, 1− z, y)G(1, z)− 3G(0, 1, z)2 +G(0, y)2
(

−
3

2
G(0, z)2 +G(1, z)G(0, z)

+
1

2
G(1, z)2 +

1

2
G(1− z, y)2 +G(1, y)(2G(0, z)− 2G(1, z)− 2G(1− z, y))+ (G(0, z) +G(1, z))G(1− z, y)

)

+G(1− z, y)2
(

1

2
G(0, z)2 + 2G(1, z)G(0, z)− 2G(1, z)G(−z, y)

)

+G(1− z, y)
(

−G(1, z)G(0, z)2 + 4G(1, z)2G(0, z)− 2G(1, z)G(−z, y)G(0, z) + 4G(1, z)G(−z, y)2
)

+G(0, y)
(

3G(1, z)G(0, z)2− 2G(1, z)2G(0, z)−G(1− z, y)2G(0, z)+
(

2G(0, z)G(1, z)− 2G(1, z)2
)

G(−z, y)

+G(1− z, y)
(

G(0, z)2 − 4G(1, z)G(0, z)− 2G(1, z)G(−z, y)
))

+G(1, y)
(

G(1− z, y)(2G(1, z)G(−z, y)− 2G(0, z)G(1, z))−G(0, z)G(1, z)2
)

+
(

−3G(1, z)2 + 8G(−z, y)G(1, z)− 4G(1− z, y)2 − 4G(−z, y)2 +G(0, y)(−4G(0, z)− 2G(1, z))

+G(1, y)(2G(0, z) + 4G(1, z) + 4G(1− z, y)) +G(1− z, y)(8G(−z, y)− 8G(1, z))
)

G(0, 1, z)

+ (−2G(0, y)G(0, z)− 2G(1, y)G(0, z) + 4G(1, z)G(0, z)− 2G(1, z)G(−z, y)− 2G(0, 1, z))G(0, 1− z, y)

+ (2G(0, y)G(1, z)− 2G(0, z)G(1, z) + 2G(1, y)G(1, z))G(0,−z, y) +G(0, 1, y)(2G(0, z)G(1− z, y)

+G(0, y)(−4G(0, z) + 4G(1, z) + 4G(1− z, y))− 2G(1, z)G(−z, y)− 2G(−z, 1− z, y))

+G(1− z, 1, y)(2G(0, z)G(1, z)− 2G(−z, y)G(1, z) +G(0, y)(−2G(0, z) + 4G(1, z) + 4G(1− z, y))

− 4G(0, 1, z)− 2G(−z, 1− z, y)) +
(

−2G(1− z, y)2 + (4G(1, z)− 2G(0, z))G(1− z, y)− 2G(0, z)G(1, z)

+G(0, y)(2G(0, z)− 2G(1, z)− 2G(1− z, y)) +G(1, y)(2G(1− z, y)− 2G(1, z))
)

G(−z, 1− z, y)

+ (4G(0, z)− 4G(1, z)− 4G(1− z, y))G(0, 0, 1, y)

+ (6G(0, y) + 2G(0, z)− 6G(1, y) + 10G(1, z) + 8G(1− z, y)− 8G(−z, y))G(0, 0, 1, z)

+4G(0, z)G(0, 0, 1−z, y)+(6G(0, y)+4G(0, z)−6G(1, y)+4G(1, z)+8G(1−z, y)−8G(−z, y))G(0, 1, 1, z)

+ (2G(0, z)− 4G(1, z)− 4G(1− z, y))G(0, 1− z, 1, y) + 4G(0, z)G(0, 1− z, 1− z, y)

+ (2G(0, y)− 2G(0, z) + 2G(1, y) + 2G(1, z))G(0,−z, 1− z, y)

+ (−2G(0, y)− 4G(1, z)− 4G(1− z, y))G(1− z, 0, 1, y)− 4G(0, y)G(1− z, 1− z, 1, y)

+ (2G(1, z) + 2G(1 − z, y))G(−z, 0, 1, y) + (2G(1, z) + 2G(1− z, y))G(−z, 1− z, 1, y)

+ (−4G(1, y)− 4G(1, z) + 8G(1− z, y))G(−z, 1− z, 1− z, y) + 8G(1 − z, y)G(−z,−z, 1− z, y)

− 12G(0, 0, 0, 1, z)− 8G(0, 0, 1, 1, z)− 4G(0, 0,−z, 1− z, y)− 2G(0, 1, 1, 1, z) + 2G(0, 1− z, 0, 1, y)

+ 4G(0, 1− z, 1− z, 1, y)− 2G(0, 1− z,−z, 1− z, y) + 4G(1− z, 0, 0, 1, y) + 4G(1− z, 0, 1− z, 1, y)

+ 4G(1− z, 1− z, 0, 1, y)− 2G(1− z,−z, 0, 1, y)− 2G(1− z,−z, 1− z, 1, y)− 12G(−z, 1− z, 1− z, 1− z, y)

− 8G(−z,−z, 1− z, 1− z, y)− 8G(−z,−z,−z, 1− z, y) +
(

−3G(1, z)2 + 3G(0, z)G(1, z)+ 2G(−z, y)G(1, z)

− 4G(1− z, y)2 + (3G(0, z)− 8G(1, z))G(1− z, y) +G(1, y)(−2G(0, z) + 2G(1, z) + 2G(1− z, y))

+G(0, y)(−G(0, z) +G(1, z) + 3G(1− z, y))− 2G(0, 1− z, y)− 2G(1− z, 1, y) + 2G(−z, 1− z, y)
)

ζ(2)

+
119ζ(4)

8
+ (−7G(0, y)− 7G(0, z) + 6G(1, y) + 7G(1, z) +G(1− z, y))ζ(3) ,

(45)
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R(2),CACF

O0;4
= −

4

3
G(0, z)G(1, z)3 + 3G(0, z)2G(1, z)2 − 8G(0, 0,−z, y)G(1, z)− 10G(−z, 0, 1− z, y)G(1, z)

− 2G(0, 1, y)2 + 11G(0, 1, z)2 +
(

2G(0, z)2G(1, z)− 2G(0, z)G(1, z)2
)

G(1− z, y)

+G(0, y)2
(

3G(0, z)2−2G(1, z)G(0, z)−2G(1−z, y)G(0, z)+G(1, y)(−4G(0, z)+4G(1, z)+4G(1−z, y))
)

+G(0, y)
(

−6G(1, z)G(0, z)2 + 3G(1, z)2G(0, z) +
(

4G(0, z)G(1, z)− 2G(0, z)2
)

G(1− z, y)

+G(1, y)(2G(0, z)G(1, z) + 2G(0, z)G(1− z, y))
)

+G(1, y)
(

3G(0, z)G(1, z)2 +G(1− z, y)(6G(0, z)G(1, z)− 10G(1, z)G(−z, y))
)

+
(

−2G(0, y)2 + (8G(0, z)− 4G(1, y) + 10G(1, z) + 4G(1− z, y))G(0, y)− 5G(1, z)2 − 8G(0, z)G(1, z)

+G(1, y)(−6G(0, z)− 16G(1, z)− 16G(1− z, y)) + (−4G(0, z)− 4G(1, z))G(1− z, y)
)

G(0, 1, z)

+
(

−2G(0, z)2 + 2G(0, y)G(0, z) + 6G(1, y)G(0, z) + 8G(1− z, y)G(0, z) + 10G(1, z)G(−z, y)

+ 2G(0, 1, z)
)

G(0, 1− z, y) + (2G(0, y)G(1, z)− 2G(0, z)G(1, z)− 10G(1, y)G(1, z))G(0,−z, y)

+G(1, y)(10G(1, z)− 10G(1− z, y))G(−z, 1− z, y)

+G(1− z, 1, y)
(

−2G(0, y)2 + (2G(0, z)− 4G(1, y)− 8G(1, z)− 8G(1− z, y))G(0, y)− 6G(0, z)G(1, z)

+ 10G(1, z)G(−z, y) + 16G(0, 1, z) + 10G(−z, 1− z, y)
)

+G(0, 1, y)(−2G(0, z)G(1, z)+10G(−z, y)G(1, z)+G(0, y)(6G(0, z)− 4G(1, y)−6G(1, z)−6G(1− z, y))

− 8G(0, z)G(1− z, y) + 4G(0, 1, z)− 8G(1− z, 1, y) + 10G(−z, 1− z, y))

+ (4G(0, y)− 4G(0, z) + 8G(1, y) + 4G(1, z) + 4G(1− z, y))G(0, 0, 1, y)

+ (−10G(0, y) + 6G(0, z) + 22G(1, y) + 2G(1, z) + 4G(1− z, y))G(0, 0, 1, z)− 4G(0, z)G(0, 0, 1− z, y)

+ 8G(0, y)G(0, 1, 1, y) + (−26G(0, y) + 26G(1, y) + 28G(1, z) + 12G(1− z, y))G(0, 1, 1, z)

+ (−4G(0, y)− 2G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(0, 1− z, 1, y)

− 16G(0, z)G(0, 1− z, 1− z, y) + (2G(0, y)− 2G(0, z)− 10G(1, y)− 10G(1, z))G(0,−z, 1− z, y)

+ (2G(0, y) + 4G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(1− z, 0, 1, y) + 12G(0, y)G(1− z, 1, 1, y)

+ 16G(0, y)G(1− z, 1− z, 1, y) + (−10G(1, z)− 10G(1− z, y))G(−z, 0, 1, y)

+ (−10G(1, z)− 10G(1− z, y))G(−z, 1− z, 1, y) + 20G(1, y)G(−z, 1− z, 1− z, y)

− 12G(0, 0, 0, 1, y)− 20G(0, 0, 0, 1, z)− 8G(0, 0, 1, 1, y)− 28G(0, 0, 1, 1, z) + 12G(0, 0, 1− z, 1, y)

− 8G(0, 0,−z, 1− z, y)− 46G(0, 1, 1, 1, z) + 8G(0, 1, 1− z, 1, y) + 6G(0, 1− z, 0, 1, y)

+ 4G(0, 1− z, 1, 1, y)− 16G(0, 1− z, 1− z, 1, y) + 10G(0, 1− z,−z, 1− z, y) + 4G(1− z, 0, 1, 1, y)

− 16G(1− z, 0, 1− z, 1, y)− 16G(1− z, 1− z, 0, 1, y)+ 10G(1− z,−z, 0, 1, y)+ 10G(1− z,−z, 1− z, 1, y)

+
(

−2G(0, y)2 + (−8G(0, z) + 2G(1, y) + 10G(1, z) + 4G(1− z, y))G(0, y)− 2G(0, z)2 − 5G(1, z)2

+ 6G(0, z)G(1, z) +G(1, y)(6G(0, z)− 6G(1, z)− 6G(1− z, y)) + (4G(0, z)− 4G(1, z))G(1− z, y)

− 2G(0, 1, y) + 2G(0, 1− z, y) + 2G(1− z, 1, y)
)

ζ(2)

−
311ζ(4)

4
+ (22G(0, y) + 22G(0, z)− 18G(1, y)− 52G(1, z)− 34G(1− z, y))ζ(3) ,

(46)

11

R(2),C2

F

O0;4
=

(

−G(0, z)2+2G(1, z)G(0, z)+ 2G(1− z, y)G(0, z)+ 2G(1, y)2 +G(1, y)(−4G(1, z)− 4G(1− z, y))
)

G(0, y)2

+

(

−
4

3
G(1, y)3 − 2G(0, z)G(1, z)2 + 2G(0, z)2G(1, z) +

(

2G(0, z)2 − 4G(0, z)G(1, z)
)

G(1 − z, y)

)

G(0, y)

− 12G(1− z, 1, 1, y)G(0, y)− 16G(1− z, 1− z, 1, y)G(0, y)−G(0, z)2G(1, z)2

+ 2G(0, 1, y)2 − 8G(0, 1, z)2 +
(

2G(0, z)G(1, z)2 − 2G(0, z)2G(1, z)
)

G(1− z, y)

+G(1, y)
(

G(1− z, y)(8G(1, z)G(−z, y)− 4G(0, z)G(1, z))− 2G(0, z)G(1, z)2
)

+
(

2G(0, y)2 + (−4G(0, z) + 4G(1, y)− 8G(1, z)− 4G(1− z, y))G(0, y) + 8G(1, z)2 + 8G(0, z)G(1, z)

+ (4G(0, z) + 4G(1, z))G(1− z, y) +G(1, y)(4G(0, z) + 12G(1, z) + 12G(1− z, y))
)

G(0, 1, z)

+
(

2G(0, z)2 − 4G(0, y)G(0, z)− 4G(1, y)G(0, z)− 8G(1− z, y)G(0, z)− 8G(1, z)G(−z, y)
)

G(0, 1− z, y)

+ 8G(1, y)G(1, z)G(0,−z, y)

+G(1− z, 1, y)
(

2G(0, y)2 + (−4G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(0, y) + 4G(0, z)G(1, z)

− 8G(1, z)G(−z, y)− 12G(0, 1, z)− 8G(−z, 1− z, y)
)

+G(0, 1, y)
(

4G(1, y)2+4G(0, z)G(1− z, y)+G(0, y)(4G(1, y)+4G(1, z)+4G(1− z, y))− 8G(1, z)G(−z, y)

− 4G(0, 1, z) + 8G(1− z, 1, y)− 8G(−z, 1− z, y)
)

+G(1, y)(8G(1− z, y)− 8G(1, z))G(−z, 1− z, y)

+(−8G(0, y)−16G(1, y))G(0, 0, 1, y)+(4G(0, y)−8G(0, z)−16G(1, y)−12G(1, z)−4G(1−z, y))G(0, 0, 1, z)

+ 4G(0, z)G(0, 0, 1− z, y) + 8G(1, z)G(0, 0,−z, y) + (−8G(0, y)− 8G(1, y))G(0, 1, 1, y)

+ (20G(0, y)− 4G(0, z)− 20G(1, y)− 32G(1, z)− 12G(1− z, y))G(0, 1, 1, z)

+ (4G(0, y) + 4G(0, z)− 4G(1, y)− 8G(1, z)− 8G(1− z, y))G(0, 1− z, 1, y) + 16G(0, z)G(0, 1− z, 1− z, y)

+ (8G(1, y) + 8G(1, z))G(0,−z, 1− z, y) + (−4G(1, y)− 8G(1, z)− 8G(1− z, y))G(1− z, 0, 1, y)

+ (8G(1, z) + 8G(1− z, y))G(−z, 0, 1, y) + 8G(1, z)G(−z, 0, 1− z, y)

+ (8G(1, z) + 8G(1− z, y))G(−z, 1− z, 1, y)− 16G(1, y)G(−z, 1− z, 1− z, y) + 24G(0, 0, 0, 1, y)

+ 32G(0, 0, 0, 1, z) + 16G(0, 0, 1, 1, y) + 36G(0, 0, 1, 1, z)− 12G(0, 0, 1− z, 1, y) + 8G(0, 0,−z, 1− z, y)

+ 8G(0, 1, 1, 1, y) + 48G(0, 1, 1, 1, z)− 8G(0, 1, 1− z, 1, y)− 8G(0, 1− z, 0, 1, y)− 4G(0, 1− z, 1, 1, y)

+ 16G(0, 1− z, 1− z, 1, y)− 8G(0, 1− z,−z, 1− z, y)− 4G(1− z, 0, 0, 1, y)− 4G(1− z, 0, 1, 1, y)

+ 16G(1− z, 0, 1− z, 1, y) + 16G(1− z, 1− z, 0, 1, y)− 8G(1− z,−z, 0, 1, y)− 8G(1− z,−z, 1− z, 1, y)

+
(

2G(0, y)2 + (12G(0, z)− 8G(1, y)− 8G(1, z)− 4G(1− z, y))G(0, y) + 2G(0, z)2 + 4G(1, y)2 + 8G(1, z)2

− 12G(0, z)G(1, z) + (4G(1, z)− 4G(0, z))G(1− z, y) +G(1, y)(−4G(0, z) + 4G(1, z) + 4G(1− z, y))
)

ζ(2)

+ 69ζ(4) + (−16G(0, y)− 16G(0, z) + 12G(1, y) + 44G(1, z) + 32G(1− z, y))ζ(3) .

(47)

Although each terms is very complicated, the sum of the three terms (or equivalently, by changing CF to be CA) is
remarkably simple as given in (18), which is expressed in terms of only classical polylogarithms.

Next, we give the result of R(2)
ψ̄ψ;4

(1q, 2q̄, 3±). It has the same color structure as previous case, and we also express

the result in the same basis of 2d Harmonic polylogarithms:

R(2)
ψ̄ψ;4

(1q, 2q̄, 3±) = C2
AR

(2),C2

A

ψ̄ψ;4
(1q, 2q̄, 3±) + CACFR

(2),CACF

ψ̄ψ;4
(1q, 2q̄, 3±) + C2

FR
(2),C2

F

ψ̄ψ;4
(1q, 2q̄, 3±) , (48)

G (1 − z, − z,1 − z,1,y)

ℛ(2)
tr(F2);4

(1−,2−,3±) = − 2 [J4 (−
uv
w ) + J4 (−

vw
u ) + J4 (−

wu
v )] − 8

3

∑
i=1 [Li4(1 −

1
ui

) +
log4 ui

4! ] − 2 [
3

∑
i=1

Li2(1 −
1
ui

)]
2

+
1
2 [

3

∑
i=1

log2 ui]
2

+ 2(J2
2 − ζ2J2) −

log4(uvw)
4!

− ζ3log(uvw) −
123
8

ζ4

J4(x) = Li4(x) − log(−x)Li3(x) +
log2(−x)

2!
Li2(x) −

log3(−x)
3!

Li1(x) −
log4(−x)

48
, J2 =

3

∑
i=1

(Li2(1 − ui) +
1
2

log(ui)log(ui+1))

ℛ(2)
tr(F2);4(1

q,2q̄,3±) = C2
Aℛ(2),C2

A
tr(F2);4(1

q,2q̄,3±) + CACFℛ(2),CACF
tr(F2);4 (1q,2q̄,3±) + C2

Fℛ(2),C2
F

tr(F2);4(1
q,2q̄,3±)

ℛ(2),C2
A

tr(F2);4(1
q,2q̄,3±) + ℛ(2),CACF

tr(F2);4 (1q,2q̄,3±) + ℛ(2),C2
F

tr(F2);4(1
q,2q̄,3±) = ℛ(2)

tr(F2);4(1
−,2−,3±)



For length-3 operator, the correspondence is the same !

J4(x) = Li4(x) − log(−x)Li3(x) +
log2(−x)

2!
Li2(x) −

log3(−x)
3!

Li1(x) −
log4(−x)

48
, J2 =

3

∑
i=1

(Li2(1 − ui) +
1
2

log(ui)log(ui+1))

ℛ(2),C2
A

𝒪4;4
(1q,2q̄,3±) + ℛ(2),CACF

𝒪4;4
(1q,2q̄,3±) + ℛ(2),C2

F
𝒪4;4

(1q,2q̄,3±) = ℛ(2)
tr(F3);4(1

−,2−,3±)

ℛ(2)
𝒪4;4

(1q,2q̄,3±) = C2
Aℛ(2),C2

A
𝒪4;4

(1q,2q̄,3±) + CACFℛ(2),CACF
𝒪4;4

(1q,2q̄,3±) + C2
Fℛ(2),C2

F
𝒪4;4

(1q,2q̄,3±)

15

color structure as previous case, and in the basis of 2d Harmonic polylogarithms we have:

R
(2),C2

A

O4;4
= ζ(2)

(

G(0, y)(3G(1− z, y)− 2G(0, z) + 3G(1, z))−G(1 − z, y)2 + (3G(0, z)− 4G(1, z))G(1− z, y)

− 2G(0, 1− z, y)− 2G(1− z, 1, y)−
1

2
G(0, y)2 −

1

2
G(0, z)2 − 2G(1, z)2 + 3G(0, z)G(1, z)− 2G(0, 1, z)

)

+ ζ(3)(11G(1− z, y)− 6G(0, y)− 6G(0, z) + 11G(1, z))− 3G(1, z)G(0, 0,−z, y)

+

(

1

4
G(0, z)2 +

1

2
G(1, z)G(0, z)

)

G(1− z, y)2 +

(

3

2
G(0, z)G(1, z)2 −

1

2
G(0, z)2G(1, z)

)

G(1 − z, y)

+G(0, y)2
(

1

4
G(1− z, y)2+

(

1

2
G(0, z)+

1

2
G(1, z)

)

G(1− z, y)−
1

4
G(0, z)2+

1

2
G(1, z)G(0, z)+

1

4
G(1, z)2

)

+G(0, y)

(

−G(0, z)G(1− z, y)2 +

(

1

2
G(0, z)2 − 2G(0, z)G(1, z)

)

G(1 − z, y) +
1

2
G(1, z)G(0, z)2

−G(1, z)2G(0, z)

)

+G(0, 1, z)

(

G(0, y)(G(1− z, y) +G(1, z))−
1

2
G(1− z, y)2 − 3G(1, z)G(1− z, y)−G(0, y)2 −

3

2
G(1, z)2

)

+
(

G(0, z)G(1− z, y)−G(0, z)2 + 2G(1, z)G(0, z)− 2G(0, 1, z)
)

G(0, 1− z, y)

+
(

−G(0, y)2 − 2G(0, 1, y)
)

G(1− z, 1, y) +G(0, 0, 1, z)(2G(1− z, y) +G(0, y) + 2G(1, z))

+G(0, z)G(0, 0, 1− z, y) +G(0, 1, 1, z)(3G(1− z, y)−G(0, y) + 3G(1, z))−G(0, z)G(0, 1− z, 1− z, y)

+ 2G(0, y)G(1− z, 1, 1, y) +G(0, y)G(1 − z, 1− z, 1, y) + 2G(0, 0, 1− z, 1, y)− 3G(0, 0,−z, 1− z, y)

+ 2G(0, 1, 1− z, 1, y) + 2G(0, 1− z, 0, 1, y) + 2G(0, 1− z, 1, 1, y)−G(0, 1− z, 1− z, 1, y)

+ 2G(1− z, 0, 0, 1, y) + 2G(1− z, 0, 1, 1, y)−G(1 − z, 0, 1− z, 1, y)−G(1− z, 1− z, 0, 1, y)

+
1

2
G(0, z)G(1, z)3 −

1

4
G(0, z)2G(1, z)2 − 3G(0, 0, 0, 1, z)− 2G(0, 0, 1, 1, z)− 3G(0, 1, 1, 1, z)−

27ζ(4)

8
,

(52)

R(2),CACF

O4;4
= ζ(2)

(

G(0, y)(−2G(1− z, y)− 2G(1, z)) + (2G(1, z)− 2G(0, z))G(1− z, y) + 2G(0, 1− z, y)

+ 2G(1− z, 1, y) +G(0, y)2 +G(0, z)2 +G(1, z)2 − 2G(0, z)G(1, z) + 2G(0, 1, z)
)

+ ζ(3)(−38G(1− z, y) + 6G(0, y) + 6G(0, z)− 38G(1, z))

+G(0, y)2
(

−G(1, z)G(1− z, y)−
1

2
G(1− z, y)2 −

1

2
G(1, z)2

)

− 2G(0, y)G(0, 1, 1, z)

− 2G(0, y)G(1− z, 1, 1, y) + 2G(0, y)G(1− z, 1− z, 1, y) +

(

G(0, z)G(1, z)−
1

2
G(0, z)2

)

G(1 − z, y)2

+G(0, 1, z)
(

G(0, y)(2G(1− z, y) + 2G(1, z))−G(1 − z, y)2 +G(0, y)2
)

+
(

2G(0, z)G(1− z, y) +G(0, z)2 − 2G(1, z)G(0, z) + 2G(0, 1, z)
)

G(0, 1− z, y)

+
(

G(0, y)2 + 2G(0, 1, y)
)

G(1 − z, 1, y) +G(0, 0, 1, z)(−2G(1− z, y)− 4G(0, y)− 2G(1, z))

− 4G(0, z)G(0, 0, 1− z, y) + 6G(1, z)G(0, 0,−z, y)− 2G(0, z)G(0, 1− z, 1− z, y)

− 2G(0, 0, 1− z, 1, y) + 6G(0, 0,−z, 1− z, y)− 2G(0, 1, 1− z, 1, y)− 2G(0, 1− z, 0, 1, y)

− 2G(0, 1− z, 1, 1, y)− 2G(0, 1− z, 1− z, 1, y)− 2G(1− z, 0, 0, 1, y)− 2G(1− z, 0, 1, 1, y)

− 2G(1− z, 0, 1− z, 1, y)− 2G(1− z, 1− z, 0, 1, y) + 6G(0, 0, 0, 1, z) + 2G(0, 0, 1, 1, z) +
73ζ(4)

4
,

(53)

(54)R
(2),C2

F

O4;4
= ζ(3)(24G(1 − z, y) + 24G(1, z))− 22ζ(4) .

We can see that the explicit functions are very different between the length-2 and length-3 cases. The fact that they
both satisfy the same correspondence we provided in the main text strongly suggests the principle is universal.
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color structure as previous case, and in the basis of 2d Harmonic polylogarithms we have:
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)
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+

(
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4
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2
G(1, z)G(0, z)

)
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(

3

2
G(0, z)G(1, z)2 −

1

2
G(0, z)2G(1, z)

)

G(1 − z, y)

+G(0, y)2
(

1

4
G(1− z, y)2+

(

1

2
G(0, z)+

1

2
G(1, z)

)

G(1− z, y)−
1

4
G(0, z)2+

1

2
G(1, z)G(0, z)+

1

4
G(1, z)2

)

+G(0, y)

(

−G(0, z)G(1− z, y)2 +

(

1

2
G(0, z)2 − 2G(0, z)G(1, z)

)

G(1 − z, y) +
1

2
G(1, z)G(0, z)2

−G(1, z)2G(0, z)

)

+G(0, 1, z)

(

G(0, y)(G(1− z, y) +G(1, z))−
1

2
G(1− z, y)2 − 3G(1, z)G(1− z, y)−G(0, y)2 −

3

2
G(1, z)2

)

+
(

G(0, z)G(1− z, y)−G(0, z)2 + 2G(1, z)G(0, z)− 2G(0, 1, z)
)

G(0, 1− z, y)

+
(

−G(0, y)2 − 2G(0, 1, y)
)

G(1− z, 1, y) +G(0, 0, 1, z)(2G(1− z, y) +G(0, y) + 2G(1, z))

+G(0, z)G(0, 0, 1− z, y) +G(0, 1, 1, z)(3G(1− z, y)−G(0, y) + 3G(1, z))−G(0, z)G(0, 1− z, 1− z, y)

+ 2G(0, y)G(1− z, 1, 1, y) +G(0, y)G(1 − z, 1− z, 1, y) + 2G(0, 0, 1− z, 1, y)− 3G(0, 0,−z, 1− z, y)

+ 2G(0, 1, 1− z, 1, y) + 2G(0, 1− z, 0, 1, y) + 2G(0, 1− z, 1, 1, y)−G(0, 1− z, 1− z, 1, y)

+ 2G(1− z, 0, 0, 1, y) + 2G(1− z, 0, 1, 1, y)−G(1 − z, 0, 1− z, 1, y)−G(1− z, 1− z, 0, 1, y)

+
1

2
G(0, z)G(1, z)3 −

1

4
G(0, z)2G(1, z)2 − 3G(0, 0, 0, 1, z)− 2G(0, 0, 1, 1, z)− 3G(0, 1, 1, 1, z)−

27ζ(4)

8
,

(52)

R(2),CACF

O4;4
= ζ(2)

(

G(0, y)(−2G(1− z, y)− 2G(1, z)) + (2G(1, z)− 2G(0, z))G(1− z, y) + 2G(0, 1− z, y)

+ 2G(1− z, 1, y) +G(0, y)2 +G(0, z)2 +G(1, z)2 − 2G(0, z)G(1, z) + 2G(0, 1, z)
)

+ ζ(3)(−38G(1− z, y) + 6G(0, y) + 6G(0, z)− 38G(1, z))

+G(0, y)2
(

−G(1, z)G(1− z, y)−
1

2
G(1− z, y)2 −

1

2
G(1, z)2

)

− 2G(0, y)G(0, 1, 1, z)

− 2G(0, y)G(1− z, 1, 1, y) + 2G(0, y)G(1− z, 1− z, 1, y) +

(

G(0, z)G(1, z)−
1

2
G(0, z)2

)

G(1 − z, y)2

+G(0, 1, z)
(

G(0, y)(2G(1− z, y) + 2G(1, z))−G(1 − z, y)2 +G(0, y)2
)

+
(

2G(0, z)G(1− z, y) +G(0, z)2 − 2G(1, z)G(0, z) + 2G(0, 1, z)
)

G(0, 1− z, y)

+
(

G(0, y)2 + 2G(0, 1, y)
)

G(1 − z, 1, y) +G(0, 0, 1, z)(−2G(1− z, y)− 4G(0, y)− 2G(1, z))

− 4G(0, z)G(0, 0, 1− z, y) + 6G(1, z)G(0, 0,−z, y)− 2G(0, z)G(0, 1− z, 1− z, y)

− 2G(0, 0, 1− z, 1, y) + 6G(0, 0,−z, 1− z, y)− 2G(0, 1, 1− z, 1, y)− 2G(0, 1− z, 0, 1, y)

− 2G(0, 1− z, 1, 1, y)− 2G(0, 1− z, 1− z, 1, y)− 2G(1− z, 0, 0, 1, y)− 2G(1− z, 0, 1, 1, y)

− 2G(1− z, 0, 1− z, 1, y)− 2G(1− z, 1− z, 0, 1, y) + 6G(0, 0, 0, 1, z) + 2G(0, 0, 1, 1, z) +
73ζ(4)

4
,

(53)

(54)R
(2),C2

F

O4;4
= ζ(3)(24G(1 − z, y) + 24G(1, z))− 22ζ(4) .

We can see that the explicit functions are very different between the length-2 and length-3 cases. The fact that they
both satisfy the same correspondence we provided in the main text strongly suggests the principle is universal.

15

color structure as previous case, and in the basis of 2d Harmonic polylogarithms we have:
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= ζ(2)

(

G(0, y)(3G(1− z, y)− 2G(0, z) + 3G(1, z))−G(1 − z, y)2 + (3G(0, z)− 4G(1, z))G(1− z, y)

− 2G(0, 1− z, y)− 2G(1− z, 1, y)−
1

2
G(0, y)2 −

1

2
G(0, z)2 − 2G(1, z)2 + 3G(0, z)G(1, z)− 2G(0, 1, z)

)

+ ζ(3)(11G(1− z, y)− 6G(0, y)− 6G(0, z) + 11G(1, z))− 3G(1, z)G(0, 0,−z, y)

+

(

1

4
G(0, z)2 +

1

2
G(1, z)G(0, z)

)

G(1− z, y)2 +

(

3
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G(0, z)G(1, z)2 −

1
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G(0, z)2G(1, z)

)

G(1 − z, y)

+G(0, y)2
(
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4
G(1− z, y)2+

(
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G(0, z)+

1

2
G(1, z)

)

G(1− z, y)−
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4
G(0, z)2+

1

2
G(1, z)G(0, z)+

1

4
G(1, z)2

)

+G(0, y)

(

−G(0, z)G(1− z, y)2 +

(

1

2
G(0, z)2 − 2G(0, z)G(1, z)

)

G(1 − z, y) +
1

2
G(1, z)G(0, z)2

−G(1, z)2G(0, z)

)

+G(0, 1, z)

(

G(0, y)(G(1− z, y) +G(1, z))−
1

2
G(1− z, y)2 − 3G(1, z)G(1− z, y)−G(0, y)2 −

3

2
G(1, z)2

)

+
(

G(0, z)G(1− z, y)−G(0, z)2 + 2G(1, z)G(0, z)− 2G(0, 1, z)
)

G(0, 1− z, y)

+
(

−G(0, y)2 − 2G(0, 1, y)
)

G(1− z, 1, y) +G(0, 0, 1, z)(2G(1− z, y) +G(0, y) + 2G(1, z))

+G(0, z)G(0, 0, 1− z, y) +G(0, 1, 1, z)(3G(1− z, y)−G(0, y) + 3G(1, z))−G(0, z)G(0, 1− z, 1− z, y)

+ 2G(0, y)G(1− z, 1, 1, y) +G(0, y)G(1 − z, 1− z, 1, y) + 2G(0, 0, 1− z, 1, y)− 3G(0, 0,−z, 1− z, y)

+ 2G(0, 1, 1− z, 1, y) + 2G(0, 1− z, 0, 1, y) + 2G(0, 1− z, 1, 1, y)−G(0, 1− z, 1− z, 1, y)

+ 2G(1− z, 0, 0, 1, y) + 2G(1− z, 0, 1, 1, y)−G(1 − z, 0, 1− z, 1, y)−G(1− z, 1− z, 0, 1, y)

+
1

2
G(0, z)G(1, z)3 −

1

4
G(0, z)2G(1, z)2 − 3G(0, 0, 0, 1, z)− 2G(0, 0, 1, 1, z)− 3G(0, 1, 1, 1, z)−

27ζ(4)

8
,

(52)

R(2),CACF

O4;4
= ζ(2)

(

G(0, y)(−2G(1− z, y)− 2G(1, z)) + (2G(1, z)− 2G(0, z))G(1− z, y) + 2G(0, 1− z, y)

+ 2G(1− z, 1, y) +G(0, y)2 +G(0, z)2 +G(1, z)2 − 2G(0, z)G(1, z) + 2G(0, 1, z)
)

+ ζ(3)(−38G(1− z, y) + 6G(0, y) + 6G(0, z)− 38G(1, z))

+G(0, y)2
(

−G(1, z)G(1− z, y)−
1

2
G(1− z, y)2 −

1

2
G(1, z)2

)

− 2G(0, y)G(0, 1, 1, z)

− 2G(0, y)G(1− z, 1, 1, y) + 2G(0, y)G(1− z, 1− z, 1, y) +

(

G(0, z)G(1, z)−
1

2
G(0, z)2

)

G(1 − z, y)2

+G(0, 1, z)
(

G(0, y)(2G(1− z, y) + 2G(1, z))−G(1 − z, y)2 +G(0, y)2
)

+
(

2G(0, z)G(1− z, y) +G(0, z)2 − 2G(1, z)G(0, z) + 2G(0, 1, z)
)

G(0, 1− z, y)

+
(

G(0, y)2 + 2G(0, 1, y)
)

G(1 − z, 1, y) +G(0, 0, 1, z)(−2G(1− z, y)− 4G(0, y)− 2G(1, z))

− 4G(0, z)G(0, 0, 1− z, y) + 6G(1, z)G(0, 0,−z, y)− 2G(0, z)G(0, 1− z, 1− z, y)

− 2G(0, 0, 1− z, 1, y) + 6G(0, 0,−z, 1− z, y)− 2G(0, 1, 1− z, 1, y)− 2G(0, 1− z, 0, 1, y)

− 2G(0, 1− z, 1, 1, y)− 2G(0, 1− z, 1− z, 1, y)− 2G(1− z, 0, 0, 1, y)− 2G(1− z, 0, 1, 1, y)

− 2G(1− z, 0, 1− z, 1, y)− 2G(1− z, 1− z, 0, 1, y) + 6G(0, 0, 0, 1, z) + 2G(0, 0, 1, 1, z) +
73ζ(4)

4
,

(53)

(54)R
(2),C2

F

O4;4
= ζ(3)(24G(1 − z, y) + 24G(1, z))− 22ζ(4) .

We can see that the explicit functions are very different between the length-2 and length-3 cases. The fact that they
both satisfy the same correspondence we provided in the main text strongly suggests the principle is universal.

ℛ(2)
tr(F3);4 = −

3
2

Li4(u) +
3
4

Li4 (−
uv
w ) −

3
2

log(w)Li3 (−
u
v ) +

log2(u)
32 [log2(u) + 2 log2(v) − 4 log(v)log(w)]

+
ζ2

8 [5 log2(u) − 2 log(v)log(w)] −
1
4

ζ4 + perms(u, v, w),

𝒪4 = tr(FμρDρDσFσμ)

O1 = tr(F ν
µ F ρ

ν F µ
ρ ) , (2.6)

O2 = tr(DρFµνD
ρFµν) , (2.7)

O3 = tr(DρFρµDσF
σµ) , (2.8)

O4 = tr(FµρD
ρDσF

σµ) . (2.9)

Using E.O.M:

DρF
ρµ,A = −g

nf
∑

i=1

ψ̄iγ
µTAψi (2.10)

O3 → O′
3 = g2

nf
∑

i,j=1

(ψ̄iγ
µψi)(ψ̄jγµψj) (2.11)

O4 → O′
4 = gFµνD

µ

nf
∑

i,j=1

(ψ̄iγ
νTAψi) (2.12)

An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an

operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (2.13)

where the operator Oi corresponds to a Higgs-gluon interaction term Oi in the effective

Lagrangian with the Higgs field stripped off, i.e. Oi = HOi, and q2 = m2
H . In the following,

we will refer Higgs amplitudes as form factors.

Using Bianchi identity one can decompose the operator O1 as (see e.g. [2])

O2 =
1

2
∂2O0 − 4 gYM O1 + 2O4 . (2.14)

Since O4 has no contribution in the pure gluon sector, we have the relation for the form factor

FO2 =
1

2
q2FO0 − 4 gYM FO1 + 2FO4 , (2.15)

where the partial derivatives reduce to q which is the total momentum flowing through the

O0 operator. This relation should serve as a self-consistency check for the result.

In the following, we will replace O2 by a new operator

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 . (2.16)

2.2 Divergence structure

Form factors contrain UV and IR divergences, for which we apply dimensional regularization

(D = 4− 2ϵ) and use the MS scheme.

– 2 –

Sum of the three terms is same as the 3-gluon case:
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We observe a hidden analytic structure for two-loop Higgs plus three-parton amplitudes. We
compute the Higgs to two-quark and one-gluon (H ! qq̄g) and Higgs plus three-gluon (H ! 3g)
amplitudes in e↵ective theory with general operators. By changing the quadratic Casimir CF to be
CA, the maximally transcendental part of the H ! qq̄g amplitudes is reduced to that of H ! 3g
amplitudes, which also coincides with the counterpart in N = 4 SYM. This generalizes the so-called
maximal transcendentality principle to Higgs amplitudes in full QCD. We verify that the principle
applies to more general two-loop form factors with other local operators and three partons, in both
QCD and scalar-YM theory. Another interesting relation is also found between the leading color
H ! qq̄g amplitudes and the universal density function of minimal form factors with higher length
operators in N = 4 SYM. We summarize the universal two-loop building blocks and describe their
correspondences.

INTRODUCTIOIN

The study of analytic results has been crucial for un-
covering new hidden structures of scattering amplitudes.
A famous example is the Parke-Taylor formula for tree-
level maximally helicity violating (MHV) gluon ampli-
tudes [1], which is remarkably simple and unanticipated
from traditional Feynman diagram methods. Another
striking example is the six-point two-loop MHV ampli-
tude (or equivalently, lightlike hexagon Wilson loop) in
the planar maximally supersymmetric Yang-Mills (N =
4 SYM), for which the seventeen-page result in terms of
multiple polylogarithms [2] turned out to be equivalent
to a few lines of classical polylogrithms [3].

While significant progress has been made in the study
of loop amplitudes in supersymmetric theories such as
N = 4 SYM, it should be fair to say that the analytic
structure of amplitudes in realistic QCD is still largely
unexplored beyond one loop. This is partially due to the
limit of computational power or methods, such that not
so many analytic results have been obtained. (See e.g.
[4–9] for recent progress on gluon amplitudes.) Still, one
may hope that a new vista of unexplored loop structure
awaits us also in QCD.

In this paper, we consider two-loop Higgs amplitudes in
Higgs e↵ective theory [10–14] with three partons in QCD.
Understanding these observables is not only important
from a purely quantum-field-theoretical point of view but
also has a wide range of important applications, such as
in the Higgs production at the Large Hadron Collider, see
e.g. [15–25]. We find that the Higgs plus 2-quark and 1-
gluon amplitudes (H ! qq̄g) are tightly related to Higgs
plus three-gluon amplitudes (H ! 3g). Concretely, their
maximally transcendental parts are identical under a sim-
ple change of color factor. Furthermore, these maximally
transcendental parts, while being strikingly simple, turn
out to be quite universal and appear in form factors with
general local operators.

The above observation is closely related to the so-called
principle of maximal transcendentality, conjectured first
in [26, 27] that, for certain quantities such as the anoma-
lous dimensions or BFKL kernals, the QCD results [28]
with highest transcendental degree produce the N = 4
SYM results. Here, transcendental degree characterizes
the algebraic complexity of transcendental numbers or
functions. For example, ⇡n or logn(x) has degree n, the
Riemann zeta value ⇣n or polylogrithm function Lin also
has degree n, and the degree for algebraic numbers or
rational functions is zero.
A further surprising observation shows that such

a correspondence does not only apply to pure num-
bers (anomalous dimensions) but also to kinematics-
dependent functions (amplitudes) [29]: the two-loop BPS
form factor in N = 4 SYM coincides with the maxi-
mally transcendental part of the H ! 3g amplitudes
with leading dimension-5 e↵ective operator [30]. More
recently, the Higgs amplitudes with dimension-7 opera-
tors and the corresponding form factor in N = 4 SYM
were also found to share the same maximally transcen-
dental part [31–34]. See also other examples for Wilson
lines [35, 36] and collinear anomalous dimension [37].
So far, the correspondence for Higgs amplitudes or

form factors has been known only for the H ! 3g am-
plitudes, which involve only adjoint states. The surpring
new observation of this paper is that the principle can
be extended to the H ! qq̄g amplitudes. By converting
the representation of quarks from the fundamental to the
adjoint, the maximally transcendental part are precisely
the same as corresponding amplitudes with pure gluons:

Max. Tran. of (H ! qq̄g)|CF!CA

= Max. Tran. of (H ! 3g)

= Max. Tran. of N = 4 form factors .

We checked this correspondence by computing several
new results, including Higgs amplitudes with higher di-
mension operators in e↵ective theory, and form factors

It applies to form factors with more general operators:

[Jin and GY, 1904.07260]
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TABLE I. The universal maximally transcendental properties for Higgs amplitudes or form factors of length-2 and 3 operators
with three partons, and minimal form factors with higher length operators are summarized. The color-singlet operators are
classified according to their lengths and representative examples are provided. We also indicate the external on-shell partons.

Length-2 Length-3 Higher length

Operators A A F F
A

A

A
F FA A AA A FAF

Examples tr(F 2)  ̄ �̄�
tr(F 3),

tr(F ⌫
µ D�F

⇢
⌫ D

�
F

µ
⇢ )

Fµ⌫D
µ( ̄�⌫

 ),

Fµ⌫( ̄�
µ⌫
 )

tr(FL), L � 4  ̄(FL) , L � 2

External Partons (g, g, g), ( ̄, , g) ( ̄, , g) (�̄,�, g) (g, g, g) ( ̄, g, ) (g1, . . . , gL) ( ̄, g1, . . . , gL, )

Max. Trans.

Remainder

(with CF ! CA)

RL2;4(u, v, w) RL3;4(u, v, w)
P

i R
(2)
density;4(ui, vi, wi)

has been checked for both length-2 and length-3 opera-
tors. Their universal maximally transcendental parts are
given in (15) and (22), respectively. We also find that the
leading color term of H ! qq̄g amplitudes with length-3
operator is equivalent to the N = 4 remainder density
for higher length operators. A number of non-trivial new
results have been obtained to test the correspondence,
including Higgs amplitudes with higher dimensional op-
erators in the e↵ective Lagrangian, and also form factors
in both QCD and scalar-YM theory. Details of these
computations and results including lower transcendental
parts will be given elsewhere. We summarize the corre-
spondence in Table I.

What is the origin of the correspondence? One may
expect that symmetries may play an important role. In-
deed, when nf = 1, the change of fundamental quarks to
be adjoint makes the theory supersymmetric. Since N=4
SYM is conformal, one may also wonder if the confor-
mal symmetry could play any role in the correspondence;
for example, the correspondence may apply to QCD ob-
servables in its certain conformal sector. It would be
also interesting to see if the regulated N=4 SYM on the
Coulomb branch could play any role here [70–72]. Ex-
plore the relation for more general cases, such as at three
loops, or the Higgs plus four-parton amplitudes [73–75],
may help to understand better the origin of the corre-
spondence.

Let us comment on the possible applications of the
correspondence in practice. First, the correspondence al-
lows one to obtain the maximal transcendentality part
(functionally the most complicated part) in Higgs ampli-
tudes from their N = 4 counterparts. One may further
speculate that the lower transcendentality part could be
calculated in a simpler way. An example that is similar
in spirit is the well-known supersymmetric decomposition
of one-loop gluon amplitudes in QCD [50]. Evidence of
the relation for the lower transcendental parts was also
found in [33]. Another interesting connection is that,
via unitarity cuts, pure gluon/quark amplitudes appear

as building blocks of form factors. The correspondence
we found indicates that there could be hidden relations
(induced by unitarity cuts) for more general amplitudes.

As mentioned in the beginning, the final analytic re-
sults often present surprising simplicity which is hard to
understand using traditional Feynman diagram methods.
The universal relations and the simplicity of the results
we present in this paper suggest that there should be fur-
ther hidden structures to be revealed, which may lead to
a better way of computing amplitudes or form factors.
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Degree-3 part:We find a precise match between QCD and N = 4 results:

Ω(2)
O1;4

= Ω(2),N=4
O1;4

, (1.8)

which confirms the argument made in [30]. Note that the expression is slightly different from

the result of [30], which also appears in other form factors in N = 4 SYM [31–34]; this is

purely due to the change of scheme between Catani and BDS subtraction.

Weight 3: The transcendentality-3 part is give by:

Ω(2)
O1;3

=
(

1 +
u

w

)

T3 +
143

72
ζ3 −

11

24
ζ2 log(−u q2) + perms(u, v, w) ,

where

T3 :=
[

− Li3
(

−
u

w

)

+ log(u)Li2

(

v

1− u

)

−
1

2
log(1− u) log(u) log

(

w2

1− u

)

+
1

2
Li3
(

−
uv

w

)

+
1

12
log3(w)

+
1

2
log(u) log(v) log(w) + (u ↔ v)

]

+ Li3(1− v)− Li3(u) +
1

2
log2(v) log

(

1− v

u

)

− ζ2 log
(uv

w

)

.

Very interestingly, the corresponding N = 4 SYM result is given by

Ω(2),N=4
O1;3

=
(

1 +
u

w

)

T3 + perms(u, v, w) . (1.9)

The function T3 was also given as the building block of the corresponding N = 4 result [30]

and also appeared in the form factor in the SU(2) sector in N = 4 [32].

Weight 2: The transcendentality-2 part is give by:

Ω(2)
O1;2

=

{(

u2

w2
+

v2

w2
− 1

)

[

Li2(1− u) +
1

2
log(u) log(v)−

1

2
ζ2
]

−
55

48
log2(u) +

73

72
log(u) log(v)

+
23

6
ζ2 + perms(u, v, w)

}

−
19

36
log(uvw) log(−q2)−

19

24
log2(−q2) .

The first term containing the rational coefficient u2/w2+v2/w2 is identical to the correspond-

ing N = 4 SYM result. We note that the coefficient of log2(−q2) equals the coefficient of

double pole in the two-loop renormalization constant (1.6).

Weight 1 and 0: The weight-1 part is give by:

Ω(2)
O1;1

=

(

119

18
+

v

w
+

u2

2vw

)

log(u) +

(

119

18
−

1

3uvw

)

log(−q2) + perms(u, v, w) ,

where the terms with coefficients that are rational functions of {u, v, w} are identical to the

N = 4 SYM result. Finally, the weight-0 part is give by:

Ω(2)
O1;0

=
487

72

1

uvw
−

14075

216
, (1.10)

in which we note that the coefficient of 1
uvw equals the finite rational number in (1.4).
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Simplicity at lower transcendental parts

𝒪1 → ggg 𝒪1 = tr(F3)

ℛ(2),N2
c

𝒪1,α;3 = (1 +
u
w ) T3(u, v, w) +

143
72

ζ3 −
11
24

ζ2 log(u) + perms(u, v, w)

ℛ(2),N2
c

𝒩=4;3 = (1 +
u
w ) T3(u, v, w) + perms(u, v, w)



Degree-2 to 0 parts:

Simplicity at lower transcendental parts

𝒪1 → ggg 𝒪1 = tr(F3)

Degree 4. The degree-4 part comes only from the N2
c color part:

R(2),N2
c

O1,↵;4
= R(2)

L3;4 =� 3

2
Li4(u) +

3

4
Li4

⇣
�uv

w

⌘
� 3

4
log(w)

h
Li3

⇣
�u

v

⌘
+ Li3

⇣
�v

u

⌘i

+
log2(u)

32

⇥
log2(u) + log2(v) + log2(w)� 4 log(v) log(w)

⇤

+
⇣2
8

⇥
5 log2(u)� 2 log(v) log(w)

⇤
� 1

4
⇣4 + perms(u, v, w) . (A.3)

Degree 3. The transcendentality-3 part is give by:

R(2),N2
c

O1,↵;3
=
⇣
1 +

u

w

⌘
T3(u, v, w) +

143

72
⇣3 �

11

24
⇣2 log(u) + perms(u, v, w) , (A.4)

where

T3(u, v, w) :=
h
� Li3

⇣
� u

w

⌘
+ log(u)Li2

✓
v

1� u

◆
� 1

2
log(1� u) log

✓
w2

1� u

◆

+
1

2
Li3

⇣
�uv

w

⌘
+

1

2
log(u) log(v) log(w) +

1

12
log3(w) + (u $ u)

i

+ Li3(1� v)� Li3(u) +
1

2
log2(v) log

✓
1� v

u

◆
� ⇣2 log

⇣uv
w

⌘
. (A.5)

T3(u, v, w) :=
h
� Li3

⇣
� u

w

⌘
+ log(u)Li2

✓
v

1� u

◆
� 1

2
log(1� u) log

✓
w2

1� u

◆

+
1

2
Li3

⇣
�uv

w

⌘
+

1

2
log(u) log(v) log(w) +

1

12
log3(w) + (u $ u)

i

+ Li3(1� v)� Li3(u) +
1

2
log2(v) log

✓
1� v

u

◆
� ⇣2 log

⇣uv
w

⌘
. (A.6)

Degree 2. Transcendentality-2 part is give by:

R(2),N2
c

O1,↵;2
=

✓
1� u2

w2
� v2

w2

◆h
� Li2(1� u)� 1

2
log(u) log(v) +

1

2
⇣2
i

� 55

48
log2(u)� 73

72
log(u) log(v) +

23

6
⇣2 + perms(u, v, w) . (A.7)

Degree 1. The degree-1 part is give by:

R(2),N2
c

O1,↵;1
=

✓
119

18
+

v

w
+

u2

2vw

◆
log(u) + perms(u, v, w) . (A.8)

Degree 0. The degree-0 part is give by:

R(2),N2
c

O1,↵;0
=

487

72

1

uvw
� 14075

216
. (A.9)

The nf parts are relatively simple and we collect terms of di↵erent transcendentality

degree together:

R(2),Ncnf

O1,↵
=

1

12
⇣2 log(u)�

13⇣3
36

� log2(u)

4
+

1

18
log(u) log(v)� 95⇣2

72
� 64 log(u)

27
+

2863

648
+ perms(u, v, w) , (A.10)

– 26 –

Degree 4. The degree-4 part comes only from the N2
c color part:
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The nf parts are relatively simple and we collect terms of di↵erent transcendentality

degree together:
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where

R(2),N2
c

Ô1,↵;4
=R(2)

L3;4(u, v, w) , (B.3)

R(2),N2
c

Ô1,↵;3
=
⇣
1 +

u

w

⌘
T3(u, v, w) +

143

72
⇣3 �

11

24
⇣2 log(u) + perms(u, v, w) , (B.4)

R(2),N2
c

Ô1,↵;2
=

✓
u2

w2
� 1

2

◆
T2(u, v)�

55

48
log2(u)� 73

72
log(u) log(v) +

23

6
⇣2 + perms(u, v, w) ,

(B.5)

R(2),N2
c

Ô1,↵;1
=

✓
119

18
+

v

w
+

u2

2vw

◆
log(u) + perms(u, v, w) , (B.6)

R(2),N2
c

Ô1,↵;0
=
487

72

1

uvw
� 14075

216
, (B.7)

and R(2)
L3;4(u, v, w), T3(u, v, w), T2(u, v) are defined in (6.2), (6.4) and (6.5) respectively.

In (B.5), there seems to be a 1
w2 unphysical pole. The pole can be cancelled by the zero

of T2(u, v) when w ! 0:

T (u, 1� u� w) = �w
h lnu

1� u
+

ln(1� u)

u

i
+O(w2) . (B.8)

The nf parts are simpler and we collect terms of di↵erent degrees together:

R(2),Ncnf

Ô1,↵
=
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12
⇣2 log(u)�

13⇣3
36

� log2(u)

4
+
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18
log(u) log(v)� 95⇣2

72
� 64 log(u)

27
+

2863

648
+ perms(u, v, w) , (B.9)
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18
log(u) log(v) +

⇣2
36
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Finally, the terms containing log(�q2) are give by:
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T2(u, v) + u log(u) + cyclic perms(u, v, w)

i
+
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72
� vw

36u
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+Ncnf
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18u
� 2N2

c log(�q2) . (B.12)
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For transcendentality degree-2 part, a universal building block is:

T2(u, v) :=Li2(1� u) + Li2(1� v) + log(u) log(v)� ⇣2 , (6.5)

We note that in [87], a similar transcendentality-two building block was found as

I123;45 = Li2(1�
s12
s123

) + Li2(1�
s23
s123

) + log2(
s12
s23

) + ⇣2, (6.6)

which is the finite part of one-mass box functions. This is very similar to our degree-2 building

block (6.5).

As it is well-known that, the amplitude of N = 4 SYM is relatively easy to calculate,

while the calculation of QCD amplitude is much more di�cult. The principle allows one to

obtain part of a very di�cult amplitude from a simpler amplitude which may be computed

to very high loops. One should note that there are known examples where the maximal

transcendentality principle does not apply. For example, MTP does not always hold for the

four-gluon and five-gluon scattering amplitudes. The QCD four-gluon amplitudes contains

polylogarithm functions, while N = 4 SYM amplitudes only contain the simple log function.

Counter examples were also noted in the Regge limit of amplitudes [88] and for form factor

of stress tensor operator [89]. By now the sphere of application of MTP is still not clear. It

would be interesting to explore the underlying mechanism and also consider more examples.

Furthermore, it would be important to study further the structure of lower transcendentality

parts which are needed for computing full QCD results. It would be worthy to consider

amplitudes in N = 1, 2 SYM, which may serve as bridges connecting the QCD and N = 4

SYM amplitudes.

When scattering amplitudes are classified by the transcendental degrees, usually 1
sk

type

spurious poles appears. The cancellation of these unphyical poles links terms with di↵erent

transcendetal degrees, and may be used to constrain the lower transcendentality parts of the

amplitude from the higher transcendental pieces. The analytical expressions of a subset of

two-loop non-planar master integrals form Higgs to 3 parton amplitude with finite top quark

was obtained recently [90]. These integrals contains elliptical sectors. It would be interesting

to explore whether there are universal analytical structures in elliptical sectors.
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A One-loop results

We provide the one-loop bare form factor results of ✏ to all order, since the higher order in

✏ expansion will be need in the higher loop computation. r(l) is the normalized form factor
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Simplicity at lower transcendental parts

We find a precise match between QCD and N = 4 results:

Ω(2)
O1;4

= Ω(2),N=4
O1;4

, (1.8)

which confirms the argument made in [30]. Note that the expression is slightly different from

the result of [30], which also appears in other form factors in N = 4 SYM [31–34]; this is

purely due to the change of scheme between Catani and BDS subtraction.

Weight 3: The transcendentality-3 part is give by:

Ω(2)
O1;3

=
(

1 +
u

w

)

T3 +
143

72
ζ3 −

11

24
ζ2 log(−u q2) + perms(u, v, w) ,

where

T3 :=
[

− Li3
(

−
u

w

)

+ log(u)Li2

(

v

1− u

)

−
1

2
log(1− u) log(u) log

(

w2

1− u

)

+
1

2
Li3
(

−
uv

w

)

+
1

12
log3(w)

+
1

2
log(u) log(v) log(w) + (u ↔ v)

]

+ Li3(1− v)− Li3(u) +
1

2
log2(v) log

(

1− v

u

)

− ζ2 log
(uv

w

)

.

Very interestingly, the corresponding N = 4 SYM result is given by
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=
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T3 + perms(u, v, w) . (1.9)

The function T3 was also given as the building block of the corresponding N = 4 result [30]

and also appeared in the form factor in the SU(2) sector in N = 4 [32].

Weight 2: The transcendentality-2 part is give by:

Ω(2)
O1;2

=

{(

u2

w2
+

v2

w2
− 1

)

[

Li2(1− u) +
1

2
log(u) log(v)−

1

2
ζ2
]

−
55

48
log2(u) +

73

72
log(u) log(v)

+
23

6
ζ2 + perms(u, v, w)

}

−
19

36
log(uvw) log(−q2)−

19

24
log2(−q2) .

The first term containing the rational coefficient u2/w2+v2/w2 is identical to the correspond-

ing N = 4 SYM result. We note that the coefficient of log2(−q2) equals the coefficient of

double pole in the two-loop renormalization constant (1.6).

Weight 1 and 0: The weight-1 part is give by:

Ω(2)
O1;1

=

(

119

18
+

v

w
+

u2

2vw

)

log(u) +

(

119

18
−

1

3uvw

)

log(−q2) + perms(u, v, w) ,

where the terms with coefficients that are rational functions of {u, v, w} are identical to the

N = 4 SYM result. Finally, the weight-0 part is give by:

Ω(2)
O1;0

=
487

72

1

uvw
−

14075

216
, (1.10)

in which we note that the coefficient of 1
uvw equals the finite rational number in (1.4).
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O1 = tr(F ν
µ F ρ

ν F µ
ρ ) , (2.6)

O2 = tr(DρFµνD
ρFµν) , (2.7)

O3 = tr(DρFρµDσF
σµ) , (2.8)

O4 = tr(FµρD
ρDσF

σµ) . (2.9)

Using E.O.M:

DρF
ρµ,A = −g

nf
∑

i=1

ψ̄iγ
µTAψi (2.10)

O3 → O′
3 = g2

nf
∑

i,j=1

(ψ̄iγ
µψi)(ψ̄jγµψj) (2.11)

O4 → O′
4 = gFµνD

µ

nf
∑

i,j=1

(ψ̄iγ
νTAψi) (2.12)

An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an

operator Oi

FOi,n =

∫

d4x e−iq·x⟨p1, . . . , pn|Oi(x)|0⟩ , (2.13)

where the operator Oi corresponds to a Higgs-gluon interaction term Oi in the effective

Lagrangian with the Higgs field stripped off, i.e. Oi = HOi, and q2 = m2
H . In the following,

we will refer Higgs amplitudes as form factors.

Using Bianchi identity one can decompose the operator O1 as (see e.g. [2])

O2 =
1

2
∂2O0 − 4 gYM O1 + 2O4 . (2.14)

Since O4 has no contribution in the pure gluon sector, we have the relation for the form factor

FO2 =
1

2
q2FO0 − 4 gYM FO1 + 2FO4 , (2.15)

where the partial derivatives reduce to q which is the total momentum flowing through the

O0 operator. This relation should serve as a self-consistency check for the result.

In the following, we will replace O2 by a new operator

Ô2 = O2 + 4 gYM O1 − 2O4 =
1

2
∂2O0 . (2.16)

2.2 Divergence structure

Form factors contrain UV and IR divergences, for which we apply dimensional regularization

(D = 4− 2ϵ) and use the MS scheme.

– 2 –

We further decompose the functions according to transcendentality degree ranging from

4 to 0 as
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Degree-3 part:
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The idea is to apply “physical constraints”: 
For example, the universal IR divergences can be used to 
fix the finite part.

HUGE intermediate expressions Much simpler 
analytic form

What is the origin of the correspondence?

Why?



Use a set of “Uniform transcendental integrals”          as integral 
basis, e.g.:

What is the origin of the correspondence?

The maximal transcendentality part for minimal two-loop form 
factors can be uniquely fixed by the infrared divergences:

ℱ(2)
deg-4 = ∑

i

ci,(0) I(2)
i,UT = (IR div) |deg-4 + 𝒪(ϵ0)

ℱ(L) = ∑
a

∑
i

ci,(a) ϵa I(L)
i,UT

Physical information

(For N=4 BPS case, this fixes the full result !)

Contents

1 Definition of UT integrals 1

1.1 One-loop example 1

2 Quadruple cut 2

1 Definition of UT integrals

A uniform transcendental (UT) integral is an integral with uniform transcendental weight.

There are several ways to prove whether an integral is a UT integral. First, a UT integral

can be written in the dLog form. Second, one can compute all leading singularities of the

integral, or equivalently, calculate the residues at all poles of the integrand. The leading

singularities or residues of a UT integral must be always a constant. Third, a set of integral

basis formed of UT integrals can lead to simple di↵erential equations; however, for the Sudakov

form factor there is only an overall scale s12, so di↵erential equation is (unfortunately) not

directly applicable.

1.1 One-loop example

The simplest integral is one-loop form factor basis:

Itri =

Z
d
4l3

s12
l23(l3 � p1)2(l3 + p2)2

. (1.1)

It is a UT integral as can be seen explicitly from the evaluated result (regularized inD = 4�2✏

and with proper normalization)

Itri = (s�✏
12 )

h
�

1

✏2
+

⇡2

12
+

7

3
⇣3✏+

47

1440
⇡2✏2 +O(✏3)

i
. (1.2)

I(1)tri = �
1

✏2
+

⇡2

12
+

7

3
⇣3✏+

47

1440
⇡2✏2 +O(✏3) . (1.3)

In the parametric form the integral is written as

Itri =

Z
d
4a

(a1a2 � a3a4)(�a2 + a1a2 � a3a4)(a1 + a1a2 � a3a4)
. (1.4)

This can be written in the following dLog form

Itri =

Z
dLog(a1a2�a3a4) dLog(�a2+a1a2�a3a4) dLog(a1+a1a2�a3a4) dLog(a↵) , ↵ = 3, 4 .

(1.5)
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Ii,UT



Use a set of “Uniform transcendental integrals”          as integral 
basis, e.g.:

What is the origin of the correspondence?

Lower transcendentality parts can be partially fixed by infrared 
divergences, plus additional physical constraints (e.g. unitarity 
cuts, collinear limit etc).

The higher the degree, the simpler the constraints.

ℱ(2)
deg-(4−a) = ϵa ∑

i

ci,(a) I(2)
i,UT = (IR/UV div) |deg-(4−a) + 𝒪(ϵ0)

ℱ(L) = ∑
a

∑
i

ci,(a) ϵa I(L)
i,UT

Physical information

Ii,UT

Contents
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1.1 One-loop example 1

2 Quadruple cut 2

1 Definition of UT integrals

A uniform transcendental (UT) integral is an integral with uniform transcendental weight.

There are several ways to prove whether an integral is a UT integral. First, a UT integral

can be written in the dLog form. Second, one can compute all leading singularities of the

integral, or equivalently, calculate the residues at all poles of the integrand. The leading
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basis formed of UT integrals can lead to simple di↵erential equations; however, for the Sudakov

form factor there is only an overall scale s12, so di↵erential equation is (unfortunately) not

directly applicable.

1.1 One-loop example

The simplest integral is one-loop form factor basis:

Itri =
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. (1.1)
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In the parametric form the integral is written as

Itri =

Z
d
4a
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. (1.4)

This can be written in the following dLog form

Itri =

Z
dLog(a1a2�a3a4) dLog(�a2+a1a2�a3a4) dLog(a1+a1a2�a3a4) dLog(a↵) , ↵ = 3, 4 .

(1.5)
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Hierarchy of “complexity”
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Similarity at one-loop: the most challenging part is the rational part.



Summary and outlook
N=4 SYM QCD

Higgs amplitudes of high dim operators, and external quarks

(1) To which extend is the correspondence correct?

(2) What is the origin of the correspondence?
It can be proved using physical constraints.

(3) Does it help in practice? How about lower trans. parts?
Simple structure also exists and may be fixed in similar ways.

The most challenging part is the rational parts, which hopefully 
may be computed using alternative techniques. 



Summary and outlook

The study of analytic structures and the maximal 
transcendentality correspondence can be very useful.

Towards a better way of computation (in realistic QCD)?!

A new strategy: 
Divide and conquer (according transcendentality degree) 
and bootstrap results (using physical constraints)  
without intermediate complicated steps.
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Thank you for your attention


