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Why Lattice SUSY ?

In addition to the standard motivations:

To establish a formulation to investigate non-perturbative aspects of
supersymmetric theories numerically

Fundamental origin of SUSY breaking mechanism by regularization
point of view

The role of lattice chiral fermion species doubler problem in
establishing exact lattice SUSY

Necessity of N=D=4 super Yang Mills and AdS/CFT correspondence



We define forward difference operator as:

Ayud(@) = oz + ) — Blx) (a=1)

Operation of the difference operator to a product of fields:

Ay u(9192)(®) = d1(z + ny)d2(z +ny) — ¢1(x) P2 ()
= (¢1(x +ny) — ¢1(x))P2(x) + ¢1(T + ny)(P2(T + ny) — P2(x))
= (Viu01)(@)d2(2) + ¢1(x + ny) (V4 .02)(2)

Difference operator does not satisfy Leibniz rule.



simplest SUSY algebra in 1-dim.
{Q,Q =2H =210 —» {Q,Q} = 2iAy, (Aypp(z) = (x4 ny) — o(x))

There are two main obstacles for exact lattice SUSY.

1) Leibniz rule breakdown of difference operator
2) chiral fermion doublers

We proposed two formulations:
_ D’Adda, Kanamori, N.K., Nagata, (2005~2008)
A) Link approach N=2.4.D=2.3, Latt. super Y-M

Ap(91(x)p2(x)) = (Apdr)(x)d2() + d1(x + 1) (Apd2) ()
Qa(91(x)d2(w)) = (Qad1)(w)P2(x) + d1(x + aa)(Qade)(T)

Fields are on the lattice link

B) super doubler Approach D’Adda, Kanamori, N.K., Saito, (2012~2018)

O(p1 +p2+--) = 0(f(p1) + f(p2) +--+)

exact Leibniz rule but non-local field theory



N=2 SUSY in two dimensions

{Qias Qj5} = 2i6:5(v" ) a0, (Qin = (CT'QTC)ia) (= N =D =14)
Dirac-Kaehler twist (N=2)

Qai = (1Q + ’Y”Qu + 75@)%'
Twisted N=2 SUSY

conti: {QaQu} =10, {Q Qu} = —i€,,0y

Latt: {Q,Qu} =iA4, {Q,Qu} = —ic A,
Il (D)) = £(6(x £ 1) — 6(2)

super Yang-Mills extension

super connection plaguette

] (V,V,.} = +ildy,, (V,V,} = +ie U,
covariant derivative



Link Approach

We introduce a shift to the super charge operation!

Ap(o1(z)p2(z)) = (Aud1)(z)d2(z) + ¢1(x + ny)(Aud2) ()
QA(¢1($)¢2(3?)) — (QA¢1)($)¢2(ZE) - ¢1(£B - CLA)(QA%)(?L’)

_ 0 ix—(x+a )i
Qa=gg T = 90, V50,

(0.4 : super coordinate)

x4 = HA(x+aA)

There are two possible ways to interpret:
1) 04 and = are non-commutative with a shift aa

We take

{Q, Qu} — iAJru —{V, Vu} = Uy

(Q)a}+a+aﬂ,x—l—au (Q/L)x-l-au,x - (Q/L):c-l—a—I—aM,:c—l—a(Q)x—l—a,x — Z.(A,u)a:+n“,xa

(@ +a, =ny)



shift nature Fermionic gauged link
Va(or(x)pa(z)) = (Vadi)(w)p2(x) + ¢1(x + aa)(Vage)(r) Va=Vaitasa

additive shifts:
({Va,VE}9)(z) ={Va,Vp}d(z) — ¢(x +aa + ap){Va,VE}

(V,V,} = +ildy,, (V,V,} = +ie, U,

shift vectors: N

a+a+a;+as =0

solutions:
a = (arbitrary) a, =+n, —a
a=—mn1—no+a

(one arbitrary shift vector)
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Critique by
Ordering ambiguity Bruckmann, Kok & Catterall

Qa(¢1(z)g2(z)) = (Qagr(w))da(z) + ¢?1 ‘gw +a4)Qada(r)
I Iy

Qa(P2(x)91(7)) = (Qad2(x))P1(7) + P2(x + aa)Qad1(x)

¢1(z)p2(z) = da2(z)P1()

Shiftless fields product is commutable.
This ambiguity is resolved by respecting shift nature of the product.
(Qadi(2))dj(x) = ¢pj(x +aa)(Qagi(x)) i,j=1,2
(Qadi)stanz(@j)ez = (P))rtanatan(Qadi)ztans  (Pi)ye = di(x))
In general we change order of product of fields by respecting link nature:
($4)sran+anaran(@B)orape ~ (1) (Gp)orartanatan(Pa)srase

Ordering equivalence class

Extension to non-Abelian gauge theory: non-Abelian nature remains

(qﬁA)gl}FaA—l-aB,w-FaB <¢B)236—|—GB,CC ~ <_ 1) Paliés] (¢B)2:C+a,4—l—a3,x+a,4 (¢A);Iz|—au4,w



N=D=4 Twisted SUSY (continuum) ;" Soeee =0
{Qm@@j} = 25ij(a“)aBPM — {Qai,@jﬁ} = 25 (7" ap P

,u) =20 v
o eore. (147} = 26,0)

Dirac-Kaehler twisting Jiw = Ju + R

1 1 . )
Qai — _(IQ + ’Y'UJQ/L + —’Y“ Q,LLI/ + ’Y”Q,u + ’75Q)ai

V2 2
super charge: {Qa,Dp} =0  super derivative:
{Qa Qu} — +iaua {D, D,u} = —Z'au,
{on, Qu} — _Mpwv@w {Dpav Du} = +10pou Oy,
{Qpaa Q,u} — +i6p0’uuaV7 {me D,u} — _iepa/u/aw
{Q:Q,u} — _I_iauv {D7D,LL} — _ia,un

{others} = 0, {others} = 0,



Meaning of twisting

4 dim. Euclidean space: SO(4) ~ SUL(2) x SUR(2) — T
N=4 SUSY internal symmetry: gy(4) > SO(4) ~ SU(2); @ SU(2)s « R,

4 —(2,1)®(1,2) Marcus, Dirac-Kaehler

N=4 on-shell gauge multiplet with SU(4) internal symmetry: (1,4,6,4,1)

wu(2,2,1) 2S(2,1
A4(1,2,3) bun(1,1,

(SUL(2), SUR(2), SU(4))

IS

Twisting procedure for N=4 is to take SU;(2) and SUg(2)" as diagonal
subgroups of SUL(2) ® SU(2); and SUR(2) ® SU(2),

Ao (2,1,4): (2,1,4) — (2,1)®[(2,1)®(1,2)] ~ (1,1) p (3,1) B (2,2)
pT(1,1) pl,(3,1) AF(2,2)

(l/w — ‘]/W + RMD

buv(1,1,6) — A(1,1), B(1,1) V,(2,2)




Dirac-Kaehler twisting:

1

Qai = ﬁ(lQ +7"Qu + %W“”QW +7Qu +7°Q)ai
Decomposition into chiral sectors:
Q* = %(Q FQ).
Q, = T(Qp F Q).
0 = 75(QuE 36 Qur)

The same structure:

QT (1,1), QL(3,1), QF 2.92) — AH(2,2)

Q(1,1), Q,(1,3), Q,(2,2),



Extension to gauge theory

super covariant derivative (continuum):

V = D—il(z,0,), I'a(z,0) :super connection
V, = D, —il',(z,04),
Ve = D,y —il')p(2,04),
@u = Du — z'f‘u(a:7 04),

V = D—il(z,0,).

Dirac-Kaehler twisted Vi = VetV Vul = Dy = 0y —iwy, (le=0)

super covariante derivative ansatz Vul =
({vavu} = —iVﬂD @D,DM} — —z'a,D
{(Voo, Vit = +i0,5 V-0, {ng,z?ﬂ} = 440,00y,
{Va,Vp} =V, WF {me@u} = i€y Vs, <4 {Dpf,l?u} = —i€p0,0,,
S . {D,D,} = —id,,
{V,Vu} - Vo {others} = 0,
{Vvﬁ} — —’LW, {V/ﬂ/avpa} — —I_ie,w/paWa W’ (A
(V,,V,} = —i,,F, {others} = 0, I



{vAa VB} — V:I:,ua W7 F

def. of fermions and SUSY trans. of W, F, V.,
graded Jacobi id. V.F] = —p, -

~

[VA,{VB,VC}] — [VA7 (V:E/MW) F)] — )\7>‘7p7ﬁ

SUSY trans. of fermions
{ij‘u} — +i[v+u7W]a

(Va, [V, Ve, Vo = {VaA, (AN Ap, p)} = - -

N=D=4 twisted SUSY trans.:
equations of motion:

sap = [Va,o}es=o
[D-HM )‘,u] + (4,0 = 0,
D . N —[Ap = 0,
on-shell closure of algebra: P el f)]
Dips pl + [P, prv] = [B, ] = 0,
o1
[D—,u p] o iew/pa[p—i-uappa] + [B7 )\M] — 07

{SCy SD}SO — (Diua A7 B) )SO D, A |+ %ewpa[A, Poo) + €uwpo | D1y, 5\0] = 0.



N=D=4 Dirac-Kaehler twisted super Yang-Mills action
(continuum)

Stghrt = Sp+ Sk
1 1
— /d4CE tr [—§[D+,LL7D+I/] [D—M7D—V] T 1[ +M7D—H] [D+V7D_V]
1 1 1
+§[D+M7 A] [D—,ua B] T 5[2)—#7 A] [D‘H“ B] + Z[A’ B] [A’ B]
— XD s ] = iPLA, ) = iAID s, pr] + Dy M) + X[ B, A,
_ieuupcr)‘u [D+u7 ppa] T éel“/papw/ [A7 ppa]
N=D=4
s Spsym = 0,
N=D=4
_ _ Sudrsym = 0,
on-shell exact N=D=4 SUSY invariance Ne D14
Suw Srsym. = 0,
for all super charges A N—D—4
Su Srsym = 0,
s gN=D=4 _ |

TSYM B



Link Approach for Lattice super Yang-Mills N=D=4

{Qa Q,LL} — +iAiu

{QW’Q“} - _iépaﬂyAiV = {QA7QB}5U+CLA+CLB,CI} — (A:I:,u)a::tnu,a:
{QpaaQ,u} — _|_i6pO'/LVA:|:V

{Q?Q,u} — +iA:tu aps+ap = 4Ny fO?“ A‘H“
as+ap = —ny, for A_,,
a+a, = =L£ng,,
Qoo + 0 = E|0poun|nw, for p=pu or oc=pu
Apo + a4y = E|€pop|nu, for p# o # p,
a+a, = TN, symmetric shift vectors: a4
.11 11 11 11
mz = (pmptyty) e =yt Ty)
. : o1 1 11 11 11
consistent solution o= ptpryty)h m = e ety )
1 1 1 1 1 1 1 1
: : : m = CptytyTy)h m = gyt
(Any one of shift vectors is arbitrary, R P S R
= by gy gl @ = Byt
can be taken to be 0.) SRR S U S SO S NS R Iy
2722 2 272 2 2
1111 11 11
= (hptypmy)h B = Uyt
.1 111 .1 1 11
1= Gy BT bptptaty)



super connection and gauge link field

({% — ’l:w’u + V/J = D,u, + V,u —  + (U:I:,u):cinﬂ,:c = + (eii(AMiiVM))x:tnM,m

U U, #1
(Usp)otn,z = Gz £ ny)(Usp)atn, G ()

(VA)eraA,:I: — G_l(x + aA)(vA>x+aA,wG($)

{Q’ QM} - +iAi“ {va V,M}QH—CH—CLM,% — (UJr,u,)ernM )

{me Cg“} - _Z.é})aijiV {vpaa V/L}x+apa+au,$ — (

{nga Cgu} — —|_7f€pa,u1/A:|:1/
{Qv Qu} — +7:A:I:,u

paw/ U_ V)ac—ny,:m

{me@u}xﬂLangrdu,x — +Z€pUMV(U+V>x+nu,xa
)

{?7 @,u}x+d+&u,x — _Z(u—,u T—Ny, T
{V, @}w-ka—l-&,x — _i(W)x—l—a—kd,wa
{V,LW? vpa}az—l—a,,w—l—apg,a: — +i€,ul/pa<W)x—|—auy—|—apg,x7
o ~1/ r+a,+ay,x —1 1% rta,+ay,x
{Vi, Vitasa, O (F)z+a,

{others} = 0,



Super connection ansatz and Jacobi Identities

{Va,Vp}=Uy,, W, F

def. of fermions and SUSY trans. of W, F, U4,

Va{V5, Vel = Va, Usp, W, ) = XA 0,5, sallay, -

graded Jacobi id.

SUSY trans. of fermions

{Va,IVB,{Ve, Vi ={Va, ()\,S\p, P} = sa\, -

SUSY transformation

(SASO)x—i—aso—l—aA,x — SA(SO)a:—i—aso,x = [vAa Sp}x—l—cup—l—aA,x



s Spo S

U, , 0 8 poyw )\
u., Y € oy 0

W 0 0 0

F —p —5€p0apPap —p

p || F5(Un, U]+ [V, F) —1[U_p, U] 0

A 0 i g (U, W] iU, W]
P Filldey, Uy +i0pun U, U-n] = 0pon U, Un] | +5€mapU—a, U]

— 58pou (Ui, Us] + W, F])
A —i[Uhy 0, W] 10y Uy, W] 0
p 0 +5€p006Urar Usg] —2([Uyr, U_\] — [W, F])

SUSY transformations
of N=D=4 Lattice super Y-M

S, S,
Uy ~Pou —Opup
U_ +0pup —3€ppapPap
%4 +5\p —Ap
F 0 0
P 0 +ilU_,, F]
Au +illdyp, U] —5€puasUsa, Usp]
= 50pu([Usr, U5 + W, F])
Puv —1€pouw|U-o, F] ~10popv[Uso, F]
by +5€ppapUa, U] il U]
_%5pu([u+Aaz/LA] - [VV, F])
P —i[Us,, F 0




On shell closure of SUSY algebra:  For the closure on fermonic fields,
equations of motion are used.

{s,8,H(P)atape = Fillip Plotn,tapm (5,8} @)avave = —i[W,0lerararanm
(g0 5} Pt =+l Plansanes {mrsyo}@Derae = +icupol W @lesararan
{Spmgu}(@)%a@,x - ‘|’i€p0w/[u+w¢]a:+ny+a¢,wa {Smgl/}(@)wﬂm@,x = _7:5W[F790]w—a—&+ago,wa

{gagu}(gp)ﬁ%,x = _i[u—w@p]:v—nwr%,wv {Others}(w)wracp,x = 0,

Equations of motion

[uﬂw)‘u] —[W.p] = 0,

[u—,ua )‘u] o [W7 /0 = 0,

U s p] — U, ] + [ F, S\M = 0,
. 1 _
[U_M, p] T iepwpo [Z/{er ppa] + [F7 )\u_ = 0,
1 -
5,uupa [u—pa )‘—0] =+ _E,uupa[Wa ppa] — €uvpo [Z/{—i—pa )\0] — 07

2



3-dim. N=4 Lattice super Yang-Mills

Geometrical locations of fields are determined
automatically by graded Jacobi identities.

e Integer sites

o Half-Int. sites

® 0 (G,G,K)




~ ~

V. V, Ve V, V
+a  +a, +a, “+a, +a

U W OF | p N b M P

shift ‘ tn, a+a —a—a ‘ —a —a, —Qau, —a, —a

_D— 1
Sl]c\zft_lizggl/M — Z tr [2[Z/{+M7u+u]x,xnuny[u,uauv]xnuny,x

X

1 1

_Z[Z/{JruaZ/{—u]x,x[Z/{eru—u]x,x o Z[Wv F]:c,a: [W’ FLWE
1

+§ Uss Wlegny—a-allpps Flan—a-az

1
‘|‘§[Z/{—M7 z ]x,x—i—nu—a—d[u‘l-w F]$+nu_a_d’x
sum of link loops

~

_i()\u)x,x—i—a“ :Z/{—I—,uy p]x—l—au,x + ilax,x—l—&[Wv p]:c—i—d,a; _ Z'<)\,u)az,:c—|—au [Fa )\,u]x—l—a“,x

~

+i()\u)x,x+au :Z/{—l/7 pul/]x—i—a“,m - i(ﬁ)x,x—i—d [Z/[—/u )‘u]x+d,x
1 ~ 1
_§€uupa()\,u>x,x—|—&u [U—l—ua ppa]x—l—&u,x _ éeuupcr(p,uu)a:,w—#auy [Wa ppa]x—l—auy,a} )

T+n, Z/[—lu x+np+n1/ r+n, U+M x+n,u,+nzx Z‘/{_M
L L{—V"“ u—f—l/ Z/{—y"“u+y
U-vy YUY A YUy u_”w Uty
Uy, U

& 5 ¢ < _H

@ > @ < ® ! UJ“” z u—iiﬂ
< T

X Z/{+u fL'JFnu x u—,LL IE—FTLN



SUSY transformation of fields ??

(SASO):IJ—I—a<P+aA,a: — SA(QO)CIZ—FCLSO,ZIZ = [VA; Sp}a:—l—acp—l—aA,x

We can show that S4 operation to lattice action vanishes for all sA :

N=D=4 __
SAS]at. Tsym = 0

This sounds like the exact lattice SUSY invariance for all super charges.

However sa or equivalently v, carries a shift a4, thus
sA operation to the action generates a link hole (=, 7 +aa).

This Is because the action is the summation of closed link loops.

Furthermore gauge invariance is lost after sa operation due
to the link holes.

How do we cure this problem ?



We introduce local SUSY link parameter (¢*)2° ., which has

an opposite shift of (VA)x+aA z and carry gauge suffices.

correct SUSY transformation can be defined:

0po = €[V a,da} = 5400

et us suppose for simplicity that the action is a product of
3 fields (generalization trivial):

S = Tr(¢19203)s

Lattice SUSY operation on the action is
58 = ZTT (sa01)P23 + d1e” (s402) 3 + P1d2e™ (5403))

= ZT’I" e 54(P1203) + (1, €a}54(P2db3) + b1[d2, € }5a03)

|
0 R R

0 0




non-Abelian gauge group

Since ¢* should be local and gauge variant link super parameter

(0;,€*} £ 0 and thus exact SUSY invariance for s4is lost on the lattice.

When one of shift vectors is zero: a4 =0, €4 is not a link parameter
and can be taken as constant super parameter and thus: [¢;,e”} =0 .

One of 16 super charges can be kept exact when the corresponding
shift vector vanishes.



Abelian gauge group

[¢i’ GA} — (¢i)m+ai_aAafE—aA (GA)Q?—CLA,ﬂ? R (EA)w+ai—aA,m+az' (¢z’)m+ai,ax =0
Here ordering equivalence class identification is imposed.

04,0} =0 (¢4 # differential operator) Uy, da] #0

Abelian action is invariant for all super charges with the
ordering equivalence class identification.



Conclusions and Discussions

® \We have formulated N=D=4 twisted super Yang-Mills theory

on the lattice by the link approach.
® Anyone of N=4 super charges can be made exactly supersymmetric.
® Ordering equivalence class identification is defined to solve ordering
ambiguity of a product of fields.
Local super parameters having link nature are introduced to keep
gauge invariance of the action before and after the SUSY transformation.

In order to cancel the terms including the local super parameter
we may need super gravity contribution to realize exact lattice SUSY 7






