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Why Lattice SUSY ?

In addition to the standard motivations:
To establish a formulation to investigate non-perturbative aspects of  
 supersymmetric theories numerically

Fundamental origin of SUSY breaking mechanism by regularization  
point of view  
The role of lattice chiral fermion species doubler problem in  
establishing exact lattice SUSY 
Necessity of N=D=4 super Yang Mills and AdS/CFT correspondence



�+µ�(x) = �(x+ nµ)� �(x) (a = 1)
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We define forward difference operator as:

�+µ(�1�2)(x) = �1(x+ nµ)�2(x+ nµ)� �1(x)�2(x)

= (�1(x+ nµ)� �1(x))�2(x) + �1(x+ nµ)(�2(x+ nµ)� �2(x))

= (r+µ�1)(x)�2(x) + �1(x+ nµ)(r+µ�2)(x)
<latexit sha1_base64="0XknRpelw96nGJr6cd743MnL1ho="></latexit><latexit sha1_base64="0XknRpelw96nGJr6cd743MnL1ho="></latexit><latexit sha1_base64="0XknRpelw96nGJr6cd743MnL1ho="></latexit><latexit sha1_base64="0XknRpelw96nGJr6cd743MnL1ho="></latexit>

Operation of the difference operator to a product of fields:

Difference operator does not satisfy Leibniz rule. 



There are two main obstacles for exact lattice SUSY. 
1) Leibniz rule breakdown of difference operator 
2)  chiral fermion doublers

We proposed two formulations:

A) Link approach 

�µ(�1(x)�2(x)) = (�µ�1)(x)�2(x) + �1(x+ nµ)(�µ�2)(x)

QA(�1(x)�2(x)) = (QA�1)(x)�2(x) + �1(x+ aA)(QA�2)(x)
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Fields are on the lattice link

B) super doubler Approach

�(p1 + p2 + · · · ) ! �(f(p1) + f(p2) + · · · )
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exact Leibniz rule but non-local field theory

D’Adda, Kanamori, N.K., Nagata, (2005~2008)  
N=2,4,D=2,3, Latt. super Y-M

(�+µ�(x) = �(x+ nµ)� �(x))
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D’Adda, Kanamori, N.K., Saito, (2012~2018) 

{Q,Q} = 2H = 2i@ !
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simplest SUSY algebra in 1-dim.

{Q,Q} = 2i�+µ
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{Qi↵, Qj�} = 2i�ij(�
µ)↵�@µ (Qi↵ = (C�1QTC)i↵)

<latexit sha1_base64="bijXgHvHIFCZ3SzfhZvRy6KwheM="></latexit><latexit sha1_base64="bijXgHvHIFCZ3SzfhZvRy6KwheM="></latexit><latexit sha1_base64="bijXgHvHIFCZ3SzfhZvRy6KwheM="></latexit><latexit sha1_base64="bijXgHvHIFCZ3SzfhZvRy6KwheM="></latexit>

Q↵i = (1Q+ �µQµ + �5Q̃)↵i
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{Q,Qµ} = i@µ {Q̃,Qµ} = �i✏µ⌫@µ
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{Q,Qµ} = i�+µ {Q̃,Qµ} = �i✏µ⌫��µ
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N=2 SUSY in two dimensions

Dirac-Kaehler twist (N=2)

Twisted N=2 SUSY

conti:

Latt:

(�±µ�)(x) = ±(�(x± nµ)� �(x))
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(! N = D = 4)
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super Yang-Mills extension

{r,rµ} = +iU+µ, {r̃,rµ} = +i✏µ⌫U�µ
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super connection plaquette
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covariant derivative



�µ(�1(x)�2(x)) = (�µ�1)(x)�2(x) + �1(x+ nµ)(�µ�2)(x)

QA(�1(x)�2(x)) = (QA�1)(x)�2(x) + �1(x+ aA)(QA�2)(x)
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We introduce a shift to the super charge operation!

1 Link Approach Formalism

We first consider non-gauge case. The model that we have in mind is twisted N=2
Wess-Zumino model in two dimension.

We introduce a notion of link nature by an operation of forward difference oper-
ator to the product of two fields:

∆µ(φ1φ2)(x) ≡ ∆µ(φ1(x)φ2(x))

= (∆µφ1)(x)φ2(x) + φ1(x+ nµ)(∆µφ2)(x) (1.1)

= (∆µφ1)(x)φ2(x+ nµ) + φ1(x)(∆µφ2)(x), (1.2)

where (∆µφi)(x) = φi(x+ nµ)− φi(x). There are two possible choices as a starting
equation of difference operator. We take the first choice (1.1)

Correspondingly we have introduced the coordinate shift for the operation of
SUSY transformation of super charge on a product of super fields:

QA(φ1φ2)(x, θ) = (QAφ1)(x, θ)φ2(x, θ) + φ1(x+ aA, θ)(QAφ2)(x, θ). (1.3)

QA includes a differential operator ∂
∂θA

and thus lead:

∂

∂θA
x = (x+ aA)

∂

∂θA
. (1.4)

There are two possible ways to understand this relation:
1) θA and x gets non-commutative shift,
2) ∂

∂θA
gets link nature connecting two neighbouring lattice sites (x+ aA, x).

The first standpoint was taken by Bruckmann and Kok. Here we take the second
interpretation.

We interpret ∂
∂θA

and correspondingly QA is located at the link (x + aA, x) and
denotes it explicitly as (QA)x+aA,x. Accordingly θA has a link nature of opposite
orientation θx,x+aA .

Super charge relation: {Q,Qµ} = i∆µ can be read as:

(Q)x+a+aµ,x+aµ(Qµ)x+aµ,x + (Qµ)x+a+aµ,x+a(Q)x+a,x = i(∆µ)x+nµ,x, (1.5)

where a+ aµ = nµ.
We now consider the ordering ambiguity of a product of fields for link approach

formulation on the lattice. We first notice that anti-commuting nature of the super
coordinate in the link approach can be given as:

(θA)x,x+aA(θB)x+aA,x+aA+aB = −(θB)x,x+aB(θA)x+aB ,x+aA+aB , (1.6)

where aA and aB are fermionic shift vectors of θA and θB. Geometrically this relation
can be understood as path independence of reaching from x to x + aA + aB on the
fermionic links. See fig. 1.
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QA =
@

@✓A
+ · · · !
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x✓A = ✓A(x+ aA)
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There are two possible ways to interpret:  
1)        and      are non-commutative with a shift 
2)         gets link nature connecting two neighboring sites:

✓A
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x
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(x+ aA, x)
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1 Link Approach Formalism

We first consider non-gauge case. The model that we have in mind is twisted N=2
Wess-Zumino model in two dimension.

We introduce a notion of link nature by an operation of forward difference oper-
ator to the product of two fields:

∆µ(φ1φ2)(x) ≡ ∆µ(φ1(x)φ2(x))
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where (∆µφi)(x) = φi(x+ nµ)− φi(x). There are two possible choices as a starting
equation of difference operator. We take the first choice (1.1)

Correspondingly we have introduced the coordinate shift for the operation of
SUSY transformation of super charge on a product of super fields:

QA(φ1φ2)(x, θ) = (QAφ1)(x, θ)φ2(x, θ) + φ1(x+ aA, θ)(QAφ2)(x, θ). (1.3)

QA includes a differential operator ∂
∂θA

and thus lead:
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There are two possible ways to understand this relation:
1) θA and x gets non-commutative shift,
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∂θA
gets link nature connecting two neighbouring lattice sites (x+ aA, x).

The first standpoint was taken by Bruckmann and Kok. Here we take the second
interpretation.

We interpret ∂
∂θA

and correspondingly QA is located at the link (x + aA, x) and
denotes it explicitly as (QA)x+aA,x. Accordingly θA has a link nature of opposite
orientation θx,x+aA .

Super charge relation: {Q,Qµ} = i∆µ can be read as:

(Q)x+a+aµ,x+aµ(Qµ)x+aµ,x + (Qµ)x+a+aµ,x+a(Q)x+a,x = i(∆µ)x+nµ,x, (1.5)

where a+ aµ = nµ.
We now consider the ordering ambiguity of a product of fields for link approach

formulation on the lattice. We first notice that anti-commuting nature of the super
coordinate in the link approach can be given as:

(θA)x,x+aA(θB)x+aA,x+aA+aB = −(θB)x,x+aB(θA)x+aB ,x+aA+aB , (1.6)

where aA and aB are fermionic shift vectors of θA and θB. Geometrically this relation
can be understood as path independence of reaching from x to x + aA + aB on the
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We take 

(a+ aµ = nµ)
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(✓A : super coordinate)
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Link Approach

{Q,Qµ} = i�+µ
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! {r,rµ} = iU+µ
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a+ aµ = nµ ã+ aµ = �|✏µ⌫ |n⌫
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a+ ã+ a1 + a2 = 0
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shift vectors:

{r,rµ} = +iU+µ, {r̃,rµ} = +i✏µ⌫U�µ
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({rA,rB}�)(x) = {rA,rB}�(x)� �(x+ aA + aB){rA,rB}
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additive shifts:

N=D=2%Twisted%Lattice%SUSY%Algebra%for%SYM%

“Shifted”%Anti?commutator

…

r
A

= r
x+aA,x
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Fermionic gauged link

solutions:
a = (arbitrary) aµ = +nµ � a

ã = �n1 � n2 + a
<latexit sha1_base64="1o5lwCLpFpc438BKQ3qFi1ti5yE="></latexit><latexit sha1_base64="1o5lwCLpFpc438BKQ3qFi1ti5yE="></latexit><latexit sha1_base64="1o5lwCLpFpc438BKQ3qFi1ti5yE="></latexit><latexit sha1_base64="1o5lwCLpFpc438BKQ3qFi1ti5yE="></latexit>

(one arbitrary shift vector)

rA(�1(x)�2(x)) = (rA�1)(x)�2(x) + �1(x+ aA)(rA�2)(x)
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shift nature



Symm.%Choice

Asymm.%Choice

Twisted%N=D=2
Lattice%SUSY%Algebra

Cond.%for%Twisted%N=D=2

Solutions

Equivalent+to+orbifold+
construction:+
by+Kaplan+et.al.

∆+µ

QµQ

x x + nµ

x + aµ

x + a

QQµ

∆−ν

QµQ̃

xx − nν

x + aµ

x + ã

Q̃Qµ

∆+µ

QµQ

x x + nµ

x + aµ

x + a

QQµ

∆−ν

QµQ̃

xx − nν

x + aµ

x + ã

Q̃Qµ

Shift vectors

half integers 
dual site =fermionic site
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Bruckmann
Kok

but-if-we-introduce-the-following-“mild-non;commutativity”:

then

In-general-

Two-Problems

“inconsistency”When-

Bruckmann
Kok

but-if-we-introduce-the-following-“mild-non;commutativity”:

then

In-general-

Two-Problems

=
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Shiftless fields product is commutable.
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Ordering ambiguity

This ambiguity is resolved by respecting shift nature of the product.
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For shiftless fields φ1 and φ2 obviously operation of the difference operator on
changed order of product of fields should not make any difference. In fact we obtain

∆µ(φ1φ2)(x) = (∆µφ1)(x)φ2(x) + φ1(x+ nµ)(∆µφ2)(x) (1.7)

= ∆µ(φ2φ1)(x) = (∆µφ2)(x)φ1(x) + φ2(x+ nµ)(∆µφ1)(x) (1.8)

If we identify ∆µ as an operator we can find out the following correspondence be-
tween the expression of (1.7) and (1.8):

(∆µφ1)(x)φ2(x) ↔ φ2(x+ nµ)(∆µφ1)(x) (1.9)

φ1(x+ nµ)(∆µφ2)(x) ↔ (∆µφ2)(x)φ1(x). (1.10)

In other wards if the the expression (1.7) is given, the equivalent expression (1.8)
can be obtained by replacing the left hand terms of (1.9) and (1.10) by the right
hand terms.

In the case of difference operator the correspondence in (1.9)and (1.10) is not
equality. For example they have a higher order second derivative term as a difference:

(∆µφ1)(x)φ2(x) = φ2(x+ nµ)(∆µφ1)(x)− (∆φ1)(x)(∆φ2)(x) (1.11)

φ1(x+ nµ)(∆µφ2)(x) = (∆µφ2)(x)φ1(x) + (∆φ1)(x)(∆φ2)(x). (1.12)

Nevertheless the sum is equivalent as in (1.7) and (1.8) since the second derivative
terms cancel.

We generalize equivalence class identification of (1.9) and (1.10) for ordering
product of fields to the super charge operation (1.3):

(QAφ1)(x)φ2(x) ∼ φ2(x+ aA)(QAφ1)(x) (1.13)

φ1(x+ aA)(QAφ2)(x) ∼ (QAφ2)(x)φ1(x), (1.14)

where φ1 and φ2 are shiftless fields here.
We now generalize these equivalent class identification relation for a different

order of product for fields φA and φB whose shift vectors are aA and aB:

(φA)z,y(φB)y,x ∼ (−1)|φA||φB |(φB)y+aA,x+aA(φA)z−aB ,y−aB ,

(y = x+ aB, z = y + aA), (1.15)

where shifted coordinate expression can be denoted as (φA)z,y = φA(y). (1.15) can
be equivalently given by

(φA)x+aA+aB ,x+aB(φB)x+aB ,x ∼ (−1)|φA||φB |(φB)x+aA+aB ,x+aA(φA)x+aA,x(1.16)

or equivalently

φA(x+ aB)φB(x) ∼ (−1)|φA||φB |φB(x+ aA)φA(x). (1.17)

This ordering change equivalence can be geometrically understood as in Fig.2. We
can recognize that (1.9) , (1.10) and (1.13), (1.14) are a special case of (1.15).

3

In general we change order of product of fields by respecting link nature:

Ordering equivalence class

For example in (1.9) φA = (∆µφ1),φB = φ2 and aA = nµ, aB = 0. In (1.13)
φA = (QAφ1),φB = φ2 and aB = 0.

As we can see from (1.16) and (1.17) the order of product of fields can be changed
with keeping the link labeling nature of the shift coordinates properly. It is inter-
esting to note that when φA and φB of (1.16) are replaced by super coordinate θA
and θB it leads to the anti-commutativity relation of super coordinates in (1.6). We
consider that the ordering ambiguity of link approach formulation on the lattice can
be resolved by this identification.

We next consider how the link approach formulation of Wess-Zumino model can
be generalized to super connection formulation of lattice super Yang-Mills. When
the gauge group is abelian the equivalence relations (1.15),(1.16) and (1.17) are
unchanged except that fields φA is gauge valued. When we generalize to non-abelian
case one of the typical super charge relation can be expressed

{∇,∇µ}x+a+aµ,x = (∇)x+a+aµ,x+aµ(∇µ)x+aµ,x + (∇µ)x+a+aµ,x+a(∇)x+a,x,

= +i(U+µ)x+nµ,x, (1.18)

where ∇,∇µ and U+µ carry shift vector a, aµ and nµ, respectively. ∇A and U+µ are
gauge valued quantities.

We consider that the equivalence relation to resolve ordering ambiguity works
similarly except for non abelian gauge suffixes. For fields of adjoint representation
φA and φB carrying shift vector aA and aB, we get the following equivalence relation:

(φA)
ab
x+aA+aB ,x+aB

(φB)
bc
x+aB ,x ∼ (−1)|φA||φB |(φB)

bc
x+aA+aB ,x+aA

(φA)
ab
x+aA,x.(1.19)

We introduce a fermionic link constant which carries an opposite shift vector
−aA with respect to ∇A:

(ϵA)abx,x+aA
= δab(ϵA)x,x+aA . (1.20)

It is easy to recognize that this link constant commutes with all fields within a
ordering ambiguity equivalence class:

[φA, ϵ
B}x+aA−aB ,x = 0, (1.21)

which is a special case of (1.19). The graded commutator [, } should be understood.
We can identify this fermionic constant as super parameter associated with ∇A.

[Therefore my opinion for the existence of link super parameter (anti-)commuting
with all fields is positive !]

We now consider the geometrical meaning of (1.21). As we can see from Fig.3
The link field φA is parallelly transported to fermionic link direction ϵB and thus the
gauge field (φA)abx+aA−aB ,x−aB

and (φA)abx+aA,x should be identified. If there is already
neighbouring field with the fermionic distance this parallel transport of the field
φA cannot be allowed. For example when φA = Uµ and x is a bosonic coordinate
(integer sites) the link field Uµ starting from the fermionic site x + aB should not
be there to allow the parallel transport of Uµ from the site x. See Fig.4. In this

4

Extension to non-Abelian gauge theory: non-Abelian nature remains
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D =
∂

∂θ
− i

2
θµ∂µ, (2.53)

Dµ =
∂

∂θµ
− i

2
θ∂µ +

i

4
δµνρσθ

ρσ∂µ, (2.54)

Dρσ =
∂

∂θρσ
+

i

2
δρσαβθ

α∂β −
i

2
ϵρσαβ θ̃

α∂β, (2.55)

D̃µ =
∂

∂θ̃µ
− i

2
θ̃∂µ −

i

4
ϵµνρσθ

ρσ∂ν , (2.56)

D̃ =
∂

∂θ̃
− i

2
θ̃µ∂µ, (2.57)

which satisfy

{Q,Qµ} = +i∂µ, (2.58)

{Qρσ, Qµ} = −iδρσµν∂ν , (2.59)

{Qρσ, Q̃µ} = +iϵρσµν∂ν , (2.60)

{Q̃, Q̃µ} = +i∂µ, (2.61)

{others} = 0, (2.62)

{D,Dµ} = −i∂µ, (2.63)

{Dρσ, Dµ} = +iδρσµν∂ν , (2.64)

{Dρσ, D̃µ} = −iϵρσµν∂ν , (2.65)

{D̃, D̃µ} = −i∂µ, (2.66)

{others} = 0, (2.67)

as well as

{QA, DB} = 0, (2.68)

whereQA andDB denotes any element of (Q,Qµ, Qρσ, Q̃µ, Q̃) and (D,Dµ, Dρσ, D̃µ, D̃),
respectively.

3 Relation to the other types of 4D Twisted Al-
gebra

Topological twisting of extended supersymmetry was originally proposed in [18] for
N = 2 in 4-dimensional Euclidean spacetime in the context of topological quantum
field theory. Later on its extension to N = 4 has been discussed in [19, 20]. Twisted
superspace formulation of N = 2 D = 4 SYM was given in [21]. There has been a
large number of studies especially relating to duality in the context of topological
quantum field theory [22, 23, 24].
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super charge: super derivative:{QA, DB} = 0
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Dirac-Kaehler twisting

Kato, N.K. Miyake (2005) 
 Marcus (1995)
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Meaning of twisting

4 dim. Euclidean space: SO(4) ' SUL(2)⇥ SUR(2)
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For case (ii),

(2,1,4) → (1,1)⊕ (3,1)⊕ (2,2)

(1,2,4) → (2,2)⊕ (1,1)⊕ (1,3).
(3.28)

For case (iii),

(2,1,4) → (1,1)⊕ (3,1)⊕ 2(2,1)

(1,2,4) → (2,2)⊕ 2(1,2).
(3.29)

Let us turn to the 6 of scalars which is the anti-symmetric part of 4⊗ 4.
For case (i),

4⊗ 4 → [(2,1)⊕ (2,1)]⊗ [(2,1)⊕ (2,1)]

= 4(1,1)⊕ 4(3,1).
(3.30)

For case (ii),

4⊗ 4 → [(2,1)⊕ (1,2)]⊗ [(2,1)⊕ (1,2)]

= 2(1,1)⊕ (3,1)⊕ (1,3)⊕ 2(2,2)
(3.31)

Since twisted 6 should contain two scalars (1,1) of N = 2 twisted vector- multiplet,
the rest of bosonic fields is uniquely determined,

6 → 3(1,1)⊕ (3,1) for (i)

6 → 2(1,1)⊕ (2,2) for (ii).
(3.32)

The on-shell twisted multiplets for type (i) and (ii) are summarized in Table 1.
On the other hand, we already know that the N = 4 Dirac-Kähler twisted

supercharges (Q,Qµ, Qµν , Q̃µ, Q̃) can be represented through the decompositions
(2.45)-(2.47) as

Q+(1,1), Q+
ρσ(3,1), Q+

µ (2,2), (3.33)

Q−(1,1), Q−
ρσ(1,3), Q−

µ (2,2), (3.34)

which, with Eq.(3.28), implies that the Dirac-Kähler twisting procedure can be
identified as type (ii). Accordingly, from the second line of Eq.(3.32), our Dirac-
Kähler twisted gauge multiplet is expected to contain twisted scalar fields Vµ(2,2)
transforming as a 4-vector under twisted Lorentz transformation J ′

µν , as well as two
scalar bosons A(1,1) and B(1,1).

This correspondence between Dirac-Kähler twisting and B-type twisting is also
pointed out in [14] in the formulation of N = 2 D = 4 twisted hypermultiplet in
continuum spacetime. Also in the lattice context, this correspondence has been
pointed out [27, 36] in the formulaiton lattice SYM where the scalar part of N = 4
Dirac-Kähler twisted supercharge is exactly formulated on 4-dimansional lattice.

11

component of Dirac-Kähler twisted supercharge transforms as

[J ′
µν , Q] = 0, (2.35)

[J ′
µν , Qρ] = −iδµνρσQσ, (2.36)

[J ′
µν , Qρσ] = iδµνρλQσλ − iδµνσλQρλ, (2.37)

[J ′
µν , Q̃ρ] = −iδµνρσQ̃σ, (2.38)

[J ′
µν , Q̃] = 0, (2.39)

which means each component (Q,Qµ, Qµν , Q̃µ, Q̃) behaves as (scalar, vector, 2nd
rank tensor, (pseudo)vector, (pseudo)scalar), respectively.

As pointed out in [12], the SUSY algebra (2.15)-(2.19) can be decomposed to
the following two independent set of N = 2 D = 4 twisted SUSY algebra,

{Q+, Q+
µ } = Pµ, (2.40)

{Q+
ρσ, Q

+
µ } = −δ+ρσµνPν , (2.41)

{Q−, Q−
µ } = Pµ, (2.42)

{Q−
ρσ, Q

−
µ } = −δ−ρσµνPν , (2.43)

{others} = 0, (2.44)

where δ±µνρσ ≡ δµνρσ ± ϵµνρσ projects self-dual and anti self-dual part of 2nd rank
tensors, and the supercharges Q±

A in l.h.s. are defined as

Q± ≡ 1√
2
(Q∓ Q̃), (2.45)

Q±
ρ ≡ 1√

2
(Qρ ∓ Q̃ρ), (2.46)

Q±
µν ≡ 1√

2
(Qµν ±

1

2
ϵµνρσQρσ). (2.47)

One can find superspace representations for the N = D = 4 twisted supercharges
(Q,Qµ, Qρσ, Q̃µ, Q̃) as well as for the supercovariant derivarives (D,Dµ, Dρσ, D̃µ, D̃),

Q =
∂

∂θ
+

i

2
θµ∂µ, (2.48)

Qµ =
∂

∂θµ
+

i

2
θ∂µ −

i

4
δµνρσθ

ρσ∂µ, (2.49)

Qρσ =
∂

∂θρσ
− i

2
δρσαβθ

α∂β +
i

2
ϵρσαβ θ̃

α∂β, (2.50)

Q̃µ =
∂

∂θ̃µ
+

i

2
θ̃∂µ +

i

4
ϵµνρσθ

ρσ∂ν , (2.51)

Q̃ =
∂

∂θ̃
+

i

2
θ̃µ∂µ, (2.52)
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Q↵i =
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2
(1Q+ �µQµ +

1

2
�µ⌫Qµ⌫ + �̃µQ̃µ + �5Q̃)↵i
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Dirac-Kaehler twisting: 

Decomposition into chiral sectors:

The same structure:

helicity untwisted type (i) type (ii)

+1 ωµ(2,2,1) ωµ(2,2) ωµ(2,2)

+1
2 λαu(2,1,4) ψ(1,1), ψ′(1,1), ρ+(1,1), ρ+µν(3,1),

ψ+
µν(3,1), ψ

′+
µν(3,1) λ+µ (2,2)

0 φuv(1,1,6) X(1,1), Y (1,1), Z(1,1), A(1,1), B(1,1),

B+
µν(3,1) Vµ(2,2)

−1
2 λ̄uα̇(1,2, 4̄) ψµ(2,2), ψ′

µ(2,2) ρ−(1,1), ρ−µν(1,3),

λ−µ (2,2)

+1 ωµ(2,2,1) ωµ(2,2) ωµ(2,2)

Dirac-Kähler twisted multiplet

Table 1: Twisted multiplets for type (i) and (ii)

4 N = D = 4 Dirac-Kähler Twisted SYM in con-
tinuum spacetime

Based on the observation in the last section, Dirac-Kähler twisted N = D = 4 SYM
constraints in the continnum spacetime can be found as,

{∇,∇µ} = −i∇+µ, (4.1)

{∇ρσ,∇µ} = +iδρσµν∇−ν , (4.2)

{∇ρσ, ∇̃µ} = −iϵρσµν∇+ν , (4.3)

{∇̃, ∇̃µ} = −i∇−µ, (4.4)

{∇, ∇̃} = −iW, {∇µν ,∇ρσ} = +iϵµνρσW, (4.5)

{∇µ, ∇̃ν} = −iδµνF, {others} = 0, (4.6)

where (∇,∇µ,∇ρσ, ∇̃µ, ∇̃) denote super covarinat derivatives defined in (2.53)-(2.57),
and ∇±µ denotes the combination of gauge covariant derivative superfield ∇µ and
Dirac-Kähler twisted scalar superfield Vµ

∇±µ ≡ ∇µ ± Vµ, (4.7)

whose lowest components are given by

∇µ| = Dµ ≡ ∂µ − iωµ, (4.8)

Vµ| = Vµ. (4.9)
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0 φuv(1,1,6) X(1,1), Y (1,1), Z(1,1), A(1,1), B(1,1),

B+
µν(3,1) Vµ(2,2)

−1
2 λ̄uα̇(1,2, 4̄) ψµ(2,2), ψ′

µ(2,2) ρ−(1,1), ρ−µν(1,3),

λ−µ (2,2)

+1 ωµ(2,2,1) ωµ(2,2) ωµ(2,2)

Dirac-Kähler twisted multiplet

Table 1: Twisted multiplets for type (i) and (ii)

4 N = D = 4 Dirac-Kähler Twisted SYM in con-
tinuum spacetime

Based on the observation in the last section, Dirac-Kähler twisted N = D = 4 SYM
constraints in the continnum spacetime can be found as,

{∇,∇µ} = −i∇+µ, (4.1)

{∇ρσ,∇µ} = +iδρσµν∇−ν , (4.2)

{∇ρσ, ∇̃µ} = −iϵρσµν∇+ν , (4.3)

{∇̃, ∇̃µ} = −i∇−µ, (4.4)

{∇, ∇̃} = −iW, {∇µν ,∇ρσ} = +iϵµνρσW, (4.5)

{∇µ, ∇̃ν} = −iδµνF, {others} = 0, (4.6)

where (∇,∇µ,∇ρσ, ∇̃µ, ∇̃) denote super covarinat derivatives defined in (2.53)-(2.57),
and ∇±µ denotes the combination of gauge covariant derivative superfield ∇µ and
Dirac-Kähler twisted scalar superfield Vµ

∇±µ ≡ ∇µ ± Vµ, (4.7)

whose lowest components are given by

∇µ| = Dµ ≡ ∂µ − iωµ, (4.8)

Vµ| = Vµ. (4.9)
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actually show that the following N = 2 D = 4 twisted SYM constraints and Jacobi
identity procedure gives the off-shell structure of the above multiplet [12],

{∇+,∇+} = −iW (3.2)

{∇+
µν ,∇+

ρσ} = −iδ+µνρσW (3.3)

{∇+
µ ,∇+

ν } = −iδµνF (3.4)

{∇+,∇+
µ } = −i∇µ (3.5)

{∇+
ρσ,∇+

µ } = +iδ+ρσµν∇ν , {ohters} = 0, (3.6)

or, if we take SU(2)′R as a diagonal subgroup of SU(2)R ⊗ SU(2)I ,

{∇−,∇−} = −iW (3.7)

{∇−
µν ,∇−

ρσ} = −iδ−µνρσW (3.8)

{∇−
µ ,∇−

ν } = −iδµνF (3.9)

{∇−,∇−
µ } = −i∇µ (3.10)

{∇−
ρσ,∇−

µ } = +iδ−ρσµν∇ν , {ohters} = 0, (3.11)

where δ+µνρσ ≡ δµνρσ ± ϵµνρσ, and

∇± ≡ 1√
2
(∇∓ ∇̃) (3.12)

∇±
µ ≡ 1√

2
(∇µ ∓ ∇̃µ) (3.13)

∇±
µν ≡ 1√

2
(∇µν ±

1

2
ϵµνρσ∇ρσ) (3.14)

are given by the Dirac-Kähler twisted super-covariant derivatives with super-connections,

∇ ≡ D − iΓ(x, θA), (3.15)

∇µ ≡ Dµ − iΓµ(x, θA), (3.16)

∇ρσ ≡ Dρσ − iΓρσ(x, θA), (3.17)

∇̃µ ≡ D̃µ − iΓ̃µ(x, θA), (3.18)

∇̃ ≡ D̃ − iΓ̃(x, θA). (3.19)

The lowest components of the superfields in r.h.s. coincide with the bosonic
components of N = 2 D = 4 SYM multiplet, (Dµ, A,B),

∇µ| ≡ Dµ = ∂µ − iωµ, (3.20)

W | = A, (3.21)

F | = B. (3.22)

It can be shown that starting from the N = 2 D = 4 selfdual constraints (3.2)-
(3.6), one can formulate off-shell twisted N = 2 D = 4 SYM multiplet whose
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:super connection

helicity untwisted type (i) type (ii)

+1 ωµ(2,2,1) ωµ(2,2) ωµ(2,2)

+1
2 λαu(2,1,4) ψ(1,1), ψ′(1,1), ρ+(1,1), ρ+µν(3,1),

ψ+
µν(3,1), ψ

′+
µν(3,1) λ+µ (2,2)

0 φuv(1,1,6) X(1,1), Y (1,1), Z(1,1), A(1,1), B(1,1),

B+
µν(3,1) Vµ(2,2)

−1
2 λ̄uα̇(1,2, 4̄) ψµ(2,2), ψ′

µ(2,2) ρ−(1,1), ρ−µν(1,3),

λ−µ (2,2)

+1 ωµ(2,2,1) ωµ(2,2) ωµ(2,2)

Dirac-Kähler twisted multiplet

Table 1: Twisted multiplets for type (i) and (ii)

4 N = D = 4 Dirac-Kähler Twisted SYM in con-
tinuum spacetime

Based on the observation in the last section, Dirac-Kähler twisted N = D = 4 SYM
constraints in the continnum spacetime can be found as,

{∇,∇µ} = −i∇+µ, (4.1)

{∇ρσ,∇µ} = +iδρσµν∇−ν , (4.2)

{∇ρσ, ∇̃µ} = −iϵρσµν∇+ν , (4.3)

{∇̃, ∇̃µ} = −i∇−µ, (4.4)

{∇, ∇̃} = −iW, {∇µν ,∇ρσ} = +iϵµνρσW, (4.5)

{∇µ, ∇̃ν} = −iδµνF, {others} = 0, (4.6)

where (∇,∇µ,∇ρσ, ∇̃µ, ∇̃) denote super covarinat derivatives defined in (2.53)-(2.57),
and ∇±µ denotes the combination of gauge covariant derivative superfield ∇µ and
Dirac-Kähler twisted scalar superfield Vµ

∇±µ ≡ ∇µ ± Vµ, (4.7)

whose lowest components are given by

∇µ| = Dµ ≡ ∂µ − iωµ, (4.8)

Vµ| = Vµ. (4.9)
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µ(2,2) ρ−(1,1), ρ−µν(1,3),
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Dirac-Kähler twisted multiplet
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where (∇,∇µ,∇ρσ, ∇̃µ, ∇̃) denote super covarinat derivatives defined in (2.53)-(2.57),
and ∇±µ denotes the combination of gauge covariant derivative superfield ∇µ and
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Vµ| = Vµ. (4.9)
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super covariante derivative ansatz

helicity untwisted type (i) type (ii)
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ψ+
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′+
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B+
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2 λ̄uα̇(1,2, 4̄) ψµ(2,2), ψ′

µ(2,2) ρ−(1,1), ρ−µν(1,3),

λ−µ (2,2)

+1 ωµ(2,2,1) ωµ(2,2) ωµ(2,2)

Dirac-Kähler twisted multiplet

Table 1: Twisted multiplets for type (i) and (ii)

4 N = D = 4 Dirac-Kähler Twisted SYM in con-
tinuum spacetime

Based on the observation in the last section, Dirac-Kähler twisted N = D = 4 SYM
constraints in the continnum spacetime can be found as,

{∇,∇µ} = −i∇+µ, (4.1)

{∇ρσ,∇µ} = +iδρσµν∇−ν , (4.2)

{∇ρσ, ∇̃µ} = −iϵρσµν∇+ν , (4.3)

{∇̃, ∇̃µ} = −i∇−µ, (4.4)

{∇, ∇̃} = −iW, {∇µν ,∇ρσ} = +iϵµνρσW, (4.5)

{∇µ, ∇̃ν} = −iδµνF, {others} = 0, (4.6)

where (∇,∇µ,∇ρσ, ∇̃µ, ∇̃) denote super covarinat derivatives defined in (2.53)-(2.57),
and ∇±µ denotes the combination of gauge covariant derivative superfield ∇µ and
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∇±µ ≡ ∇µ ± Vµ, (4.7)

whose lowest components are given by
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{rA,rB} = r±µ,W, F
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In the following we denote the combination of the above lowest components as D±µ,

D±µ = Dµ ± Vµ. (4.10)

Vµ denotes 4-component Dirac-Kähler twisted scalar fields in the bosonic part of the
multiplet and the lowest components of W and F denote two scalars,

W | = A, (4.11)

F | = B. (4.12)

SO(4) Lorentz and internal rotational property of (∇,∇µ,∇µν , ∇̃µ, ∇̃) are the same
as (Q,Qµ, Qµν , Q̃µ, Q̃) given in (2.20)-(2.24) and (2.27)-(2.31). One can show that
W and F transform as scalars, while ∇µ and Vµ transform as vectors under twisted
Lorentz generator J ′

µν = Jµν + Rµν . This rotational properties are consistent with
the observation for N = D = 4 Dirac-Kähler twisted SYM multiplet given in the
last section.

Jacobi identities for three fermionic ∇A with the above constraints (4.1)-(4.6)
give

[∇,W ] = [∇ρσ,W ] = [∇̃,W ] = 0, (4.13)

[∇µ, F ] = [∇̃µ, F ] = 0, (4.14)

[∇,∇+µ] = [∇̃,∇−µ] = 0, (4.15)

[∇µ,∇+ν ] + [∇ν ,∇+µ] = 0, (4.16)

[∇̃µ,∇−ν ] + [∇̃ν ,∇−µ] = 0, (4.17)

δρσντ [∇µ,∇−τ ] + δρσµτ [∇ν ,∇−τ ] = 0, (4.18)

ϵρσντ [∇̃µ,∇+τ ] + ϵρσµτ [∇̃ν ,∇+τ ] = 0, (4.19)

δρσλτ [∇µν ,∇−τ ] + δµνλτ [∇ρ,∇−τ ] + ϵµνρσ[∇λ,W ] = 0, (4.20)

ϵρσλτ [∇µν ,∇+τ ] + ϵµνλτ [∇ρ,∇+τ ]− ϵµνρσ[∇̃λ,W ] = 0, (4.21)

[∇µ,W ] + [∇̃,∇+µ] = 0, (4.22)

[∇̃µ,W ] + [∇,∇−µ] = 0, (4.23)

δµν [∇, F ] + [∇̃ν ,∇+µ] = 0, (4.24)

δµν [∇̃, F ] + [∇µ,∇−ν ] = 0, (4.25)

δρσµν [∇,∇−ν ]− [∇ρσ,∇+µ] = 0, (4.26)

ϵρσµν [∇̃,∇+ν ] + [∇ρσ,∇−µ] = 0, (4.27)

ϵρσντ [∇µ,∇+τ ]− δρσµτ [∇̃ν ,∇−τ ] + δµν [∇ρσ, F ] = 0, (4.28)
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D =
∂

∂θ
− i

2
θµ∂µ, (2.53)

Dµ =
∂

∂θµ
− i

2
θ∂µ +

i

4
δµνρσθ

ρσ∂µ, (2.54)

Dρσ =
∂

∂θρσ
+

i

2
δρσαβθ

α∂β −
i

2
ϵρσαβ θ̃

α∂β, (2.55)

D̃µ =
∂

∂θ̃µ
− i

2
θ̃∂µ −

i

4
ϵµνρσθ

ρσ∂ν , (2.56)

D̃ =
∂

∂θ̃
− i

2
θ̃µ∂µ, (2.57)

which satisfy

{Q,Qµ} = +i∂µ, (2.58)

{Qρσ, Qµ} = −iδρσµν∂ν , (2.59)

{Qρσ, Q̃µ} = +iϵρσµν∂ν , (2.60)

{Q̃, Q̃µ} = +i∂µ, (2.61)

{others} = 0, (2.62)

{D,Dµ} = −i∂µ, (2.63)

{Dρσ, Dµ} = +iδρσµν∂ν , (2.64)

{Dρσ, D̃µ} = −iϵρσµν∂ν , (2.65)

{D̃, D̃µ} = −i∂µ, (2.66)

{others} = 0, (2.67)

as well as

{QA, DB} = 0, (2.68)

whereQA andDB denotes any element of (Q,Qµ, Qρσ, Q̃µ, Q̃) and (D,Dµ, Dρσ, D̃µ, D̃),
respectively.

3 Relation to the other types of 4D Twisted Al-
gebra

Topological twisting of extended supersymmetry was originally proposed in [18] for
N = 2 in 4-dimensional Euclidean spacetime in the context of topological quantum
field theory. Later on its extension to N = 4 has been discussed in [19, 20]. Twisted
superspace formulation of N = 2 D = 4 SYM was given in [21]. There has been a
large number of studies especially relating to duality in the context of topological
quantum field theory [22, 23, 24].
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Extension to gauge theory
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[rA, {rB ,rC}] = [rA, (r±µ,W, F )] = �, �̃, ⇢, ⇢̃
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def. of fermions and SUSY trans. of W, F, r±µ
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{rA, [rB , {rC ,rD}]} = {rA, (�, �̃⇢, ⇢̃)} = · · ·
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SUSY trans. of fermions

{∇, ρµν} = +i[∇+µ,∇+ν ], (4.47)

{∇ρ, ρµν} = −iϵρσµν [∇−σ, F ], (4.48)

{∇ρσ, ρµν} = −iδρσµλ[∇+ν ,∇−λ] + iδρσνλ[∇+µ,∇−λ]

+
i

2
δρσµν([∇+λ,∇−λ]− [W,F ]), (4.49)

{∇̃ρ, ρµν} = +iδρσµν [∇+σ, F ], (4.50)

{∇̃, ρµν} = +
i

2
ϵµναβ[∇−α,∇−β] (4.51)

{∇, λ̃µ} = +i[∇+µ,W ], (4.52)

{∇ρ, λ̃µ} = +
i

2
ϵρµαβ[∇−α,∇−β], (4.53)

{∇ρσ, λ̃µ} = +iδρσµν [∇−ν ,W ], (4.54)

{∇̃ρ, λ̃µ} = −i[∇+µ,∇−ρ] +
i

2
δρµ([∇+λ,∇−λ] + [W,F ]), (4.55)

{∇̃, λ̃µ} = 0, (4.56)

{∇, ρ̃} = 0, (4.57)

{∇ρ, ρ̃} = +i[∇+ρ, F ], (4.58)

{∇ρσ, ρ̃} = +
i

2
ϵρσαβ[∇+α,∇β], (4.59)

{∇̃ρ, ρ̃} = 0, (4.60)

{∇̃, ρ̃} = +
i

2
([∇+λ,∇−λ] + [W,F ]). (4.61)

Twisted N = D = 4 SUSY transformation laws for the component fields can be
read off from,

sAϕ ≡ [∇A,ϕ}|θ′s=0 (4.62)

where∇A represents any of fermionic supercovariant derivatives (∇,∇µ,∇ρσ, ∇̃µ, ∇̃)
and sA denotes the corresponding supercharge which operates on the component
fields. ϕ represents any of the component fields (D±µ, A,B, ρ,λµ, ρρσ, λ̃µ, ρ̃). The
results are summarized in Table 2 and 3.

An important notice here is that one cannot introduce any auxiliary field con-
sistently with the above procedure, which is actually the notorious aspect of N =
D = 4 supermultiplet. One can show that, for bosonic contents of the multiplet
(D±µ, A,B), the resulting algebra closes without any use of additional conditions,

{s, sµ}ϕB = −i[D+µ,ϕB], (4.63)

{sρσ, sµ}ϕB = +iδρσµν [D−ν ,ϕB], (4.64)

{sρσ, s̃µ}ϕB = −iϵρσµν [D+ν ,ϕB], (4.65)

{s̃, s̃µ}ϕB = −i[D−µ,ϕB], (4.66)
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N=D=4 twisted SUSY trans.:

on-shell closure of algebra:

{sC , sD}' = (D±µ, A,B, )'
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{s, s̃}ϕB = −i[A,ϕB], {sµν , sρσ}ϕB = +iϵµνρσ[A,ϕB], (4.67)

{sµ, s̃ν}ϕB = −iδµν [B,ϕB], {others}ϕB = 0, (4.68)

where ϕB represents any of the bosonic component of the multiplet, (D±µ, A,B).
On the other hand, for fermionic components of the multiplet (ρ,λµ, ρρσ, λ̃µ, ρ̃),

the resulting algebra closes on-shell,

{s, sµ}ϕF =̇ −i[D+µ,ϕF ], (4.69)

{sρσ, sµ}ϕF =̇ +iδρσµν [D−ν ,ϕF ], (4.70)

{sρσ, s̃µ}ϕF =̇ −iϵρσµν [D+ν ,ϕF ], (4.71)

{s̃, s̃µ}ϕF =̇ −i[D−µ,ϕF ], (4.72)

{s, s̃}ϕF =̇ −i[A,ϕF ], {sµν , sρσ}ϕF =̇ + iϵµνρσ[A,ϕF ], (4.73)

{sµ, s̃ν}ϕF =̇ −iδµν [B,ϕF ], {others}ϕF =̇ 0, (4.74)

where ϕF denotes any of fermionic component of the multiplet (ρ,λµ, ρρσ, λ̃µ, ρ̃) and
the symbol =̇ represents that the equality holds only up to the following equations
of motion for fermionic components of the multiplet,

[D+µ,λµ] + [A, ρ̃] = 0, (4.75)

[D−µ, λ̃µ]− [A, ρ] = 0, (4.76)

[D+µ, ρ] + [D−ν , ρµν ]− [B, λ̃µ] = 0, (4.77)

[D−µ, ρ̃]−
1

2
ϵµνρσ[D+ν , ρρσ] + [B,λµ] = 0, (4.78)

δµνρσ[D−ρ,λ−σ] +
1

2
ϵµνρσ[A, ρρσ] + ϵµνρσ[D+ρ, λ̃σ] = 0. (4.79)

The above inevitable on-shell structure of N = D = 4 gauge multiplet has been
already well-known and it was first pointed out in the context of superconnection
method for ordinary extended N = 4 supersymmetry [28]. Now in the above calcu-
lations, we have explicitly seen the similar on-shell structure for the Dirac-Kähler
twisted N = D = 4 SYM multiplet. The resulting on-shell structure can be traced
back to the absence of auxiliary field in the multiplet which obeys from the Jacobi
identities with the starting constraints (4.1)-(4.6). There has been several argument
for the possible off-shell structure of N = D = 4 [29] and we comment here that
the introduction of central charges may play an important role in the context of su-
perconnection formulation to accomodate off-shell structure of N = D = 4 twisted
SYM multiplet [30].

N = D = 4 Dirac-Kähler twisted SYM action can be found in such a way that
the equations (4.75)-(4.79) come out as the equations of motion of the action. First,
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equations of motion:



we can determine the fermion part of the action as

SF =

∫
d4x tr

[
−iλµ[D+µ, ρ]− iρ̃[A, ρ]

−iλµ[D−ν , ρµν ] + iρ̃[D−µ, λ̃µ] + iλµ[B, λ̃µ]

− i

2
ϵµνρσλ̃µ[D+ν , ρρσ] +

i

8
ϵµνρσρµν [A, ρρσ]

]
(4.80)

from which the relations (4.75)-(4.79) can be derived as the equations of motion.
The bosonic part of the action can be found in such a way that the sum of those
vanishes under the operation of s,

SB =

∫
d4x tr

[
−1

2
[D+µ,D+ν ][D−µ,D−ν ] +

1

4
[D+µ,D−µ][D+ν ,D−ν ]

+
1

2
[D+µ, A][D−µ, B] +

1

2
[D−µ, A][D+µ, B] +

1

4
[A,B][A,B]

]
, (4.81)

and the total action is given as the sum of SF and SB,

SN=D=4
TSYM = SB + SF

=

∫
d4x tr

[
−1

2
[D+µ,D+ν ][D−µ,D−ν ] +

1

4
[D+µ,D−µ][D+ν ,D−ν ]

+
1

2
[D+µ, A][D−µ, B] +

1

2
[D−µ, A][D+µ, B] +

1

4
[A,B][A,B]

−iλµ[D+µ, ρ]− iρ̃[A, ρ]− iλµ[D−ν , ρµν ] + iρ̃[D−µ, λ̃µ] + iλµ[B, λ̃µ]

− i

2
ϵµνρσλ̃µ[D+ν , ρρσ] +

i

8
ϵµνρσρµν [A, ρρσ]

]
. (4.82)

One can actually show the invariance of the total action (4.82) under the operation
of s, and after some tedious calculation with use of trace properties, also under the
operations of sµ, sµν , s̃µ and s̃,

s SN=D=4
TSYM = 0, (4.83)

sµ SN=D=4
TSYM = 0, (4.84)

sµν SN=D=4
TSYM = 0, (4.85)

s̃µ SN=D=4
TSYM = 0, (4.86)

s̃ SN=D=4
TSYM = 0, (4.87)

which ensures N = D = 4 Dirac-Kähler twisted SUSY invariance for all the super-
charges.

It should be noted that the invariance of the action under the operations of
twisted supercharges can be shown without use of equations of motion, although
the closure of the algebra holds up to equations of motion.
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N=D=4 Dirac-Kaehler twisted super Yang-Mills action 
(continuum)
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on-shell exact N=D=4 SUSY invariance  
for all super charges



where δρσµν ≡ δρµδσν − δρνδσµ.
The lattice counterpart of the above algebra is expected as

{Q,Qµ} = +i∆±µ (5.1)

{Qρσ, Qµ} = −iδρσµν∆±ν (5.2)

{Qρσ, Q̃µ} = +iϵρσµν∆±ν (5.3)

{Q̃, Q̃µ} = +i∆±µ (5.4)

where the ± signs are to be fixed later on.
As it was discussed in details in [1, 2] that one should maintain the Leibniz rule

to realize exact SUSY on a lattice. Let us remind some generic argument of the
formulation. Since we have only finite lattice spacings on a lattice, infinitesimal
translations should be replaced by finite difference operators,

Pµ = i∂µ → i∆±µ (5.5)

where ∆±µ denote forward and backward difference operators, respectively. The
operation of∆±µ on a function Φ(x) can be defined by the following type of “shifted”
commutators,

(∆±µΦ(x)) ≡ ∆±µΦ(x)− Φ(x± nµ)∆±µ, (5.6)

which satisfy the following “lattice” Leibniz rule,

(∆±µΦ1(x)Φ2(x)) = (∆±µΦ1(x))Φ2(x) + Φ1(x± nµ)(∆±µΦ2(x)), (5.7)

where the ∆±µ, locating on links from x to x± nµ, respectively, take unit values for
generic x,

∆±µ = (∆±µ)x±nµ,x = ∓1. (5.8)

Since the lattice formulation of SUSY should embed the above properties of bosonic
operators into the SUSY algebra, it is natural to assume that a lattice SUSY trans-
formation can also be defined as a “shifted” (anti-)commutator of QA located on a
link from x to x+ aA,

(QAΦ(x)) ≡ (QA)x+aA,xΦ(x)− (−1)|Φ|Φ(x+ aA)(QA)x+aA,x, (5.9)

where |Φ| represents 0 or 1 for bosonic or fermionic field Φ, respectively. The
operation of QA’s on a product of fields accordingly gives,

(QAΦ1(x)Φ2(x)) = (QAΦ1(x))Φ2(x) + (−1)|Φ1|Φ1(x+ aA)(QAΦ2(x)).(5.10)

Since the supercharges QA’s are located on links, it is then natural to define an anti-
commutator of lattice supercharges as an successive connection of link operators,

{QA, QB}x+aA+aB ,x = (QA)x+aA+aB ,x+aB(QB)x+aB ,x + (QB)x+aA+aB ,x+aA(QA)x+aA,x.

(5.11)

20

By means of the above ingredients, lattice SUSY algebra could be expressed as

{QA, QB}x+aA+aB ,x = (∆±µ)x±nµ,x, (5.12)

provided the following lattice Leibniz rule conditions hold

aA + aB = +nµ for ∆+µ, (5.13)

aA + aB = −nµ for ∆−µ, (5.14)

which are the necessary conditions for the realization of lattice SUSY algebra and
eventually govern the structure of supersymmetric lattices.

By denoting the shift parameters associated with supercharges (Q,Qµ, Qρσ, Q̃µ, Q̃)
as (a, aµ, aρσ, ãµ, ã), the 4D lattice Leibniz rule conditions can be written as

a+ aµ = ±nµ, (5.15)

aρσ + aµ = ±|δρσµν |nν , for ρ = µ or σ = µ (5.16)

aρσ + ãµ = ±|ϵρσµν |nν , for ρ ̸= σ ̸= µ, (5.17)

ã+ ãµ = ±nµ. (5.18)

An important aspect of N = D = 4 Dirac-Kähler twisted SUSY algebra is that, as
in N = D = 2 and N = 4 D = 3, there exist consistent solutions to satisfy the
Leibniz rule requirement of 4-dimensional lattice, namely,

a = (arbitrary) (5.19)

aµ = η(µ)nµ − a, (no sum) (5.20)

aµν = −η(µ)nµ − η(ν)nν + a, (no sum) (5.21)

ãµ =
∑

λ ̸=µ

η(λ)nλ − a, (5.22)

ã = −
4∑

λ=1

η(λ)nλ + a. (5.23)

which satisfy

a+ aµ = +η(µ)nµ, (µ : no sum) (5.24)

aρσ + aµ = −|δρσµν |η(ν)nν , for ρ = µ or σ = µ (5.25)

aρσ + ãµ = +|ϵρσµν |η(ν)nν , for ρ ̸= σ ̸= µ, (5.26)

ã+ ãµ = −η(µ)nµ, (µ : no sum) (5.27)

where η(µ) (µ = 1 ∼ 4) denote sign parameter which takes the value of ±1. Choice
of η(µ) relates to the absolute orientation of the spatial coordinates. If one takes
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a+ aµ = ±nµ, (5.15)

aρσ + aµ = ±|δρσµν |nν , for ρ = µ or σ = µ (5.16)

aρσ + ãµ = ±|ϵρσµν |nν , for ρ ̸= σ ̸= µ, (5.17)

ã+ ãµ = ±nµ. (5.18)

An important aspect of N = D = 4 Dirac-Kähler twisted SUSY algebra is that, as
in N = D = 2 and N = 4 D = 3, there exist consistent solutions to satisfy the
Leibniz rule requirement of 4-dimensional lattice, namely,

a = (arbitrary) (5.19)

aµ = η(µ)nµ − a, (no sum) (5.20)

aµν = −η(µ)nµ − η(ν)nν + a, (no sum) (5.21)

ãµ =
∑

λ ̸=µ

η(λ)nλ − a, (5.22)

ã = −
4∑

λ=1

η(λ)nλ + a. (5.23)

which satisfy

a+ aµ = +η(µ)nµ, (µ : no sum) (5.24)

aρσ + aµ = −|δρσµν |η(ν)nν , for ρ = µ or σ = µ (5.25)

aρσ + ãµ = +|ϵρσµν |η(ν)nν , for ρ ̸= σ ̸= µ, (5.26)

ã+ ãµ = −η(µ)nµ, (µ : no sum) (5.27)

where η(µ) (µ = 1 ∼ 4) denote sign parameter which takes the value of ±1. Choice
of η(µ) relates to the absolute orientation of the spatial coordinates. If one takes
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(η(1), η(2), η(3), η(4)) = (+,+,+,+), the corresponding N = D = 4 Dirac-Kähler
twisted lattice algebra can be expressed as

{Q,Qµ} = +i∆+µ (5.28)

{Qρσ, Qµ} = −iδρσµν∆−ν (5.29)

{Qρσ, Q̃µ} = +iϵρσµν∆+ν (5.30)

{Q̃, Q̃µ} = +i∆−µ. (5.31)

As in the case of N = D = 2 and N = 4 D = 3, there exists one parameter
arbitrariness for the solution of aA. One of the typical choice for aA, symmetric
choice, is obtained by setting a = (+1
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2
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1

2
,+

1

2
), (5.39)

while the other typical choice, asymmetric choice, is given by setting a = (0, 0, 0, 0)
for the sign parameters (η(1), η(2), η(3), η(4)) = (+,+,+,+),

Asymmetric choice
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consistent solution
(Any one of shift vectors is arbitrary,  
 can be taken to be 0.)
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a = (0, 0, 0, 0), a1 = (+1, 0, 0, 0), (5.40)

a12 = (−1,−1, 0, 0), a2 = (0,+1, 0, 0), (5.41)

a13 = (−1, 0,−1, 0), a3 = (0, 0,+1, 0), (5.42)

a14 = (−1, 0, 0,−1), a4 = (0, 0, 0,+1), (5.43)

a23 = (0,−1,−1, 0), ã4 = (+1,+1,+1, 0), (5.44)

a24 = (0,−1, 0,−1), ã3 = (+1,+1, 0,+1), (5.45)

a34 = (0, 0,−1,−1), ã2 = (+1, 0,+1,+1), (5.46)

ã = (−1,−1,−1,−1), ã1 = (0,+1,+1,+1). (5.47)

One may wonder if N = 2 D = 4 twisted SUSY algebra with 8 supercharges
chould also be consistent with Leibniz rule requirement on 4-dimensional lattice.
However, as noted in Ref.[17], it is easy to show that N = 2 D = 4 twisted SUSY
algebra cannot satisfy such a requirement on 4-dimensional lattice. As far as we
know, 8 supercharge algebra can satisfy the requirement on at most 3-dimensional
lattice, which is N = 4 D = 3 twisted SYM formulation given in Ref. [17].

5.2 N = D = 4 Dirac-Kähler Twisted SYM Constraints on
a Lattice

Although it is shown in the last subsection that N = D = 4 Dirac-Kähler twisted
SUSY algebra itself can satisfy the Leibniz rule requirement of 4-dimensional lattice,
it is still non-trivial to ask how to formulate correpsonding lattice SYM. In the
following, we construct lattice SYM multiplet along the similar manner as in N =
D = 2 [2] and N = 4 D = 3 [3] and then proceed to present lattice counterpart of
N = D = 4 Dirac-Kähler twisted SYM action.

First, as in the case of N = D = 2 and N = 4 D = 3, we introduce non-
unitary link variables U±µ in 4-dimensions as lattice counterparts of gauge covariant
derivatives Dµ plus/minus twisted scalar Vµ,

Dµ ± Vµ → ∓ (U±µ)x±nµ,x = ∓ (e±i(Aµ±iVµ))x±nµ,x, (5.48)

which connect from x to x± nµ in a gauge covariant way for generic vaule of x,

(U±µ)x±nµ,x → G−1(x± nµ)(U±µ)x±nµ,xG(x). (5.49)

Note that U±µ do not satisfy unitarity condition because of the contribution of
Dirac-Kähler twisted scalar Vµ,

U+µU−µ ̸= 1. (5.50)

We also introduce the fermionic gauge link variables as lattice counterparts of
fermionic covariant derivatives, ∇A = (∇,∇µ,∇µν , ∇̃µ, ∇̃),

∇A → (∇A)x+aA,x (5.51)
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a34 = (0, 0,−1,−1), ã2 = (+1, 0,+1,+1), (5.46)
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ã = (−1,−1,−1,−1), ã1 = (0,+1,+1,+1). (5.47)

One may wonder if N = 2 D = 4 twisted SUSY algebra with 8 supercharges
chould also be consistent with Leibniz rule requirement on 4-dimensional lattice.
However, as noted in Ref.[17], it is easy to show that N = 2 D = 4 twisted SUSY
algebra cannot satisfy such a requirement on 4-dimensional lattice. As far as we
know, 8 supercharge algebra can satisfy the requirement on at most 3-dimensional
lattice, which is N = 4 D = 3 twisted SYM formulation given in Ref. [17].

5.2 N = D = 4 Dirac-Kähler Twisted SYM Constraints on
a Lattice

Although it is shown in the last subsection that N = D = 4 Dirac-Kähler twisted
SUSY algebra itself can satisfy the Leibniz rule requirement of 4-dimensional lattice,
it is still non-trivial to ask how to formulate correpsonding lattice SYM. In the
following, we construct lattice SYM multiplet along the similar manner as in N =
D = 2 [2] and N = 4 D = 3 [3] and then proceed to present lattice counterpart of
N = D = 4 Dirac-Kähler twisted SYM action.

First, as in the case of N = D = 2 and N = 4 D = 3, we introduce non-
unitary link variables U±µ in 4-dimensions as lattice counterparts of gauge covariant
derivatives Dµ plus/minus twisted scalar Vµ,

Dµ ± Vµ → ∓ (U±µ)x±nµ,x = ∓ (e±i(Aµ±iVµ))x±nµ,x, (5.48)

which connect from x to x± nµ in a gauge covariant way for generic vaule of x,

(U±µ)x±nµ,x → G−1(x± nµ)(U±µ)x±nµ,xG(x). (5.49)

Note that U±µ do not satisfy unitarity condition because of the contribution of
Dirac-Kähler twisted scalar Vµ,

U+µU−µ ̸= 1. (5.50)

We also introduce the fermionic gauge link variables as lattice counterparts of
fermionic covariant derivatives, ∇A = (∇,∇µ,∇µν , ∇̃µ, ∇̃),

∇A → (∇A)x+aA,x (5.51)

23

which connect from x to x+ aA in a gauge covariant way

(∇A)x+aA,x → G−1(x+ aA)(∇A)x+aA,xG(x). (5.52)

Then we impose the following N = D = 4 Dirac-Kähler twisted SYM constrants on
a lattice,

{∇,∇µ}x+a+aµ,x = +i(U+µ)x+nµ,x, (5.53)

{∇ρσ,∇µ}x+aρσ+aµ,x = +iδρσµν(U−ν)x−nν ,x, (5.54)

{∇ρσ, ∇̃µ}x+aρσ+ãµ,x = +iϵρσµν(U+ν)x+nν ,x, (5.55)

{∇̃, ∇̃µ}x+ã+ãµ,x = −i(U−µ)x−nµ,x, (5.56)

{∇, ∇̃}x+a+ã,x = −i(W )x+a+ã,x, (5.57)

{∇µν ,∇ρσ}x+aµν+aρσ ,x = +iϵµνρσ(W )x+aµν+aρσ ,x, (5.58)

{∇µ, ∇̃ν}x+aµ+ãν ,x = −iδµν(F )x+aµ+ãν ,x, (5.59)

{others} = 0, (5.60)

where W and F represent lattice counterparts of scalar fields in the continuum
spacetime, A and B. All the anti-commutators in l.h.s. should be understood as
link anti-commutators as in N = D = 2 and N = 4 D = 3.

Although the expressions of the constraints (5.53)-(5.60) might seem just given
through replacing the continuum covariant derivatives by the corresponding lattice
gauge covariant link variables in the continuum expressions (4.1)-(4.6), we should
pay careful attentions especially for gauge covariance aspect of the constraints on
the lattice.

First, in order for the constraints (5.53)-(5.56) to maintain the gauge covariance
on the lattice, the ending sites should coincide each other for each constraint. This
requirement gives

a+ aµ = +nµ, (5.61)

aρσ + aµ = −|δρσµν |nν , for ρ = µ or σ = µ (5.62)

aρσ + ãµ = +|ϵρσµν |nν , for ρ ̸= σ ̸= µ (5.63)

ã+ ãµ = −nµ, (5.64)

which are nothing but the Leibniz rule relations (5.24)-(5.27) for the sign parameter
choice (η(1), η(2), η(3), η(4)) = (+,+,+,+). Therefore the gauge covariance of (5.53)-
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where δρσµν ≡ δρµδσν − δρνδσµ.
The lattice counterpart of the above algebra is expected as

{Q,Qµ} = +i∆±µ (5.1)

{Qρσ, Qµ} = −iδρσµν∆±ν (5.2)

{Qρσ, Q̃µ} = +iϵρσµν∆±ν (5.3)

{Q̃, Q̃µ} = +i∆±µ (5.4)

where the ± signs are to be fixed later on.
As it was discussed in details in [1, 2] that one should maintain the Leibniz rule

to realize exact SUSY on a lattice. Let us remind some generic argument of the
formulation. Since we have only finite lattice spacings on a lattice, infinitesimal
translations should be replaced by finite difference operators,

Pµ = i∂µ → i∆±µ (5.5)

where ∆±µ denote forward and backward difference operators, respectively. The
operation of∆±µ on a function Φ(x) can be defined by the following type of “shifted”
commutators,

(∆±µΦ(x)) ≡ ∆±µΦ(x)− Φ(x± nµ)∆±µ, (5.6)

which satisfy the following “lattice” Leibniz rule,

(∆±µΦ1(x)Φ2(x)) = (∆±µΦ1(x))Φ2(x) + Φ1(x± nµ)(∆±µΦ2(x)), (5.7)

where the ∆±µ, locating on links from x to x± nµ, respectively, take unit values for
generic x,

∆±µ = (∆±µ)x±nµ,x = ∓1. (5.8)

Since the lattice formulation of SUSY should embed the above properties of bosonic
operators into the SUSY algebra, it is natural to assume that a lattice SUSY trans-
formation can also be defined as a “shifted” (anti-)commutator of QA located on a
link from x to x+ aA,

(QAΦ(x)) ≡ (QA)x+aA,xΦ(x)− (−1)|Φ|Φ(x+ aA)(QA)x+aA,x, (5.9)

where |Φ| represents 0 or 1 for bosonic or fermionic field Φ, respectively. The
operation of QA’s on a product of fields accordingly gives,

(QAΦ1(x)Φ2(x)) = (QAΦ1(x))Φ2(x) + (−1)|Φ1|Φ1(x+ aA)(QAΦ2(x)).(5.10)

Since the supercharges QA’s are located on links, it is then natural to define an anti-
commutator of lattice supercharges as an successive connection of link operators,

{QA, QB}x+aA+aB ,x = (QA)x+aA+aB ,x+aB(QB)x+aB ,x + (QB)x+aA+aB ,x+aA(QA)x+aA,x.

(5.11)
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super connection and gauge link field



U±µ W F ρ λµ ρµν λ̃µ ρ̃ ∇ ∇µ ∇µν ∇̃µ ∇̃

shift ±nµ a+ ã −a− ã −a −aµ −aµν −ãµ −ã +a +aµ +aµν +ãµ +ã

Table 4: Shift nature for Dirac-Kähler twisted N = D = 4 lattice SYM multiplet

Just along the similar manner as in the continuum observations, non-vanishing
fermionic components turn out to be

[∇̃,U+µ] = +λ̃µ, [∇µ,W ] = +λ̃µ, (5.75)

[∇ρσ,U−µ] = +ϵρσµν λ̃ν , (5.76)

[∇,U−µ] = +λµ, [∇̃µ,W ] = −λµ, (5.77)

[∇ρσ,U+µ] = −δρσµνλν , (5.78)

[∇̃, F ] = −ρ, [∇, F ] = −ρ̃, (5.79)

[∇µ,U−ν ] = +δµνρ, [∇̃µ,U+ν ] = −δµν ρ̃, (5.80)

[∇µ,U+ν ] = −ρµν , [∇ρσ, F ] = −1

2
ϵρσαβραβ, (5.81)

[∇̃µ,U−ν ] = −1

2
ϵµνρσρρσ, (5.82)

where we just omit link indices for simplicity and all the commutators should be
understood as link commutators. One can show that link natures for the above
non-vanishing fermionic components (ρ,λµ, ρµν , λ̃µ, ρ̃) are just opposite to those of
(∇,∇µ,∇µν , ∇̃µ, ∇̃), which are summarized in Table 4.

Jacobi identities for four fermionic link variables can be carried out in a simi-
lar way as in the continuum case but with link (anti-)commutators. Dirac-Kähler
twisted N = D = 4 SUSY transformation laws on the lattice can also be read off as
in N = D = 2 or N = 4 D = 3 from

(sAϕ)x+aϕ+aA,x = sA(ϕ)x+aϕ,x ≡ [∇A,ϕ}x+aϕ+aA,x, (5.83)

where (ϕ)x+aϕ,x denotes any components of the lattice multiplet. The results are
summarized in Table 5 and 6. Since there does not appear any auxiliary fields in the
lattice SYM multiplet just as in the continuum multiplet, the resulting N = D = 4
Dirac-Kähler twisted algebra for component fields closes only on-shell.

{s, sµ}(ϕ)x+aϕ,x =̇ +i[U+µ,ϕ]x+nµ+aϕ,x, (5.84)

{sρσ, sµ}(ϕ)x+aϕ,x =̇ +iδρσµν [U−ν ,ϕ]x−nν+aϕ,x, (5.85)

{sρσ, s̃µ}(ϕ)x+aϕ,x =̇ +iϵρσµν [U+ν ,ϕ]x+nν+aϕ,x, (5.86)

{s̃, s̃µ}(ϕ)x+aϕ,x =̇ −i[U−µ,ϕ]x−nµ+aϕ,x, (5.87)
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def. of fermions and SUSY trans. of W, F, 
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{rA,rB} = U±µ,W, F
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SUSY transformations  
of N=D=4 Lattice super Y-M



U±µ W F ρ λµ ρµν λ̃µ ρ̃ ∇ ∇µ ∇µν ∇̃µ ∇̃

shift ±nµ a+ ã −a− ã −a −aµ −aµν −ãµ −ã +a +aµ +aµν +ãµ +ã

Table 4: Shift nature for Dirac-Kähler twisted N = D = 4 lattice SYM multiplet

Just along the similar manner as in the continuum observations, non-vanishing
fermionic components turn out to be

[∇̃,U+µ] = +λ̃µ, [∇µ,W ] = +λ̃µ, (5.75)

[∇ρσ,U−µ] = +ϵρσµν λ̃ν , (5.76)

[∇,U−µ] = +λµ, [∇̃µ,W ] = −λµ, (5.77)

[∇ρσ,U+µ] = −δρσµνλν , (5.78)

[∇̃, F ] = −ρ, [∇, F ] = −ρ̃, (5.79)

[∇µ,U−ν ] = +δµνρ, [∇̃µ,U+ν ] = −δµν ρ̃, (5.80)

[∇µ,U+ν ] = −ρµν , [∇ρσ, F ] = −1

2
ϵρσαβραβ, (5.81)

[∇̃µ,U−ν ] = −1

2
ϵµνρσρρσ, (5.82)

where we just omit link indices for simplicity and all the commutators should be
understood as link commutators. One can show that link natures for the above
non-vanishing fermionic components (ρ,λµ, ρµν , λ̃µ, ρ̃) are just opposite to those of
(∇,∇µ,∇µν , ∇̃µ, ∇̃), which are summarized in Table 4.

Jacobi identities for four fermionic link variables can be carried out in a simi-
lar way as in the continuum case but with link (anti-)commutators. Dirac-Kähler
twisted N = D = 4 SUSY transformation laws on the lattice can also be read off as
in N = D = 2 or N = 4 D = 3 from

(sAϕ)x+aϕ+aA,x = sA(ϕ)x+aϕ,x ≡ [∇A,ϕ}x+aϕ+aA,x, (5.83)

where (ϕ)x+aϕ,x denotes any components of the lattice multiplet. The results are
summarized in Table 5 and 6. Since there does not appear any auxiliary fields in the
lattice SYM multiplet just as in the continuum multiplet, the resulting N = D = 4
Dirac-Kähler twisted algebra for component fields closes only on-shell.

{s, sµ}(ϕ)x+aϕ,x =̇ +i[U+µ,ϕ]x+nµ+aϕ,x, (5.84)

{sρσ, sµ}(ϕ)x+aϕ,x =̇ +iδρσµν [U−ν ,ϕ]x−nν+aϕ,x, (5.85)

{sρσ, s̃µ}(ϕ)x+aϕ,x =̇ +iϵρσµν [U+ν ,ϕ]x+nν+aϕ,x, (5.86)

{s̃, s̃µ}(ϕ)x+aϕ,x =̇ −i[U−µ,ϕ]x−nµ+aϕ,x, (5.87)
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On shell closure of SUSY algebra:

{s, s̃}(ϕ)x+aϕ,x =̇ −i[W,ϕ]x+a+ã+aϕ,x, (5.88)

{sµν , sρσ}(ϕ)x+aϕ,x =̇ +iϵµνρσ[W,ϕ]x+a+ã+aϕ,x, (5.89)

{sµ, s̃ν}(ϕ)x+aϕ,x =̇ −iδµν [F,ϕ]x−a−ã+aϕ,x, (5.90)

{others}(ϕ)x+aϕ,x =̇ 0, (5.91)

where (ϕ)x+aϕ,x denotes any of the component of the lattice SYM multiplet while
the symbol =̇ represents that the equality holds only up to the following lattice
counterparts of equations of motion if ϕ is fermionic component (ρ,λµ, ρρσ, λ̃µ, ρ̃),

[U+µ,λµ]− [W, ρ̃] = 0, (5.92)

[U−µ, λ̃µ]− [W, ρ] = 0, (5.93)

[U+µ, ρ]− [U−ν , ρµν ] + [F, λ̃µ] = 0, (5.94)

[U−µ, ρ̃] +
1

2
ϵµνρσ[U+ν , ρρσ] + [F,λµ] = 0, (5.95)

δµνρσ[U−ρ,λ−σ] +
1

2
ϵµνρσ[W, ρρσ]− ϵµνρσ[U+ρ, λ̃σ] = 0, (5.96)

where all the link indices are omitted for simplicity.
Throughout the above calculations, one can see that the gauge covariance is

rigidly kept. For example, the lattice counterpart of equation of motion (5.92)
actually represents,

[U+µ,λµ]x+nµ−aµ,x − [W, ρ̃]x+a+ã−ã,x = 0, (5.97)

by remembering that the shift of λµ, W and ρ̃, is given by −aµ, a + ã and −ã,
respectively. The ending sites for both terms coincide each other, which ensures the
gauge covariance on the lattice, if one reminds a and aµ are subject to the condition
(5.61).

Now we proceed to discuss about constructing lattice action of N = D = 4 Dirac-
Kähler twisted SYM. In the above formulation, the lattice multiplet (U±µ,W, F, ρ,λµ, ρµν , λ̃µ, ρ̃)
is obtained only on-shell, which means there is no manifest way to construct the cor-
responding lattice SYM action. However, the expression of continuum N = D = 4
Dirac-Kähler twisted SYM action (4.82) suggests that the lattice counterpart can

28

{s, s̃}(ϕ)x+aϕ,x =̇ −i[W,ϕ]x+a+ã+aϕ,x, (5.88)
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Equations of motion

For the closure on fermonic fields,  
equations of motion are used. 
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Geometrical locations of fields are determined 
    automatically by graded Jacobi identities. 
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be expressed as

SN=D=4
lat. TSYM =

∑

x

tr

[
1

2
[U+µ,U+ν ]x,x−nµ−nν [U−µ,U−ν ]x−nµ−nν ,x

−1

4
[U+µ,U−µ]x,x[U+ν ,U−ν ]x,x −

1

4
[W,F ]x,x[W,F ]x,x

+
1

2
[U+µ,W ]x,x−nµ−a−ã[U−µ, F ]x−nµ−a−ã,x

+
1

2
[U−µ,W ]x,x+nµ−a−ã[U+µ, F ]x+nµ−a−ã,x

−i(λµ)x,x+aµ [U+µ, ρ]x+aµ,x + iρ̃x,x+ã[W, ρ]x+ã,x − i(λµ)x,x+aµ [F, λ̃µ]x+aµ,x

+i(λµ)x,x+aµ [U−ν , ρµν ]x+aµ,x − i(ρ̃)x,x+ã[U−µ, λ̃µ]x+ã,x

− i

2
ϵµνρσ(λ̃µ)x,x+ãµ [U+ν , ρρσ]x+ãµ,x −

i

8
ϵµνρσ(ρµν)x,x+aµν [W, ρρσ]x+aµν ,x

]
,

(5.98)

which is given by replacing the continuum multiplet by the corresponding lattice
multiplet and the ordinary (anti-)commutators by link (anti-)commutators in the
action (4.82).

An important feature of the above lattice action (5.98) is that each term forms
closed loop from x to x, which ensures manifest gauge invariance. One can also see
that the boson part of the action contains ordinary plaquette terms in 4-dimensions
(Fig.1) as well as zero-area loops (Fig.2) which is originated from the non-unitary
nature of bosonic gauge link variables, U+µU−µ ̸= 1.

As in the continuum action (4.82) discussed in the previous subsection, on-shell
structure of theN = D = 4 Dirac-Kähler lattice SYMmultiplet (U±µ,W, F, ρ,λµ, ρµν , λ̃µ, ρ̃)
prohibit us to express the lattice action (5.98) w.r.t. any of the lattice supercharges.

Correspondingly, SUSY invariance of the action (5.98) is not manifestly ensured
on the lattice and should rather be examined through explicit component-wise trans-
formations. In doing this procedure, we should also pay special attention not to

29

x

U+ν

U+µ

U−µ

U−ν

x + nµ

x+nµ+nνx + nν

x

U+ν

U+µ

U−µ

U−ν

x + nµ

x+nµ+nνx + nν

Fig. 1: Plaquettes

be expressed as

SN=D=4
lat. TSYM =

∑

x

tr

[
1

2
[U+µ,U+ν ]x,x−nµ−nν [U−µ,U−ν ]x−nµ−nν ,x

−1

4
[U+µ,U−µ]x,x[U+ν ,U−ν ]x,x −

1

4
[W,F ]x,x[W,F ]x,x

+
1

2
[U+µ,W ]x,x−nµ−a−ã[U−µ, F ]x−nµ−a−ã,x
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break the gauge invarinace of the SUSY transformed action,

sA SN=D=4
lat. TSYM , (5.99)

since link nature of the lattice supercharges sA generally affects the closed loop
nature of the lattice action. Remembering the one-parameter arbitrariness of shift
parameter aA associated with lattice supercharges sA, one can explicitly show that
the lattice action of N = D = 4 Dirac-Kähler twisted SYM (5.98) is invariant under
sA when the corresponding shift parameter aA is taken to be zero, namely 1,

s SN=D=4
lat. TSYM = 0, for a = 0, (5.100)

sµ SN=D=4
lat. TSYM = 0, for aµ = 0, (5.101)

sµν SN=D=4
lat. TSYM = 0, for aµν = 0, (5.102)

s̃µ SN=D=4
lat. TSYM = 0, for ãµ = 0, (5.103)

s̃ SN=D=4
lat. TSYM = 0, for ã = 0. (5.104)

Correspondingly, the summation of x needs to cover only integer sites, since the
above choice of shift parameter aA reduces the lattice structure to only integer sites
and links conntecting those sites,

∑

x

=
∑

(m1,m2,m3,m4)

, (m1,m2,m3,m4 : integers). (5.105)

An important notice here is that one cannot simultaneously take more than two
shift parameters to be zero, since there is only one parameter arbitrariness for aA.
Therefore if one choose the parameter, for example, a to be zero in such a way for
the lattice action to be invariant under the scalar supercharge s, it is not ensured
for the action to be invariant under other set of lattice supercharges, (sµ, sµν , s̃µ, s̃).

This aspect for N = D = 4 should be compared to the result for N = D = 2 and
N = 4 D = 3 given in Ref[2] [3] where the exact form w.r.t. all the supercharges

1As in the continuum spacetime, the invariance of the action under the operations of twisted
supercharges can be shown without use of equations of motion, although the closure of the algebra
holds up to equations of motion.
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U±µ W F ρ λµ ρµν λ̃µ ρ̃ ∇ ∇µ ∇µν ∇̃µ ∇̃

shift ±nµ a+ ã −a− ã −a −aµ −aµν −ãµ −ã +a +aµ +aµν +ãµ +ã

Table 4: Shift nature for Dirac-Kähler twisted N = D = 4 lattice SYM multiplet

Just along the similar manner as in the continuum observations, non-vanishing
fermionic components turn out to be

[∇̃,U+µ] = +λ̃µ, [∇µ,W ] = +λ̃µ, (5.75)

[∇ρσ,U−µ] = +ϵρσµν λ̃ν , (5.76)

[∇,U−µ] = +λµ, [∇̃µ,W ] = −λµ, (5.77)

[∇ρσ,U+µ] = −δρσµνλν , (5.78)

[∇̃, F ] = −ρ, [∇, F ] = −ρ̃, (5.79)

[∇µ,U−ν ] = +δµνρ, [∇̃µ,U+ν ] = −δµν ρ̃, (5.80)

[∇µ,U+ν ] = −ρµν , [∇ρσ, F ] = −1

2
ϵρσαβραβ, (5.81)

[∇̃µ,U−ν ] = −1

2
ϵµνρσρρσ, (5.82)

where we just omit link indices for simplicity and all the commutators should be
understood as link commutators. One can show that link natures for the above
non-vanishing fermionic components (ρ,λµ, ρµν , λ̃µ, ρ̃) are just opposite to those of
(∇,∇µ,∇µν , ∇̃µ, ∇̃), which are summarized in Table 4.

Jacobi identities for four fermionic link variables can be carried out in a simi-
lar way as in the continuum case but with link (anti-)commutators. Dirac-Kähler
twisted N = D = 4 SUSY transformation laws on the lattice can also be read off as
in N = D = 2 or N = 4 D = 3 from

(sAϕ)x+aϕ+aA,x = sA(ϕ)x+aϕ,x ≡ [∇A,ϕ}x+aϕ+aA,x, (5.83)

where (ϕ)x+aϕ,x denotes any components of the lattice multiplet. The results are
summarized in Table 5 and 6. Since there does not appear any auxiliary fields in the
lattice SYM multiplet just as in the continuum multiplet, the resulting N = D = 4
Dirac-Kähler twisted algebra for component fields closes only on-shell.

{s, sµ}(ϕ)x+aϕ,x =̇ +i[U+µ,ϕ]x+nµ+aϕ,x, (5.84)

{sρσ, sµ}(ϕ)x+aϕ,x =̇ +iδρσµν [U−ν ,ϕ]x−nν+aϕ,x, (5.85)

{sρσ, s̃µ}(ϕ)x+aϕ,x =̇ +iϵρσµν [U+ν ,ϕ]x+nν+aϕ,x, (5.86)

{s̃, s̃µ}(ϕ)x+aϕ,x =̇ −i[U−µ,ϕ]x−nµ+aϕ,x, (5.87)
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sum of link loops
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 SUSY transformation of fields ??

sAS
N=D=4
lat. TSYM = 0
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This sounds like the exact lattice SUSY invariance for all super charges.

However       or equivalently         carries a shift      , thus  
      operation to the action generates a link hole                 . 
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This is because the action is the summation of closed link loops.  
 Furthermore gauge invariance is lost after      operation due  
 to the link holes. 

sA
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How do we cure this problem ?



We introduce local SUSY link parameter                  which has 
an opposite shift of                    and carry gauge suffices. 

Let us suppose for simplicity that the action is  a product of  
 3 fields (generalization trivial):

correct SUSY transformation can be defined:

S =
X

x

Tr(�1�2�3)x,x
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Lattice SUSY operation on the action is 
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00



Since        should be local and gauge variant link super parameter  
                 and thus exact SUSY invariance for      is lost on the lattice. 

✏A
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non-Abelian gauge group

sA
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When  one of shift vectors is zero:           ,       is not a link parameter  
 and can be taken as constant super parameter and thus:                  .

aA = 0
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One of 16 super charges can be kept exact when the  corresponding  
                              shift vector vanishes. 



Abelian gauge group 
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Here ordering equivalence class identification is imposed. 

Abelian action is invariant for all super charges with the  
ordering equivalence class identification.

[�A,�B} = 0 (�A 6= di↵erential operator)
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Conclusions and Discussions

We have formulated N=D=4 twisted super Yang-Mills theory  
on the lattice by the link approach.  
Anyone of N=4 super charges can be  made exactly supersymmetric.  
Ordering equivalence class identification is defined to solve ordering  
ambiguity of a product of fields.  
Local super parameters having link nature are introduced to keep  
gauge invariance of the action before and after the SUSY transformation.

In order to cancel the terms including the local super parameter  
we may need super gravity contribution to realize exact lattice SUSY ?




