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• Boundary Quantum Field Theory (BQFT) 

• Holographic Entanglement Entropy in BQFT 

 -  Pure AdS spacetime 

 -  Schwarzschile-AdS black hole 

 -  Araki-Lieb Inequality 

Outline 

E-J Chang, C-J Chou and YY, arXiv:1805.06117, Phys.Rev. D98 (2018) 



Holographic BQFT 
𝑆 = 𝑆ℳ + 𝑆𝒬 + 𝑆𝜕ℳ + 𝑆𝒫  
 

𝑆ℳ =  −𝑔 𝑅 − 2Λℳ
ℳ

 
 

𝑆𝒬 =  −ℎ 𝑅𝒬 − 2Λ𝒬 + 2𝐾
𝒬

 

 

𝑆𝜕ℳ =  −𝛾 2𝐾′

𝜕ℳ

 
 

𝑆𝒫 =  −𝜍 2𝜃
𝒫

 [Takayanagi, Chu, Miao, Guo] 



• Equation of motion 

 𝑅𝑎𝑏 −
1

2
𝑅𝑔𝑎𝑏 + Λℳ𝑔𝑎𝑏 = 0 

 

• Boundary condition 

 𝑅𝒬𝑎𝑏 + 2𝐾𝑎𝑏 −
1

2
𝑅𝒬 + 𝐾 − Λ𝒬 ℎ𝑎𝑏 = 0 

→ 𝑑 − 1 𝑅𝒬 + 2𝐾 − 2 𝑑 + 1 Λ𝒬 = 0  

Boundary Condition 

[Takayanagi, Chu, Miao, Guo] 



Holographic Entanglement Entropy 

𝑆𝐴 = min
𝑋

𝐴𝑟𝑒𝑎 ℰ𝒜

4𝐺𝑁
𝑑+2

 

 

𝑋 = ℰ𝒜
ℰ𝒜|𝜕ℳ = 𝜕𝒜    
𝜕𝒭𝒜 = ℰ𝒜 ∪𝒜

 

 
𝑋 = ℰ𝒜

ℰ𝒜|𝜕ℳ = 𝜕𝒜, ℰ𝒜|𝒬 = 𝒫𝒜
𝜕𝒭𝒜 = ℰ𝒜 ∪𝒜 ∪ 𝒬𝒜         

 
 

Homology Constraint 

[Ryu, Takayanagi, Hubeny, Rangamani] 

[Chu, Miao, Guo, Astaneh, Berthiere, Solodukhin] 



• Solution of 𝒬 

𝑥 = 𝑃 + sinh 𝜌 𝑧 

• Entanglement entropy  

A Solution in 𝐴𝑑𝑆3 

[Chu, Miao, Guo] 

𝑆𝒜 =

log
2𝑙

𝜖
,                     𝑑 ≥ 𝑑𝑐

𝜌 +
1

2
log
4𝑑 𝑑 + 2𝑙

𝜖2
, 𝑑 ≤ 𝑑𝑐

 



A Simple Solution in 𝐴𝑑𝑆𝑑+2 

𝐴𝑑𝑆𝑑+2:  𝑑𝑠ℳ
2 =
𝑙𝐴𝑑𝑆
2

𝑧2
−𝑑𝑡2 + 𝑑𝑧2 + 𝑑𝑥𝑖

2

𝑑

𝑖=1

 

 

𝐴𝑑𝑆𝑑+1:  𝑑𝑠𝒬
2 =
𝑙𝐴𝑑𝑆
2

𝑧2
−𝑑𝑡2 + 𝑑𝑧2 + 𝑑𝑥𝑖

2

𝑑

𝑖=2

 

 

𝑅𝒬 = −
𝑑 𝑑 + 1

𝑙𝐴𝑑𝑆
2 , 𝐾𝑎𝑏 = 0, Λ𝒬 = −

𝑑 𝑑 − 1

2𝑙𝐴𝑑𝑆
2  

𝐿/2 −𝐿/2 𝜕ℳ 



Minimal Surface in 𝐴𝑑𝑆𝑑+2 

𝑎 = 2𝑧0 𝜋
Γ
𝑑 + 1
2𝑑

Γ
1
2𝑑

 

 

𝑆𝐸𝐸
𝒜 (𝑎) =

𝑙𝐴𝑑𝑆
𝑑

2 𝑑 − 1 𝐺𝑁
𝑑+2

𝐿

𝜖

𝑑−1

−
𝐿

𝑧0

𝑑
𝑎

2𝐿
 

𝑎/2 

𝑧0 

𝑥 −𝑎/2 



Entanglement Wedge in 𝐴𝑑𝑆𝑑+2 

𝑆𝑠𝑢𝑛𝑠𝑒𝑡
𝒜 = 𝑆𝐸𝐸

𝒜 (𝑎) 
 

𝑆𝑠𝑘𝑦
𝒜 =
1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 + 2 𝑥 +

1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 − 2 𝑥  

 

𝑆𝑟𝑎𝑖𝑛𝑏𝑜𝑤
𝒜 =

1

2
𝑆𝐸𝐸
𝒜 𝑙 + 𝑎 − 2 𝑥 +

1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 − 2 𝑥  

sunset sky rainbow 



Phase Diagram in 𝐴𝑑𝑆𝑑+2 

sunset 

sky 

rainbow 



Holographic BQFT at Finite 𝑇 
𝑆 = 𝑆ℳ + 𝑆𝒬 + 𝑆𝜕ℳ + 𝑆𝒫  
 

𝑆ℳ =  −𝑔 𝑅 − 2Λℳ
ℳ

 
 

𝑆𝒬 =  −ℎ 𝑅𝒬 − 2Λ𝒬 + 2𝐾
𝒬

 

 

𝑆𝜕ℳ =  −𝛾 2𝐾′

𝜕ℳ

 
 

𝑆𝒫 =  −𝜍 2𝜃
𝒫

 



Holographic Entanglement Entropy 

𝑆𝐴 = min
𝑋

𝐴𝑟𝑒𝑎 ℰ𝒜

4𝐺𝑁
𝑑+2

 

 
𝑋 = ℰ𝒜

ℰ𝒜|𝜕ℳ = 𝜕𝒜    
𝜕𝒭𝒜 = ℰ𝒜 ∪𝒜

 

 

𝑋 = ℰ𝒜
ℰ𝒜|𝜕ℳ = 𝜕𝒜, ℰ𝒜|𝒬 = 𝒫𝒜
𝜕𝒭𝒜 = ℰ𝒜 ∪𝒜 ∪ 𝒬𝒜         

 
 

Homology Constraint 



Schwarzschild-AdS Black Hole 

𝑑𝑠ℳ
2 =
𝑙𝐴𝑑𝑆
2

𝑧2
−𝑔 𝑧 𝑑𝑡2 +

𝑑𝑧2

𝑔 𝑧
+ 𝑑𝑥𝑖

2

𝑑

𝑖=1

, 𝑔 𝑧 = 1 −
𝑧𝑑+1

𝑧𝐻
𝑑+1

 

 

𝑑𝑠𝒬
2 =
𝑙𝐴𝑑𝑆
2

𝑧2
−𝑔 𝑧 𝑑𝑡2 +

𝑑𝑧2

𝑔 𝑧
+ 𝑑𝑥𝑖

2

𝑑

𝑖=2

 

 

𝑅𝒬 = −
𝑑 𝑑 + 1

𝑙𝐴𝑑𝑆
2 , 𝐾𝑎𝑏 = 0, Λ𝒬 = −

𝑑 𝑑 − 1

2𝑙𝐴𝑑𝑆
2  



Minimal Surface in Black Hole 

𝑎 = 2𝑧0 
𝑣𝑑𝑑𝑣

1 − 𝑏𝑣 𝑑+1 1 − 𝑣2𝑑
 

1

0

, 𝑏 =
𝑧0
𝑧𝐻

 

 

𝑆𝐸𝐸
𝒜 (𝑎) =

𝑙𝐴𝑑𝑆
𝑑

2 𝑑 − 1 𝐺𝑁
𝑑+2

𝐿

𝜖

𝑑−1

−
𝐿

𝑧0

𝑑
𝑎

2𝐿
 

 

                   −
𝑏𝑧0
𝑑 − 1
 
𝑑 − 3 𝑣 − 𝑑 + 3 𝑣2𝑑+1

1 − 𝑏𝑣 𝑑+1 1 − 𝑣2𝑑

1

0

 

𝑎/2 

𝑧0 

𝑥 −𝑎/2 

𝑧𝐻 



Entanglement Wedge in BH 
sunset sky rainbow 

Reversed-sunset Reversed-sky Reversed-rainbow 

𝒜 

𝒜𝑐  



Entanglement Entropy in BH 
  

  𝑆𝑠𝑢𝑛𝑠𝑒𝑡
𝒜 = 𝑆𝐸𝐸

𝒜 (𝑎) 

  𝑆𝑠𝑘𝑦
𝒜 =
1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 + 2 𝑥 +

1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 − 2 𝑥 + 𝑆𝐵𝐻  

  𝑆𝑟𝑎𝑖𝑛𝑏𝑜𝑤
𝒜 =

1

2
𝑆𝐸𝐸
𝒜 𝑙 + 𝑎 − 2 𝑥 +

1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 − 2 𝑥  

 

 

  𝑆𝑅−𝑠𝑢𝑛𝑠𝑒𝑡
𝒜𝑐 = 𝑆𝐸𝐸

𝒜 (𝑎) + 𝑆𝐵𝐻 

  𝑆𝑅−𝑠𝑘𝑦
𝒜𝑐 =

1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 + 2 𝑥 +

1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 − 2 𝑥  

  𝑆𝑅−𝑟𝑎𝑖𝑛𝑏𝑜𝑤
𝒜𝑐 =

1

2
𝑆𝐸𝐸
𝒜 𝑙 + 𝑎 − 2 𝑥 +

1

2
𝑆𝐸𝐸
𝒜 𝑙 − 𝑎 − 2 𝑥 + 𝑆𝐵𝐻 

 



Phase Diagram in BH at 𝑧𝐻 = 1.5 

𝒜 𝒜𝑐  



Phase Diagram at Different 𝑇 

𝒜 

𝒜𝑐  

𝑧𝐻 = 0.6 𝑧𝐻 = 1 𝑧𝐻 = 2 𝑧𝐻 = 9 



Araki-Lieb Inequality 
 

Δ𝑆𝐸𝐸
𝒜 = 𝑆𝐸𝐸

𝒜 − 𝑆𝐸𝐸
𝒜𝑐 ≤ 𝑆𝐵𝐻 

 



Entanglement Plateau 



Summary 

• Holographic BQFT: pure AdS and black hole 
 

• Holographic entanglement entropy 
 

       -  Phase diagram of HEE 
 

       -  Araki-Lieb Inequality and entanglement plateau 


