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QFT on R1+3



Quantum Field Theory

* Theory of Identical Particles

- James Clerk Maxwell: Atoms in Encyclopedia
Britannica, 9th Ed. (year 1875) Atoms have been
compared by Sir John Herschel to manufactured
articles, on account of their uniformity.

» Planck (1900,Einstein (1905): photon

» Dirac (1927): quantization of electromagnetic field
by using quantum harmonic oscillators and
introducing photon as field quanta



Quantum Field Theories

» QFT as a modern calculus (Seiberg)
- discovered for physics problem

- enormously useful in diverse fields of science: particle
physics, condensed matter physics, cosmology and string
theory, mathematics

» do not know the right formulation

* sign of a deep idea



Feynman Path Integral

* 4d Yang-Mills theory of gauge group SU(N): A, F=dA+A?2
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» Euclidean time path integral
7 = Tre 11 = /[dAM] exp(—Sg)

- weakly coupled perturbative region:
. ultraviolet physics: asymptotic freedom 9¢(H)

. . ener
» strongly coupled nonperturbative region N HE

» infrared physics: color confining, mass gap



instantons in R4e

- saddle point method: stationary point As such that 8Se =0

. 1
Z =Y e =) / [dSA,] exp(—§525E(A*)6A2)
As

- stationary points: self-dual instantons and anti-selfdual

instantons such that *F= +F 1

L. k=
- Counting instantons: 3272

/d%trFAF, keZ

- for U(N): the second Chern class

* iInstantons contribution to the vacuum energy of Yang-Mill theory
with 0-therm o2

Log = Ke 97 cos(0)

 Highly nonperturbative, not yet color confining or mass gap.......



instantons in R4e

* N=2 supersymmetric Yang-Mills theory
- vector multiplet in the Coulomb branch: Ar, A", ar

« Coulomb branch: complex space of dimension r=rank of the
gauge group

» The quantum correction to the moduli space metric: 1-loop exact
+ non-perturbative instanton corrections

* Free potential captures it well.
F(a), af = 0F/0da", T;; = Oa;’ /Oa,
1 o
L = §T(a)ijﬁua7’8“a3

* For SU(2) SYM,

F:—a 1n——|—ZFka ( 4)
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Quantum Field Theories

* How to extend QFTs
 Lower dimensions (0,1,2=1+2,3=1+2)
» Higher dimensions (5=1+4,6=1+5)




4 dim

Yang-Mills theory: [g2] =0
running coupling constant: 1/ g2(p) o« In (p/A)
QCD: asymptotically free (UV free), confinement
QED: IR free, Landau pole

2,3 dim: well-defined, many relation to condensed matter
physics



5dim & 6 dim
Yang-Mills theory: [1/g?] = M (5d), M2 (6d)
coupling expansion = 1/M or 1/M?2 expansion
non-renormalizable
IR free, UV strong, Landau pole?
How to complete the physics of UV region?
7,8,9,10: 10-dim superstring theory completion
11-dim M theory completion
5,6 dim: 5,6 superconformal field theories and little string theories

iInstantons and instanton(self-dual) strings play a crucial role.



d=4 dim

Yang-Mills theory: [1/g2](p) = ¢ In (p/A\) , c>0
weak interaction in short distance (asymptotically free)

strong interaction in long distance (confinement)

weak strong

1/



d=5,6 dim

Yang-Mills theory: [1/g2] = M (5d), M2 (6d)
strong interaction in short distance

weak interaction in long distance

strong weak




d=5,6 dim

Instanton solitons in 5d and Instanton (self-dual) strings in
6d provide the short distance completion of these theories.

strong

instanton weak




5 and o Dim
QFTs



5 & 6 dim superconformal group

W. Nahm 1978

- 5d: N=1 SCFTs with F(4) supergroup
-+ 6d: (1,0) SCFTs with OSp(2,611) supergroup

-+ 6d: (2,0) SCFTs with OSp(2,612) supergroup



conformal symmetry

pu=9du (space-time translation)
Muv = X0y - Xvdu (Space-time translation)
d= x4d, (dilatation) x:—AxH

Ku= 2Xu(Xvdv) - x2d,, (special conformal transformation)
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zt —atx
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No dimensionful parameter



5d N=1
SCFTs



1 1 1
Su = /d%(ztrFABFAB n 5DA<I>DAcI>...), g%] = Length

vector multiplet: A, ®, A4 (symplectic Majorana)

hyper multiplet: qa,? (symplectic Majorana)



5 dim N=1
- Seiberg (9608111):

- 5d N=1 SYM theories with SU(2)=Sp(1) gauge group
and Nf fundamental hyper multiplets have a UV fixed

point with enhanced global symmetry En+1 2
SO(2N#)xU(1)

. type I, HE,HO T-duality

+ instantons: the number of 1/2 BPS instantons is U(1),

charge



5dim N=1

Morrison, Seiberg (9609070):

For Ni=0, discrete 6=0,rt with E1, E1 enhanced
symmetry.

non-Lagrangian theory of rank 1 Eo without any
global symmetry.

Eo, E1=U(1), E1=SU(2), E2=SU(2)xU(1),
Es=SU(3)xSU(2), E4=SU(5), Es=S0O(10), Es, E7, Es

Es: SU(2) + 8 fundamental hypermultiplets: completed
in 6d (1,0) SCFT (E-string theory)

M5 branes exploring the Horava-Witten Eg Wall in
Heterotic EsxEs theory



Dyonic Instantons  tamben-Tongeeon, kim-kwo111)

Dyonic Instantons

1 1
B=s5 d4z tr(§F3V + F2) + (Dg®)* + (D, ) + )

1 1
= 552 d*z tr(Z(FW $*FW)2 + (F, F DMCI))2 + (Do<1>)2) + Mecentral

- Instantons: F="F (self-dual), and mass = 8m2/g? k

-+ zero modes for SU(2) case: 8k= 4 (c.m. position)+ 4(overall scale +
SU(2) global symmetry)

* Dyonic one: E=D, @, Do®=0
* GaUSS law: DHEH=DHD|_1CD=O

- Boundary condition <®>= 4 03/2



DyO NiC Instantons  Lambert-Tong(9907), Kim-KL(0111)

- The zeros of @ is gauge invariant and depend on the instanton moduli

space (supertube, Townsend 0103.): composition of D4,D0,F1,D2 loop.
- Nontrivial angular momentum (generalization of monopole-electric charge)

For a given instanton number k, and electric charge Q with the given
boundary condition, there is a hugh degeneracy with many different
angular momentum (J+,J-) of SO(4)=SU(2xSU(2) spatial rotation.



Dyonic Instantons

The zeros of ® is gauge invariant and depend on the
iInstanton moduli space parameters

Jackiw-Nohl-Rebbi (77) for two instantons /
. K 0.
i, _ 5i
Au(x) = 500, 0, log H(z), H(z) = ; Z—a
-
Kim-Lee (0111) «
U

D,D,® =0, (®)= oy

Circle of D2 =the zeroth of ®

For a given instanton configuration and <®>, the
electric charge is fixed.

For a given number of instanton and electric charge
there is a huge degeneracy with different angular
momentum.



SU(2) Dyonic Instantons

Lambert-Tong(9907), Kim-KL(0111)

k instanton with 8k zero modes

+ 4 position, 3 overall SU(2) orientation, 1
overall size

- 8k-8: internal zero modes: relative siz

and orientations

- For a given number of instanton and
electric charge there is a huge
degeneracy with different angular
momentum.




5dim N=1 SU(2) gauge

Supercharge Qa&Aa Q&A

SO(4)=SU(2)xSU(2). :( v, ¢v )

SU2)R: A
Supersymmetric Algebra
472k
{Qf,,, Qg’} — P,,.(F”C ) MNF-AB + 1 g’;r CMNF-AB + itr(?»'H)C"wNﬁAB
YM

BPS states in the Coulomb phase: instantons, electric
charges and magnetic monopole strings

82k
Mcentral — 92 | erlectm’c




Quantum dyonic instantons

Testing the enhancement of the global symmetry
BPS states are invariant under the continuous deformation
Counting the BPS states with a given supercharge

Q =€s4Qan

Generalized Witten Index=Index partition function

7 Tr(_1)F€—B{Q,QT}e—ie+(J++JR)—ie_J_—iaiHi
e1,e2 ()-deformation, localize the instanton on R4
chemical potential for the angular momentum J4,J-
ai: localize the instanton size

chemical potential for the electric charge [,



5dim N=1

Fermion zero modes (gaugino A and higgsinos )

Partition functions in the path integral is composed of
perturbative and nonperturbative contributions

L= Zperturbative Znon-perturbative
perturbative: W-bosons and matter hyper

nonperturbative: dyonic instantons = solitons with nontrivial
angular momentum



Partition Function

()-deformation, localized on R* : e1=€.+¢€., €o=€,-€.

localized on the size of instantons: u=a (Coulomb
parameter)

Zx: Nekrasov partition function

871'2

Znon—pert =1+ quzka q = e 9’
k=1

ADHM supersymmetric quantum mechanics for instantons

localization: O(k) gauge theory, vector, hyper, fermi
(Kim,Kim,Lee 1206....)

'f me mEa; f Ty mta;
1 ||, 2esin 5t | |;- 2esin =5 ||, 1 2c08 5 ?_,2cos 5 1
Loy; DO
o7 :

JE=
qp(\’) 32 2 ~¥1 =¥ - m-l-v 2] X4 . m-l-mf iy
7 TLE=T2 _ moTyyl] . 11 i 1+ _ Y1772 1 . Y13
sinh -5 5 | |7. 2 sin M sinh 572 sin S |I_1 2cos 5




Partition Function (Gopakumar-Vata Invariants)
the free energy F: Z = exp (F)=PE(Fs)

Fs = single particle free energy

Zb:1+33+x2-|-:163-|-...:1ix Zf=1—x=exp(—In(l —z))
(©.@] :E’n’
=exp(—In(1 —z)) = exp(z ;) —~ n
=l = PE(—x)

= PE(x)

A = e g2@N)  Mmitev,pomoni,Taki,Yagi, 1411

FS — S: S: N(jL,]R)f(]Lv.]R)An

n=0 jL 7.7R:O

o o (—1)2ir+2in+1 ((tq)_j" R (tq)jr,) ((;)—J’n X aau -t (;)jn.)
FlUrL.irit,q) = f(iL, dr) = (11/2 — t=112)(g1/2 — ¢~1/2) ,

— €1 — ~—€92
t=e",q=e 2,



Partition Function

some examples

SU(2)+Ni=5 : Es

t
poo_ @

’ (1—=¢)(1—q)

At g

Y.
A ()
1 B t+q
109~ a-va-o
f(l 1)_ (t+q)(1 + qt)
22 T T -q)
1. (1+gt)(q® +qt +t2)
Mol =""ga-ou-9

L+ . .
L e A? O(A4%)

27=100 + 161+ 1o, 27=10+161+10>

A measures the charge

Fs has a simple pole int and q.



od (2,0)
SCFTs



Witten'95, Seiberg Witten ‘96

superconformal symmetry: OSp(2,6|2) D O(2,8) x Sp(2)r
*  fields: B, @, W
*  selfdual strength H=dB=*H, purely quantum fai=1

*  superconformal symmetry: OSp(2,6|2) D O(2,8) x Sp(2)r

tensor branch: M2 branes connecting M5 branes = selfdual

We do not know how to write down the theory for nonabelian
case.

N3 degrees of freedom

A, D, E type: (type 1IB on ADE singularity)



X2~x2+ 21T R

small R limit: 5d N=2 SYM with instanton being KK modes

instanton counting Z= Zpert Zinst

Kim2,Koh,Lee2,1110

Zinst =1+ 921+ q? Zo+....
large R limit: 6d self-dual elliptic genus in tensor branch
elliptic genus of self-dual strings

Z=Z,pertzstri

Haghighat,lgbal,Kozcaz,
_ kr Lockhart,Vafa, 1305
Zstrmg 1+ E , wl w2 - Wy Zkl-nkr
k17k27 7



Nekrasov’02,Nekrasov,0Okounkov ‘03

- U(1) theory

. mte_
ST Tt =1+ qZ1 + ¢*Zy + .. = eXp(—Zl)

1= — _
sin €+:2t€_ 1 —g¢q

Kim2,Koh,Lee?,1110
* sum over Young tableau Y

- U(N) theory

—rye N ) 7y g Y

I sin ‘+"” sin 11572 sinh - "2 "R ginh #¥ 2 Tn
k=1 — ’Tl+"R rl—“rn Z l—.[ :u pij—20YR
sin sin sinh &2 sinh &24—=

1=1 j(/i) 2
- Colored Young tableaus
sinh “'_1(.“ 2471) ginh 2t 2)—"”‘)
I —
(¥, ¥2,, ¥} = ]J'—‘[l g sinh —1 sinth —3—22%’“

Loy = pby — b5 + i — ';.-'R)h,.,;(s) + (’}"1 + Yr) (%( s)+1)



od (1,0)
SCHIs & LoTs



Seiberg’96,Danielsson et.al.’97

supercharge Q (1,0), e-spinor (0,1)

(1,0) vector multiplet: gaugino (0,1)

(1,0) hypermultiplet: higgsino (1,0) /
tensor multiplet: (1,0)
gauge anomaly due to vector and matter 1-loop

anomaly polynomial

TrrF* = aptrF* + cr(trF?)?

AR — 0 fO”I“ SU(Q), SU(3), GQ, SO(S),F4, EG,E7,E8

Ctot = [CAd — Z CR} >0

R matter



M5 branes on Horava-Witten M9 Wall
O8-+8D8 branes + 1 NS5 brane + 2N D6 branes:
two 1/2 NS5 branes on O6- plane + (4+N)D6 branes
Sp(N)T - [SO(2N+16)]
kK instanton strings=self-dual strings: 2d O(k) group
1/2 NS5 branes on O8-+8D8+ 1 NS5 brane + N D6 branes
SU(N)T-[SU(N+8)]+ antisymmetric hyper:
tensor multiplet: (1,0)

K instanton strings=self-dual strings: 2d U(k) gauge group



a part of Es conformal matter
a single M5 brane on Es singularity
fractionalization: [Ee]-T-SU(3)T-T-[Eé]
[Es]-T-[SU(3)]

a part of E7 conformal matter : [E7]-T-SU(2)7-SO(7)T-SU(2)1-T-
[E7]

[E7]-T-[SU(2)]

a part of E8 conformal matter k instanton strings=self-dual
strings: 2d U(k) gauge group



6d (1,0) rank 1 with Eg global symmetry

Sp(N)
Kim?,KL,Park,Vafa ’14
Kim2,KL'15
.............. S O ( 2 N f)
Ni=8+2N
symm hyper
U(N) Ficld Type Uk) UN) UN;) UL)a
‘ ' (A;A; AdA) vector adj — — 0
(a4 X%) hyper adj — — 0
(ga, ™) hyper k N — 0
=) Fermi k — N 0
(A, ®7) | twisted hyper | sym - - +1
(Va) Fermi anti  — = +1
() Fermi k N - +1

(b)



6d (1,0) rank 1 with Eg global symmetry

- Partition function Z=Zpert Zstring , Zstring =14+w Z1 + W2 ZQ +...

» single string partition function

Klemm,Mayr,Vafa’96
7 - Z1(i) O(g, my) O ) liﬁg ( )
1 = Z = —— , T,y ) = < nlTymry)
2 T phi(a)hi(e) 205
- two Strings Haghighat,Lockhart,Vafa,1406
_ 1 . g (2 oF
dr = 576920 (e1)0) (c2)P (22 — €101 (26,) [’IA‘(“"‘"(“" ~Eafzalal’) (3:26)

+ 343 (Ed_2:(€1) = Eg@—z1(€:)paa(€1)) + 5Bal Egpp_z1(€1)” = E4¢>—2,:(f:)¢'-3.1(61:':'1 — (€1 > €2)

- multi-strings (eg. four strings)

24:]) _ f [n‘dulduz ‘ 31(26.4.)291(264. + 't:;]": ilg)gl'::i:tl,l + ’h',g)‘ (343,'
vec

_ [ 2 1 - f[ by (1ry + iy )B1(rny + ua)
91("1.2)291 ("1\2 +u, + ’0’1.2')91 (.‘.1’2 + 20, )91(}1,2 + 2’(,!,2) _— 7/4

=1 Formi

24: 91(2e1+€2)01 (—e1) [, 0:(ru £ (e1—F )0 (my £ F) + (€1 4 €2)
— 20%01(e1,2)°01(261)01 (€2 —€1)01 (261 —€2)61(2e2— €1)01 (361 —€2)01 (26— 2¢1) | 2

’



ISSuUes



Anomaly polynomial on the string dynamics delZotto,Lockhart 1609
Holomorphic anomaly equation on partition function

employ the ring structure of Jacobi forms

Find the bound on the angular momentum, use the modularity
Gu,Huang,Kashini-Poor,Klemm1701

Find some smart way to write the instanton string dynamics
H.Kim,S.Kim,J.Park 1608

many more....



Conclusion



5, 6 d Quantum Field Theories

Ultra-violet physics of these theories is not well-defined

unless the detail of the instanton dynamics is provided.

One has to supply the detail of instanton dynamics or the
self-dual strings (some highly nontrivial cases have been

attacked very successfully but much remain to be done.)

Not only interesting by their own, they imply that many new
insights to the 4d quantum field theories A lot of them

have been discovered but still a lot more to be discovered.



