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N = 4 Super-Yang-Mills

Fundamental role in the study of gauge and string theory

Unique four—dimensional gauge theory with maximal
global supersymmetry (16 supercharges)
Extremely interesting properties:

» Perturbative Finiteness
» Nonperturbative Finiteness
= 4d Superconformal Field Theory
» AdS/CFT Correspondence
» Planar Integrability
» Planar Amplitudes

But is it the unique theory with these features?

Are there theories which share only some of these
features?

How does the knowledge accumulated for ' = 4 SYM
help to understand more realistic theories?



Marginal Deformations of V' = 4 SYM

Look for theories as close as possible to A/ = 4 SYM
Preserve conformal invariance = Marginal Deformations
Focus on superpotential deformations = N = 1 SUSY
Write the A/ = 4 SYM action in ' = 1 superspace

L= / d*0Tre?V®,e Vo'l + ( / a?ow + / d%W) + .-

Chiral Superfields &' = ¢/ + 4!, + 6?F', i =1,2,3
N = 4 superpotential:

W = gTro"[02, 0%] = ey Tro/olok

Most general classically marginal deformation:
W = hy Tro'd/ ok

where hjy is a symmetric tensor



Exactly Marginal Deformations

Not all of these deformations are exactly marginal
Perturbative approaCheS [Parkes, West '84],[Jones,Mezincescu '84]

Non—perturbative proof by Leigh and Strassler ('95) using
the NSVZ j function
The Leigh—Strassler superpotential:

Wis = wTr (¢1 (0%, 0+ 1 ((&')° +(9%)° + (¢3)3))
g-commutator [X, Y], = XY — q¥X
Recover N =4 SYMforg=1,h=0,k=g

e Finite if f(g, x, g, h) = 0, where f unknown in general
e 1-loop finiteness condition

29° = kR %(1 +q9)(1+9q) + (1 — %) (1 +qé+h/‘v)}

An interesting case: g = e’#, h =0 (“Real 3 deformation”)



N = 4 SYM vs. Leigh-Strassler?

e How do the LS theories compare with N/ = 4 SYM?
N =4 SYM Leigh—Strassler

vV

real 3 [Lunin,Maldacena’'05]
basically real g*
real 5

Conformally Invariant
AdS/CFT dual
Planar Integrability
Planar Amplitudes

LK

*More soon
¢ What makes the real 5 deformation so special?

e Take a closer look at the symmetries
e Work at the level of the classical lagrangian



Symmetries: N =4 SYM

4d Superconformal group: PSU(2,2|4)

Focus on the R—symmetry subgroup SU(4) ~ SO(6)
In A/ = 1 superspace notation, the N = 4 theory has
manifest SU(3) x U(1)z symmetry

W = gTro'[62,0%] = ¢ Trolwiok
3 !

ejik is the invariant tensor of SU(3)

€ijk U//Ujmu,;; = (detU)e,mn = €/mn

Transforming ¢/ — Uj®/ leaves the superpotential invariant



Symmetries: Leigh—Strassler

The generic LS deformation breaks SU(3) to a discrete
subgroup

Wis = wTr <¢1 (@2, &%) + g ((®)%+ (97)° + (¢3)3)>

This superpotential has the following Zs symmetries:
Zg: o' 592 9?5 | o ¢!
z§: o' s wo! | 9?2 o fe? | 858 (WB=1)

Together with a third Z3 within U(1)g (&' — wd’), they form
a trihedral group known as Ay [anarony etal. '02]

For real 3 the symmetry group is enhanced to U(1)3
Is this all?



g-deforming SU(3)

e In 0811.3755 (with T. Mansson) it was claimed that the
global SU(3) is not actually broken
e Rather, it is deformed to a quantum group.

th o,

. o 1 Lo U3
' — T o where T=| & &
T

1ty U3

is a symmetry if the components of T satisfy:

—1,a—1 - =
(@) taclacﬂ _ qtac+1‘ac + htac tac —_h (l‘ach1 ta;_11 _ q1‘3071 Ia;r+11 + htactaCH)
a+1 aj _ 2.at+1 .a a—1 a—1 a—1 a—1 a a+1
() qle c+1"1c] = =Gy hgrT o1 T he o1t et et e
= 7 —1,a—1
(c) 7qtac+1 tac+1 + qtac+1 tac+1 = htac—1 tac+—11 - htaC tac+1

(d) h(t 1ty — A% _qt%4) = 5(13;1 ta<:71 - ‘qtaz;1 tacﬂ)




Quantum Groups

e What are quantum groups? Some definitions

e Recall an algebra (C,+, -, n; k) is a vector space together
with a product -:C®C — Candaunitmapn: k —C

e A coalgebra (C,+, A, ¢; k) is instead equipped with a
coproduct A :C - C®Candacounite:C — k

CCxC
A@ﬁy/ \\€®A CeC
CecC CecC exld/ A \ldoe

NC/ ke C=C=C®k

e A bialgebra (H,+,-,n, A, ¢, k) is both an algebra and a
coalgebra in a compatible way



Hopf Algebras

A Hopf Algebra is a bialgebra equipped with an antipode
S:C—=C

- (S®id)ocA=-(d® S)oA=noe.
One can construct Hopf algebras using the RTT relations
[Faddeev, Reshetikhin, Takhtajan]
R Spt3th = tht BR3P,

where R: C®C — C ® C is called an R-matrix.

If the R-matrix satisfies the Quantum Yang—Baxter
Equation (QYBE) the Hopf algebra is called quasitriangular

Ri2R13R23 = Ro3R13Ri2 (Risj,RS/kperpn = stkpRi,p,,R'/Sm)
The YBE guarantees the resulting algebra is not too trivial

R controls A non-commutativity: 7 o A(h) = R(A(h))R™
We call a quasitriangular Hopf algebra a quantum group



R-matrix for the general LS deformation

o H'/, = ExnF" is the 1-loop spin chain Hamiltonian (roban o3

hh 0 0 0 0 h 0 —hgq 0
0 1 0 —q 0 0 0 0 h
0 0 qq 0 —-hg 0 —3§ 0 0
1 0 -G 0 qq 0 0 0 0 —hg
Hj1=————=1| 0 0 —hgq 0 hh 0 h 0 0
' 1+qq+hh | p 0 0 0 0 1 0 —q 0
0 0 —q 0 h 0 1 0 0
—-hg 0 0 0 0 -g 0 qq 0
0 h 0 —hq 0 0 0 0 hh
. £ i i B
o Define R, =4l6) - H}, = R/ =R/
1-+qg—hh 0 0 0 0 —2h 0 2hq 0
0 2g 0 1—qg+hh 0 0 0 0 2hg
0 0 2q 0 —2h 0 qg+hh—1 0 0
1 0 qg+hh—1 0 2q [ 0 0 —2h
== 0 0 2hq 0 14+qg—hh 0 —2h 0 0
2d 2hg 0 0 0 0 2G 0 1-qgg+hh 0O
0 0 1-qg+hh 0 2hg 0 2g 0 0
—2h 0 0 0 0 qg+hh—1 0 2q 0
0 —2h 0 2hq 0 0 0 0 1+qg—hh

(20? = 1+ §q + hh)



General LS deformation

R does not satisfy YBE in general
YBE <= known integrable deformations

However, generically we do not have a quasitriangular
Hopf Algebra. Is it still a Hopf Algebra?

Showed that this is indeed the case by explicitly
constructing the antipode

Consistent up to cubic level

Associativity will imply higher relations = danger of
trivialising the algebra

Has not yet been analysed in detail
Hope is to learn about the limits of integrability
In this talk I'll take a different approach



Our goals

We are claiming that the LS theories have more global
symmetry than is naively visible

Lie algebra — Hopf algebra
How do we work with such symmetries?
Is this quantum symmetry visible on the gravity side?

If so, can it be turned into a solution-generating technique
for AdS/CFT duals?

First step: Focus on the integrable cases



Our goals

We are claiming that the LS theories have more global
symmetry than is naively visible

Lie algebra — Hopf algebra
How do we work with such symmetries?
Is this quantum symmetry visible on the gravity side?

If so, can it be turned into a solution-generating technique
for AdS/CFT duals?

First step: Focus on the integrable cases

Derive them as twists of the N = 4 structure
Drinfeld (Hopf) twist

Afr(h) = F(A(h)F~, Re=F-R-F~!

Cocycle condition: (1® F)(id® A)F = (F® 1)(A®id)F
ForN =4SYM,R=1®



The s-deformation

Gauge theory has U(1)® symmetry
q=€® h=0. For § real, the R-matrix is

Rg =

Q
[=N-N-R e NN}

Q
OO0 | o o000 o

OO0 O O0O0OO =
[=N=NelNelNeNo N -]
o000 o ocooqQ o o
OO0 OOonQn oo o
OO0 O 000 O
ocQ o o ocoooco o
— OO0 O o000 o

Satisfies YBE — quasitriangular case

Dual background constructed by Lunin and Maldacena
using TsT transformations

Obtained as a twist of the N = 4 case seiser, Roiban 05]
Too simple. Would like a theory without the extra U(1)’s



The w-deformation

e Setg=1+w,h=w
e Equivalent to real- case by unitary transformation
e We will not take advantage of this fact [Bundzik Mansson '05]
o w-deformed R-matrix satisfies YBE
1 0 0 0 0 —HLW 0 w
0 1 0 7HLW 0 0 0 0
0 0 1 0 71+LW 0 w 0
9 0 w 0 1 0 0 0 0
Ry = 0 0 w 0 1 0 - 0
THw+w? |, 0 0 0 0 1 0 ool
0 0 71+Lw 0 w 0 1 0
—HLW 0 0 0 0 w 0 1
0 71+LW 0 w 0 0 0 0
e More compactly:
1+ w w
Ru=—"" Nigl+wlUeV-—2 vau|.
1+w+w 1+w
with

o
==

N

—‘OOOO+



S-deformation from a twist

e The appropriate twist is simply

1 0 0 0 0 0 0 0 0
1
0 g2 0 0 0 0 0 0 0
1
0 0 q 2 0 0 0 0 0 0
1
0 0 0 q 2 0 0 0 0 0
Fg=10 o0 0 0 10 0 0 0
1
0 0 0 0 0 gq2 0 0 0
1
0 0 0 0 0 0 q2 0 0
1
0 0 0 0 0 0 0 q 2 0
0 0 0 0 0 0 0 0 1
e Can be expressed as

8 1 0 0 0 0 0
Fa=62M™2 = where Hy=( 0 —1 0 |, Hb=[ 0 1 0
0 0 o 0 0 —1

e Depends on Cartan elements = Abelian



w-deformation from a twist
e The twist is a bit more complicated

1+ w 0 0 0 0 w 0 0
0 1T+w 0 w 0 0 0 0
0 0 1T+w 0 w 0 0 0
0 0 0 1T+w 0 0 0 0
Fn=C| © 0 0 0 1+ w 0 w 0
0 0 0 0 0 1+w 0 w
0 0 w 0 0 0 1T+w 0
w 0 0 0 0 0 0 14+w
0 w 0 0 0 0 0 0 1
e More compact form:
Fo=Cl(1+w)i®l+wVaU].
e [V, U] =0 = Also abelian
e Inverse twist
1 (1 + w)? w w?
= tarama e [T O YY)

+oocoocosocoo



Star product

The twist can be used to define a star product
Hopf algebra acts as derivation

gr(x-y)=(g>x)-y+x-(gry).

Compatibility of algebra and module product
gr(x-y)=m(A(g)r[xoy)) =m[gel+1egl>[x®y])

=m((grx)@y+x®(gey))=(9eXx)-y+x-(g>y)
Twisting A also twists the module product

me(x @ y) = m(F~" o x @ y) = (F) oX) - (Fg) > ¥)

Star product
Xxy=me(X®Yy).



Details of the star product

Choose basis Z/, i = 1,2, 3, use index notation
i j —1\j i | ok
Z’xZd=(F "/  2zz

Quadratic products for w-deformation

2 2
w w’ w w
L i L e A2 (14 N2l W By
1+w (1+w)? (1+ w)? 1+w
2 2
w w w w
- B 212 ()2 = (1 _ )2122+ ()2
14w (1+w)? 14w (1+w)?

3 3,2 w12 il 12__ W (1_
1+w (1+w)? 1+w

Trw
Cubic products — careful with associativity!
(2"« 22) % 2% = (F )%, (F O IF 1Y 2lz2m2"
2\ % (B x2%) = (FO2 L (F ) (F Yl 222"
Integrable twist = associative product

21 x 22 = (FO(F O ah 222"



More details of the star product

e By explicit computation

1T+w

1 ==1==1 2 3
F-1'E-1E 1+4w+5w° +w')I® 11
BB e (1 +2w)2(1 + w + w?) (¢ )

WP LW U VIURVRITURIQVIURQURU+VERVEYV)
w(1 +3W+2W2—w3)

VeI U
1T+w

—w(l+3w+3A) (I VRU+VRURI) —

e Apply to A/ = 4 superfields

o' 0% % 07407 4 0%« 01107 01 0% — (14w) (0! x 0% x 074 0% x 07 5 0110 x0T £ 0°)
+w(q>‘*@‘*¢1+¢2*¢2*¢2+¢3*¢3*¢3)

=(1+2w) {@%2@3 + 920%0" £ 930 0? — o' 030? — 302! — ¢2®‘¢3]

e Take gauge theory trace

RTr (¢‘ « 92 % 03 — (1 + w)o' « &3« 02 4+ g ("3 + @I + (¢3)i)) = Tr (007, 0%])



Inverse star product

e Would like to generate the LS superpotential from the
N =4 one

_ Y Sy = R S
xxy=mFrx®y) (|n|nd|ces. 2«2 =F, 2"z
¢ Obtain:
O 0?5 d® + 2% kb 1% kb k% kDT kD — DT kD x| — Dk kD]
= —— [0'6%0° + 6%0%0! 1+ 6%00% — (14 w) [0'6%0% — 6%0%0! — 070! 0’|
1+ 2w

+w ()% + (%)% + (6%)°)]

e Take the gauge theory trace

Tr(¢‘*¢2*¢3—d>1*¢3*4>2)
3 14243 T3m2 L WV 113 2\3 3\3
_ _ w ®
e T (919707 — (1 4+ )0 9202 + Z (01 + (977 + (6°)?))




First-order star product
Expand the full star product to first order
iB

Flk]/:5ik5l/_§rk/

r is the classical R-matrix
Deformed commutator

Zixzd —As7 =0l

Noncommutativity matrices

) 0o -z'z22 Z'78
eL=ig| 2Z'z2 0 — o2

—z1z8 7273 0

0 (B2 2122 2123 - (2)
ol =w |z 22— (%) 0 (22 - 2228

(22)2_21 23 Z2Z3_(Z1)2

0

[Kulaxizi '06]



So far...

Understood how to obtain the Hopf algebra structure via a
twist

The twist defines an all-orders star product
Associative for the integrable cases
Expanding to first order reproduces known results

How about the gravity side?
Can we see the quantum symmetry?

A convenient framework is that of generalised complex
geometry



Generalised geometry

[Hitchin *02][Gualtieri '04][Grana,Minasian,Petrini, Tomasiello,Zabzine,Zaffaroni...]

Generalises and unifies complex and symplectic geometry
Metric and B-field treated on equal footing

Very natural from string theory perspective

Consider structureson T @ T*

6d space transverse to D3 branes — 12d T & T*

X ={u,dz"} = {11,71,10,...,dZ%, dz%,dZ3}

Gamma matrices: I'; = ¢, [, = dZ’



Generalised complex structures

e Holomorphic and Kahler forms

. 3
_ A 2 3 _ N
Q=dz' ANdZ2ndZ®  and J_E;dz’Adz’
e Define pure spinors (here for flat space)
¢E =Q=dz' AdP AdZ® and

. 1 . 1 . . . . 1
0% =e ¥ =14 =S dndz'+ - 3 df ndZ ndZ T AdZ T 4~z Adz! AdZP AdZP ndZP AdZP
< R 44 8

e For lIB NV = 2 backgrounds
do. =0
(P_, X)) =0, <&>,,X¢+>:O<&)+,¢+>:<6,,¢,>

(Mukai pairing (A, B) = S (- DI"2A, A Bs_ 1)

e Generalised complex structures
T+ un = (Px, Tin®) J? =1



Generalised metric

e Constructed from the two generalised complex structures

oun = ~Tem Tt N -

e Can just read off the NS-NS fields
_ 71B —1
o= ( %05 St ). @ =VIdg

e Example: Flat space

010000
100000

(0 g looo 100
g(g o>’Wheregoo1ooo
0000 0 1

000010



Twisting the pure spinors

Use gauge-theory star product to twist flat-space pure
spinors

dz' A, dz’ = (1 _ éeKLLK A LL) dz' A dz? = dz! A dz? — iV

Equivalent to a bivector deformation (for our case!)
‘-Di = eeubl/\l/‘jq)g: For real-3: [Halmagyi-Tomasiello '07]
Claim: This leads to the deformed background!
®* =dz' A, dZ? A, dZ° and
1T N R , , ‘
Ol =145 > adz' A, dz'+4 > dZ' A, dZ A, A2 A, dZT
i=1 i=1

+%dz1 A dZ' A, dZ? A, dZ? A, dZB A, dZB

Geometric manifestation of the CFT quantum symmetry



Results

e Using the real-g x-product we obtain the pure spinors of
the V' = 2 LM precursor background (Lunin-Maidacena ‘05]
e The w-deformed *-product leads to

oY = dz' AdZ? A d® — (222 — (2')P)dZ' + (P2 — (P)P)dP + (21 2 — (FP)P)e],

o — o9 + %W (2 — #P)az' A2 + (@ - 2'P)az' nd + (' - PPydz' AP

HZP2 = 2 P)dz' A 02+ (2' P - (2°))aZ' A dZ® wcyclic]

¥ gw [(2'2' — 2202 n 2! A a2 A a2 — (222° — (2'))az' A diZ' A0 A o
+(2'2 - 2'P)dz' Adz' A dZP A dZ® — (2'2° - 2'P)dz! A dZ' A dZ? A dZP

PP = (2")?)d2' A dz' A dZ? A dZP +cyc|ic]

e Compatible pair of pure spinors = A/ = 2 background!
e Put D3-brane at origin, near-horizon limit = AdSs x S5
e Purely NS-NS. [IB equations of motion —- R-R fields.



The w-deformed background

e =aG. 9w =G g,

—1 2 2 2 4 2 2 3. 2 2 2 3 2
G~ =14+w R(1 — s, c;, — 8.,85Cy — 2Ca S, CoSyCo — 25, C.,59Co C1 — 2Ca S, Cy S C3)
> WR 2 22 22 4 2 2 3
Jaa = R+ == {1 — 2¢;, + 2¢, s, CySy + 2¢,, + (4¢;, — 3)CaSaCpSeCa — CaSaCyCy 1
3 4 2 3 2
—CaSaSyCo 1 + (4c, —3c;, +1)CoSe C1 +(4C,, — 3Ca)SaCySeCs|
2R8
w
5 3 2 2 2 2. 2 2 2 2 2.2
Gao = —5— [Casacese(ce — Sg) + 55,60 50Cp Ca,1 + (25,55 — Sy — S;,)8,,C C3

2 2 3 2 4 3 2 3 2 2
—8,,C5Co59C2 1 + C, Sa (1 —255)C1 + (25,55 — S, Sp +Sesa0a)cz] s

5 2[2 W 2 4 2 4 4 3 22 2 2 38, .3
doo = R [sa + h [sa — 25,8 + 25,89 + CaS;, S (S, Sy + Sy — S5, )C3 — €, S, 86Cy Co 1
33, 2 3 2 2 2 6 4 2 6
—C,5,C059C3,1 — CaS,Co(SgSs — Cg)Ca + (S5 + S, — 255,)CoS9 Cy —SQCQS(,C&ZH D
o WRS oo 2.2 3 2 2.2 3 2.2 2
Gapy = — [Casasgces3 T CoSaSeS2,1+Call + €5 )SaCoSy St + €, 8, CpSa,1 +Ca5a095932] ;
2R
w
P 4 4 3.3 2 2 3 2 2 2 3 4 4
Gagy = 5 [—sac@sesz — Ca S, CoSpSt + S,,CqSpS2,1 — S5,CLCoSpSa + €80 CoSeS1 — sa095983] B
w2 R 4 4 4 4 3 3 2 2 2 3 2 2 3
Gagpy = S [750095932 — 5,CpSpS3 — Ca S, CySeS1 — S,,C,CySeS3 + Cr,Sa Co Sy Sy +sacacgs;;,1] B



The w-deformed background

2 6
594,1 = % [cisisgs3)1 T cassass(cicg = szasg)Sg = CQSSOLCQSSS;g + cisicesgsm
—2ch 258 — C?,Sisessj + CaS3,Co Sy + cisi&] )
2 6
Gog, = % {—casis(g(Zsisg F cg = sisg)sz = sisg(ci — sisgci)&
70,152095233 + cisicgsssm = sgsgcf,sag] 5
P 7W2R6 5 4 3.3 2 5 5 4 2 4 6 2.2
906y = == [casa095982 — CoSa,CS9S3,1 — CaS,CyS3 — S,,ChCeS1 — So,CeSgSa,2
700,5?,(1 — 251)0283 + sicic%& + CQS:;CQS:;] ,
> WR' 4

g 2 3 2 333 2 4 4 2
Gp,0q = R [Ca + = [—casac(,SQC:gﬁ—casasech — (€5 8o +6c, 8 )CoS0 Cy

333 33, 42 2 4 4 2 6
+C0 S0 CpC3,1 — €85 CaSpCa + Co, Sy, + €5 S, +20aH 5

2 6
w°R
- 22 244 2.4 22 5 4 3.3 .2
G100 = == { . So + €550 Sp — 2CL,5,CySy + (CaS,,CoSg — Coy S0y S5C0)Co

4 2 2 4.3 333 5 4
+(Co 85 CoS9 — Co 54, Co5p)C1 — C,, S, SpCa 1 +casacgs(903] ,
w2 R® 5 . 4 2.4 22 5 4 2.4 3 33 2
9165 = == [casa(:gsecz — 2C,,S,,CySy + Ca Sy CyeSeC3 — €. e CySe C1 — €, S, CySo Ca

4.2 2.4 4 3.3 3 4.2 2
+C., 86,CoS9C1 + C; ] s

+SaCh — €080 CoC3,1 + €, S5 Cy

|
I
n
()
[
5
+

p 2 2 2 2 4 4 6 3.3 5.3 2
Ipo¢p = [sase(1 — S5, S T25,Sg) +5,CS9C3,2 — €S, SpCyCa

43 333 3. 2622 1 222
—Ce50,Co8pC1 + €85, SpCa 1 — Ca S, CoSy(6Sy, Sy + 56, Ch +ca)02” ,



The w-deformed background

w?R8

5 2422 622 5. 22 2 633
e [ansacesg — 55CoSp + CaSaCoSq(Cy — Sg)Ca + 55,65 Ca 2

2 2 2 4 2
+Ca s, Chsa(sh — c§)Cs — CQSQCGSGQ] ,

w2 R

G = Ffz[s2 cg + = [5205(1 —cf cg + 25t cs)+s 095903 2 — s4 Lo 025901
750asicgs(903 7(:&5:3(035903 7cas 095302+c s CSCSJH o
4G (2

B,g = WR'G (s 5982+s C9S3 + CaSaSy) /2
B, = wR'G (2c4 5052 *Casa) /2,
095902 + z:asas6 =& 095903 — casac(;saa) /2,

2
Bog, = wR*G So
&

acesgcz + CaSaS9CyCy — $2 095903 - casac{,) /2,

cas 5902+cas 095903+s [4 S§C1 +si(1 —25i)cssf,) /2,

3

casaces(;cz +s (- ZSi)CQSQ - casfxcgca +sicicsc1) /2,
cas 095982+cas c95953—c S| CQSQS1)/2
CoS, 095952+ca53 095983+c S| 095931)/2,

(<5
(20
(
‘6 (s
Boy, = WA G( 2 s2 Cosp — CaS,59Co — Co S5 CoCs + asiq)/Z,
‘e (-
‘6 (
‘e (-
‘e (-
‘e (-

Ca s> 09598270(,3 095983+c S| 095980/24 + RR fields



The w-deformed background

¢ Diffeomorphic to the LM background — only appears to be
more complicated

e Deformed sphere, depending on angles «, 0, ¢1, g2, ¢3

¢ Visualise by taking ¢; = 0 and plotting the scalar curvature
as a function of «, 6. Here for wR = 0.3



Summary

Uncovered a quantum algebra structure underlying the
general Leigh—Strassler deformation

The SU(3) x U(1) R—symmetry of N' = 4 SYM is not
broken, just g—deformed

This quantum symmetry appears at the level of the
classical Lagrangian

Also a symmetry of the 1—loop spin chain Hamiltonian
Focused on an integrable deformation: g =1+ w, h=w

Superficially more complicated than g = €°, h = 0, though
unitarily equivalent

Exhibited the star product leading to this deformation

Showed how it can be applied on the supergravity side to
obtain the dual ' = 1 background



v

Outlook

Extend to non-integrable cases — non-associativity?

Could the appropriate structure be a quasi-Hopf algebra?
[Drinfel’'d "89], [Mack, Schomerus '92]

Construction of more general dual backgrounds

Relation to other solution generating techniques (CYBE,
A-deformations)

Higher loops? Non-planar level?

Relation between quantum symmetry and perturbative
finiteness ?
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