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I. Introduction
Tight-binding model of graphene
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where v =2.7eV, the hopping energy.
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In k —space, H = al (k) al (k) ( *O h(k)> (?A(k)> . (5)
> (@35 ®) ey "0 ) \antk)

h(k) =—v>_ eth0a — —7y [eikyao + 2¢~thya0/2 g (\/§kxao/2>] . (6)

Dispersion relation : e(k) = +|h(k)]. (7)
Dirac points(DP) : h(k) = 0= K = am (1,0), K' = am (—1,0)
' - - 3V3Bag ~ 3v3ag ’
3vag c
Around DP :e(k) = vqlk]|, = ~ : 8
c(k) = vglkl, vy = "0~ (8)




Optical conductivity of graphene

1e?
o(w) =00 = ——; (9)
4 h
dro(w)
T=1-—""2=1-maqep ~ 1 —2.3%. (10)
C
'Y 100
. L ] @ white light ideal 2
2 100 ~—~ Dirac fermions £
< 32 / fic -~ W
8 & /
o)
g 8 98. - —— "‘"“,-!OD“O{ 000 |
= S ‘-\{JO (@] OOL-DVU o ® &
g 9 E 0 "‘\.\ number of layers
100 . . . .
E Uc) theory: 1 2 3 4 5
5l g graphene e
2 92/
B .
94 | | |
0 . 25 50 400 500 600 700
distance (um) wavelength 4 (nm)

Nair et al, Science 102 10451 (08).

Time scale for pure graphene: ty = h/y = 0.24 x 10~ 15(sec).



Topological Insulators

By breaking 7,P we may introduce a mass term m,m’/ near K, K'.

The Berry flux is related to the solid angle subtended by d:

_ 1 2 -~ N\ 5
C= E/d k{0, @) x (9;,d} - d (12)
Each Dirac point with d(q) = (vzqz, vyqy, m) contributes
1
C = Esgn(vxvym). (13)

e Semenoff mass term: 7 inv., m' = m = C = 0.

e Haldane mass term: P inv., m' = —m = C = 1.

There are (at least) two kind of insulators: NI and TI.



Zero Energy edge states

Whenever we have an interface between the two kind of insulators,

there is a gapless edge mode. [Hasan and Kane (2010)]

Hetr = vp {o2(—idz) + oy(ky)} + sgn(z)mv2o.. (14)

Right-moving zero energy edge:

w = vpky, = etkyy—mupl|z <1> . (15)

[/

e Tuning parameters so that there is a transition from NI to TI,

there is always a gap closing point.

e Weyl Semi-Metal(WSM) lies exactly on the critical point.



Lattice Model of TI

A simple lattice model of the Chern insulator:

d = (Sin kg, Sinky, —p — 2 COS kg — 2 COS ky)). (16)

e Around k = (m,m),m = —pu + 4,dy + idy = —(qz + iqy).

e Around k = (7,0),(0,m),m = —pu,ds + idy = F(qz — iqy).

C = 2 {s9n( 1 — 4) + 50 (—p + 4) + 259n(1)} . (17)

C=0 C=-I C=1 C=0
® ® ®




Weyl Semi-Metal(WSM)

d = (Sinkg,Sinky, —pt — 2COS Ky — 2COSky — 2C0S k), —6 < u < 6; (18)

d = (Sin kg, Sin ky,sink;). (19)

~ Wislon fermion.

Weyl points:

(i) k= (k2)aZ, (kz)a = £cos 1(—p/2—2).

(i) k=72 4 (k2)p2, 79 + (k2)p2, (k2)p = £cos™1(—pn/2).

(iii) k = 7n& + 77 + (k2)cZ, (kz)e = £cos™H(—p/2 4 2).

e Around a Weyl point, low-energy excitation ~ a Weyl fermion.
e Weyl points always show up in L-R pairs(Nielsen-Ninomiya).

e \Weyl points ~ magnetic monopole in k space.

e Fermi arc linking Weyl points projects to the edge.



3D Dirac semi-metal(CdzAs,, NasBi):

Liu et al, Nature Meterial (2014); Xu et al, Science (2015).



II. Diagramatic calculation
General formulation

Coulomb interaction: L; = _éfd3xd3yml

x=y]
p(z) = YT (@)yp(a).
Propagators for electrons: Gg , = (iw — k- o) 1.

— 4
— 4sin(k;/2)sin(k;/2)"

"Propagators for photon”: g

—~

Here, (k); = sin(k;), k= Vk - k.

Matsubara(Euclidean) formalism is used.

One need to let w — —w to get the physical conductivity.

10



The p—p and J — J correlators and Kubo formula:

X(wak) — <p(w7k)p(_w7 _k)>7 KZj(wak) — <‘]Z(w7k)']j(_w7 o

wx(w, k) = k;k;K;;. (Qauge invariance)
47‘(‘62 e? {Kij(wa k) —

Ki;(0,k)}

e(w, k) = x(w, k), oij(w, k) =

kik

w

0ij(w, k) = op(w, k) <5ij ) + o (w, k) k2 :

Define e(w) = l!ii}ﬂoe(w, k), oij(w) = Aiﬂo oij(w, k).

(20)

(21)

(22)
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To two — loop order : e(w, k) =1+ 626(1)(w, k) + 646(2)(w, k). (23)

6(1)(w, k) = —Jk Z Tr (prVGp—Fk,l/—l—w) : (24)
b,v

2
{P(w. k) =9k > 9q—p T (Cprhyt+oGrrGapGatipte)
p7y7q7p

T29k Z gg—p 17 (GP,VGP—Fk,V—FwGPaqu,V—Fp)
p,l/,q,p

2
+ {gk Z Tr (GpaVGp—l-k:,l/—Fw)} . (25)
p,v

They coresspond to the egg, self-enegy, and glasses diagrams,

repectively.
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To two-loop order:

_ 1 1
Ki(i )(w) = 5 Z COS2 p; Ir (UiGP,VUiGp,y+w> : (26)
D,y
2 1 -
( )(w k) = g Z p . qTr (gp_qunyq”OO'qu’p_'_wGp)]/O’i)
p7 7q7p
+ Z (gp—qGp,l/Gq,pGp,yO'iGp7,/_|_wO'i>
v,q,p
2
gk
N7

Here, (p); = cos(p;).
They coresspond to the egg, self-enegy, and glasses diagrams,

repectively.
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RPA calculation

After simplification and integration over v:

(1) an 52 _ 54 (532
D) =2 2%(2“ >{3p2 7t - ()" /4}

In the contunuum limit,
d3p 3
(27)3 3p (w2 -+ 4p2> .

cM(w) = 8 x

kik;
Uij(wa k) — UT(wak) <5 12 )
—i&?(w, k)ICZEZ = 47p; 1 = O‘Z]Ej

From the Ward indentity:

(DW)_ZE(DQO_QE
T T

5In (472 )w?] .

(28)

(29)

(30)

(31)
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7 — 7 correlator:

_ 1 1
Ki(i )(w) = g Z COS2 p; Ir (UiGP,VUiGp,y+w> . (32)

p7l/7,l’

After simplification and integration over v:

—(1) 4
Kz’i (("’) Z
D 3p (Wz + 4ﬁ2>

(@ +p)i = sin(q;) sin(p;).

{-2p° —2[(®*p)- ®*P)]+p*}.  (33)

d3p —8p
(27)33 (w2 + 4p2> |

In the contunuum limit, I_(Z.(il)(w) = 8 X (34)

RP@)-R(0)]

w

Kubo formula: 5 (w) = (2/3)o$) + (1/3)0(P) =

It can be verified that a%”(w) = ag)(w).

lim,,_.oo(1)(w) =0 in 3D.
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Two-loop calculation

7262 — w2(p- )| [(2p) - 29))]
p2q*(w? + 4p°) (w2 + 44°)
44p-q—w?| (B-)
(w2 +4p?) (w2 +4G%) |
43> |(2p) - (2q)| — 2w* |(2q) - (G * D)
- ?(w? +492) (w? + 442) _
4p° |(2p) - (2q)| — 2w? |(2p) - (P * Q)| } (35)
p?(w? + 4p2) (w2 + 43°) |
(p); = cos(p;). In the continuum limit,
—r [ d3p d3 —w2(p - q)2
@99(0) = 8 x [ 2 Byt atnpl s s o (36)
8(p-q) —w?
pq(w? + 4p?)(w? + 44?) }

4
2e99(0) = 23" gg—p— { |

_I_

IR divergent?
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1 { 43— 52)(w? - 4p7)| (- @)

Dse,y ==
€ w) = dg—p—= = ~
6 54" V5 P2 (w2 + 4p2)2

(307 +20)2) | (- @)
WP+ 4p7)?

8(w? 4+ 12p2)| [(P* P+ P) - 4 (379
p?(w? +4p2)2 |
In the continuum limit,
2 2
(2)ser \ _ o 4T [ dPp  dq (p-q) |w? — 4p?]
ST IEES ] r3end P v + 42)2 =9

IR divergence cancels!
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2
gl )= ) 47 1 2 4 52
9 (1) { I vy 392 7" — (2p) /4]} (39)

In the continuum limit,
d3 8 ?
@9,y = ! _8 x - T | (40)
(27) 3p (w2 -+ 4p2>

Combining the egg,self energy, and glasses diagrams, we achieve

2 4AN2\ 17 AN2

—~133/3 —241In2 4+ 12(In 2)2—|—63g‘(3)}. (41)
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~(2)egg, y _ 1 1
K = — _
) = 3 2 (2 1 42 (2 4 4D

{2400 0G0 - @) @) +46-2) [@n) - @0)
+16 (3 — 252 — 242 + 7°F) (B~ @)

+16 (3-5°) [p- (7 q* ] + 16 (3 - 7°) [(7-(13*1'5*1'5)]}-

(42)
In the continuum limit,
2 2 2 2
v (2m)3 (2m)3797P 3pg(w? + 4p?)(w? + 44°)
(43)

IR divergence also cancels here.
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2

—(2)se _ 1
KX\ w) = — E . 44

x{wQ{[zﬁQ—#—(ﬁ*m-(ﬁ*m] ®-@) +2p°[(P+D*D)-al]
+4p%{|-25° + 5" ~3(p*P) - (0 *P)| (B~ D) + 25" [(ﬁ*ﬁ*@'@]}}-

In the continuum limit,

d3p d3q 4 [Wz - 4192] (p-q)
2m)3 (21)3797P | 3p3q(w? + 4p?)?
I_(Z.(iz)g'(w) — 0. In the end, we achieve

2 2\ 12 2
~(2),y _ €W NN e sAN
D= 2 3o ()] - e - aman (22)

RP*w) =8 x | ( (45)

—175/3 —24In2 + 12(In 2)2—|—63g‘(3)}. (46)
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ITII. Nonlocality in Graphene and WSM

Nonlocality effect
Condition for locality:

e Gapped excitation (insulators)
e Screening (no long-range interaction)

e Disorder (impurity)

In graphene or WSM all these arguments fail and the two-loop con-

tributions do give rise to nonlocality.

q
p q
%o Yo
J J. J; J;
i i i Ji Jj
p q
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022) (w) = Cropayg, (47)

o$?) (W) = Crogay. (48)

Here, 7, = 19/12 — /2 ~ 0.01 << 1, and Cp = 31/12 — 7/2 ~ 1.01.

o0 = €2/(4h),ag = €?/(chvg).
kik;

pij(w, k) = pr(w, k) <5z’j — (49)
pik(w, k)opi(w, k) = ;4

pr (w, k) = 1/op(w, k), pr(w,k) =1/op(w, k),

) + o (w, k)

k; k
oij(w, k) = op(w,k)é;; + op(w, k) , Opl =0 —o0op = —00Qg;

pij(w, k) = pr(w, k)d;; + ppi(w, k)?, Pnl = PL — PT-
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Nonlocality effect in electric transport

Ji (r) = J"ON 4 I = O (r) 4 £450;h (1),
E; = pijJj = prJi" + pr i = prom + preiosh;

&;Ei — pLVQu, 5@jazEj — —pTVQh.

V2u (r) =0;J;(r) =s(r),
_ 1 / /
u(r) = o e flake log ‘r —7r ‘ S (r ) .

Vzh:—€ijaiJj; VXE+B/C:O.
1 :
log|r — 7| B, (7).
2mepr /r’eﬂake J ‘ ‘ ) ( )

VxB-—E/c=4nJ/c

h(r)=—

(50)

(51)

(52)

(53)

(54)
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Corbino disk.
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Nonlocality effect in optics

Consider an incident plane EM wave with (w, k):
z

Incident plane: y = 0.
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Maxwell equations:

VxB+2E=arJ/ec,

C

VxE—-2B=o,

C
= SV (VxE)+“E=4arJ/e (55)
1w C
ky = 0, J; non-vanishing only on the graphene sheet.
In components:
ic2ky0,E, — 028§Ex — Ww2E, + dmiwor Erd (2) ] (56)
—c? (83 = k%) Ey = szy + AmiwopEyd (2) ; (57)

c2(k§E&-+ikx8zE@>::cuzﬁk. (58)
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. ) ) - 2
Horizontal polarization: Ey, =0, E, = C‘Jé‘c_—fszézEx.
XT

cw? o 2
. czkzaz Ey =wE; + 4miwor B0 (2) . (59)
xr

By = © (2) (Ape'™=* 4 Bpe %) + © (—z) Cpe'k==.

zZ
B —2moy, COs 6
rp (w) = g — (61)

Ap ¢+ 2mop cosé’

ty(w) =1+ rp(w) = c (62)

c+ 2mor cosf’
Amcoy, COSH

. 63
(¢ + 270 cos 0)? (03)

1 — [tp(w)]? = |rp(w)|? =
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Vertical polarization: E, = E, = 0.

—c? (83 — k%) Ey = szy + AmiworEyd (2) .

Ey =0 (2) (Aseikzz -+ Bse_ikz"’) + © (—=2) Cgetkz=2,

Czkz
w BS — 27T0-T (AS _I_ Bs) .
Bs 2o
rs(w) = -8 = — ,
Asg cCOS O 4 2mop
cCos 0
t =1 = :
s(w) trs(w) cCOS 0O + 2o
Amco COSH

1— |ts(w)[* = |rs(w)|* = (ccos @ + 2mop)?

(64)

(65)

(66)
(67)

(68)
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Nonlocality effect in WSM

The macroscopic Maxwell equations in a medium:

1.
V-D =47mpext; VXE4+ —-B =0; (69)
c

1. 4
V.B=0: VxH-"D=""J4
C

C
D=¢E, H=B/u.
Both the transversal and longitudinal modes exist in WSM's since

o1 # oL. [I'his cannot occurs in local media.
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Considering the reflection and transmission of an EM wave illuminat-

ing on a vacuum-WSM interface.

The horizontally-polarized light beam with k incident at angle 6 splits

in the WSM into transverse and longitudinal modes with p and q.
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Reflection and transmission on a vacuum-WSM interface.

For horizontally polarized incoming waves:

EVvac k k - k k :
EO { ]: O kx} e’b(kxx‘l‘kzz) { ]: O ]:} ez(kxx—kzz). (70)

Eg : the incoming amplitude, r : the reflecttion coefficient.

ke >0, k; <0, 6 the incident angle.

In the WSM:
WSM
E . {]2, O, —k'aj} ei(k$x+pzz) _I_ tL {kx O }ei(kx$+qu). (71)
B » ' q

tr,tr : the transmitted transversal and longitudinal coefficients.
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The boundary conditions are:
(I) DJ_' Evac _ 47mO‘szWSM 4 (1 i 47mo_zz> E;NSM.

(II) EH E\x/ac = E;NSM.
(iii) B : 0:EY2¢ = 0, EVSM,
Together with the ABC (additional boundary condition), one finds

the WSM becomes opaque at frequency-dependent incident angles.

From Ampeéere’s and Faraday’'s law, we find two modes:
2 2
(i) Ep: 14 i%To1 (w,p) = &

w2

(i) Ef: 14 i%C “ro (w,q) = 0.
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For a "sharp’ interface, no current may escape the WSM:

022 By M + o EVSM = 0.

Combining all the boundary conditions:

1—D_ 2]6/]9 A Qka(pz—k2> |
1+D" - kq-p2 (1 + D) '’

e T =
" 1+Dp T

k2psqs — (p? — k2) k2
kzq;zpz .

D

(72)

WSM becomes opaque at certain w-dependent incident angle.

In contrast, the vertically polarized wave does not generate the lon-

gitudinal mode. Hence, the amplitudes are standard.
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Dispersion relations for the transversal and longitudinal modes are

. Ne? | §22_
p=— 67 h 0]¢) —2 : (73)
N« Qz
q = l——Ilog—=
v 47 w2

Difference between transveral and longitudinal components:
2]€2
w2 .

A7 C

o (w,k) = - (74)

In local materials, this generally cannot be satisfied.

In a WSM, o (w) is finite and such solutions may exist.
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Longitudinal, g

w
o

[ p,gx lO4

N
a1
I AR S

=
ol

1.242

wave vector [in 1072Q/v]
= N
Q o

o
ol

25 3.0

Transversal, p

o

o
O
[EEN

2 3 4 5
frequency [in 1072Q]

The transverse p and longitudinal g are increasing functions of w.

They intersect at (gm,wm).
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frequency

' 0.08F
0.5¢
o, 006
©
o 2 0.04}
T 0.0 s
= E 002
3 5§ 0.00
T _ =
0.5 é-o.oz—
)
= —0.04}
=1.0 -0.06¢

The horizontal polarization amplitudes (solid): reflected (green),
transmitted transversal (red) and longitudinal (blue).
Op(w): " Brewster” angle of the WSM.

The vertical polarization amplitudes(dashed).
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IV. Conclusion

e In the linear response regime.

1. dc and ac conductivity og = 77

2. Exp. optical conductivity in good agreement with oq.

° (2) (w) = Crogay, oy )(w) = Cropay.
C; =19/12 — 7/2 ~0.01, Cp = 31/12 — /2 ~ 1.01,

On| = 0, — O = —0QQg; 009 = 62/(4h), g = 62/(ehvg).

i |
o B, =pJ" 4+ prJ° = proju + prei;ojh.

2o

2mo, COSH
rs (W) = —

o7p (@) = _c—|—27raLCOSH’ ccosf + 2nop
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e Nonlocal effect in 3D WSM.

2 2\ 12 2
_(2) _ efw 4N\ B B AN
20 = 22 Lafin (22)] - a3z (42)

—~175/3 —24In2 4 12(In2)% + 63@‘(3)}.

: 4n2\1? 4N2

—~133/3-24In2412(In2)% + 63@‘(3)}.

2 2\ 12 2
e“w |3 AN 4N
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1-D. 2k/p 2hug (P — K2)
— ' tT — ' L — — 2 '
14+ D 1+ D kq:p° (1 + D)
kszQz — (p2 - kz) k%
szzpz .
WSM has no reflection for horizontally-polarized EM wave at

® r

D =

certain Brewster angle.

e Chiral magnetic effect: the generation of current along an external
B field induced by chirality imbalance, ~ chiral anomaly.
The chiral magnetic current is non-dissipative, because it is topo-
logically protected.

Q. Li et al, Nature Physics (2016).

e Anomalous Hall effect: Hall effect in ferromagnetic materials.
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It involves concepts based on topology and geometry.



