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Preulde

Non-renormalizable theories:
L= Emargina/ +a"Lp
The arbitrariness of «

m The need for a UV completed theory
m No IR constraints other than data
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Prelude

Not true: Analyticity imposes IR constraint without any detailed knowledge of UV Adams,
Arkani-Hamed, Dubovsky, Nicolis, Rattazzi

The existence of UV completion — ¢; of higher dimension operators must be Positive

m Euler-Hiesenberg

1 c c: .
L= —ZF,F" 4 L(F, F™)? 4 A—i(Fp,,F“")Q +...

e A
= DBI

P N iy T . |

m String theory

Reggel o + _, () — — o, —a(l) o —s(1) 4
MU (5 1 — 0) = —thy(1) s +—o5 * T o160 °
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Prelude

What can we say about theories with massless three-point ?

( A3, YM, Gravity )« Focus of this talk, because All theories are EFT !
YM D > 5, \¢® D > 6, Gravity D > 2

Yu-tin Huang

Approaching gravity softly



Prelude

Are «; as free as they appear?
L= /dDX\/g(R+a1R3+a2F1’4+~--)

Instead of symmetries, consistency conditions?

Causality: if oy # 0, a particle traveling pass a shock wave will experience time
advancement Camanho, Edelstein, Maldacena, Zhiboedov

Can only be cured by an infinite J > 2 massive particles. (Assumes A << Mp)
Similar result from Unitarity and Analyticity Bellazzini, Cheung, Remmen

Yu-tin Huang

Approaching gravity softly



Preulde

The high energy behaviour of the four-point S-matrix must be bounded

m Fermi’s four-fermion interaction

Lint ~ (TM’)Z ~ E? Ei —— H

m Massive vector interactions Cornwall, Levin, Tiktopolous
b
Lint ~ fabc Wi W)0" W — fapolfede + fadcfeeb + faecfobd = O

m NLSM
b d
Lint ~ Capeam 2710, 7% — Caped + Cacab + Cadbe = 0
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Prelude

What about the bad high energy behaviour ?

s? 5
M4‘S~>oo ~ T ~E

m Assuming that the high energy behaviour is tamed while weakly coupled (true for
all known examples in nature)

m Implies new degrees of freedom come in at tree-level
m Implies new degrees of freedom M << Mpjank

How constraining is the space of possible solutions?
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Prelude

VERY
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Tree Unitarity Constraint

Fermi’s four fermion theory

A(p1, b2, $3, $a) ~ —GFs ~ E?

Unitarity violation
167

S$>4|—=— ~20TeV
Gr
There is a new particle!
P, 1;)4
pz P}

- - S
A ~ —Ggs = GEM?P —>
(¢1, d2, D3, P4) FS FM e

Unitarity then requires
GEM? A

<-—=>M<1TeV
87 2

My, ~ 80GeV
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Unitarizing Gravity

Let’s go back to gravity:

Consider scalar exchange via gravity coupling:

82 + 2 4 u?)? . . o
(P1020304) ~ % PR N PP

As s — oo s/t fixed, same violation of unitarity bound at Plank scale

Vs> 10"%GeV
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Unitarizing Gravity

Let’s consider modifying by adding one massive propagator

(82 + 12 +u?)? f(s,t,u)2.0m
stu (s — m?)(t — m2)(u — m?)

(@1@2@3@4} ~

However, there are stringent unitarity constraints for f(s, t, u)

Pl p4
) < = As(br, o, BY) ~ico(pr — p2)" (p1 — p2)* - - (D1 — P2)" Crig e
3 P

The residue must take the simple form:

A1, b2, h) As(ds, a, hE) = —(t — u)**

with u = —t — m? definite negative function in t.
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Unitarizing Gravity

There are also massless poles

(‘92 + tQ + u2)2 f(s, t7 u)?,sym
stu (s — m?)(t — m2)(u — m?)

(@1@2@3@4} ~

The residue for massless poles corresponds to interactions of EFT description
L ~ R#? + (V) + R® + R?
Such interactions are limited, with unique:

(12)%(32)°

A3(¢lh2_¢3) ~ (13>2
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Unitarizing Gravity

Let’s consider unitizing

(82 + 12 +u?)? f(s,t,u)2.0m
stu (s — m?)(t — m2)(u — m?)

(P1p20304) ~

The rules of the game:
m At low energies, i.e. if /s is smaller than the new mass scale M, then the S-matrix
must reduce to the known amplitude.

m Atintermediate scales, i.e. 0 < s < M2, the residues of the poles must be definite
negative function of t:

n(t) = Za,-t’, g <0
i
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Unitarizing Gravity

(82 + 12 +u?)? f(s,t,u)2.6ym
stu (s = m2)(t — m?)(u — m?)

(pr1p29p304) ~

The rules of the game:
m The factorization pole of s = 0, Since for two scalars and one graviton, we only
have R¢?, (V¢)?, the residue must be the original tree residue

m On the massive pole the residue should be expanded on Gegenbauer basis with
positive coefficient (Powerful)
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Unitarizing Gravity

m3(8? + 12 + uP)? ay (2 + u?) + aotu + ags + 1
stu (s=Nt—-1)u-1)

Ansy = —

Enforcing massless residues,

Ress—g : —4t?, Res._o: —4s?

This fixes
m3(P+ 1P+ PP 1—(P+ 1P +u?))2
stu (s=N(t—-1)(u-1)

However, consider the residue at s = 1

Ans; = —

1

RGS[ATI,SI]S:]_ = m .

The residue changes sign when t ~ 1
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Unitarizing Gravity

We can add another massive particle such that

mi(s? + 2 + u?)? n

Ansy = — Stu (s—1)(t—1)(u—1)(s— b)(t— b)(u— b)

where

n = a(t® +v®) + aa(tu + u*t) + az (P + v*1?) + ag(t* + u?) + as(tPu + u’t)
+ agt®u? + a7 (B + u®) + ag(tu® + wt?) + ao(t* + u?) + arotu + ayy (¢ + u) — b°

Consistency for massless as well as massive poles below the scale set by b yields
n = tu(ays® — btu) + bs(s® + ayst + art?) + b(s? + agst + ast®) — bs — b

With a; =1+ay — b, ap = 1 + 82

Yu-tin Huang

Approaching gravity softly



Unitarizing Gravity

However ]

(b—1)(2b+1)

On both residues, unitarity is again violated at the mass of the second new particle.

Res[Ans;]|s=p = —

Going to three massive particles yield the same conclusion
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Unitarizing Gravity

Summary:
m Introducing massive particles brings the unitarity disaster down to the scale of the
heaviest particle.

m One could release bounds on the polynomial, and require high energy taming later
— My ~ E8 Unitarity violated at 104°GeV
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Unitarizing Gravity

Non-polynomial high energy behavior incompatible with tree unitary for gravitational
theories!

The root of the problem

N (8% + 12 4 uP)? f(s, t, u) . (8% + 2+ u?)? f(my,t,u)

m
stu (s—my)(t—mg) -+ |s—pm, stu (t—my) - --

Unitarity requires the function f(my, t, u) to have a zero when t = m,, and all other
t-channel poles.
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Unitarizing Gravity

The root of the problem

N (8% + 12 4 u?)? f(s, t, u) . (82 + 2+ u?)2 f(my,t,u)

M
stu (s—mq)(t=mg) - =, stu (t—myp) - --

f(s, t, u) is a bounded polynomial function that has zero for each pair of
(s, t) = (m;, m;)! There are more zeros than poles!
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Unitarizing Gravity

For the polynomial to be bounded

The only way possible is if the zeros are shared by multiple double poles!
For single massive pole mf two zeros

(s=0,t=m8) = (u=—ms), (s=m’t=m?) = (u=—2m})
Let (u = —2m?) be shared
(s=0,t=2m?) = (u=—2nm2), (s=2ms,t=0)— (u=—2m?)

m? is spread across integers
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Unitarizing Gravity

In general, the solution is given as:

Sis+ N+ (u+i)
[TZo(s = Nt —=i)(u—1)

A(s, t) can be fixed by considering residues of massless pole

A(s, t)

M-/ ull[—a/tl[—a’s]
M1+ o/ 8r[1 + o/ ull [1 + o’ 9]

(32 + t2 4 U2)
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Unitarizing Gravity

In general, the solution is given as:

125 (s + i)t + i) (u+1)
[TZo(s = Nt = )(u—1)

A(s, t) can be fixed by considering residues of massless pole

A(s, 1)

M-/ ull[—a/t]l[—a’s]
M1+ o/t + a/ull[1 + o’s]

< =

Fig.3: Particle scallering processes (lefi). swing scatiering processes (tight).

(82 + 12+ 1u?)

Type Il superstring
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Unitarizing Gravity

How unique is the answer ?
We can consider

|
LIf(9)ICF@OITLf ()]
LIf(s) + f(&) + alT[f(s) + f(u) + a]l[£(t) + f(u) + a]

Fixed by massless residuees.

| |
T[s]TT [u]
[l —¢0[1 — Wl — 3]

x (1 + stud)

Ruled out via Gegenbauer analysis
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Gegenbaueroligy

There is much stronger constraint for the massive residues
V; £ 2k
Az(¢y1, pa, h*) As(P3, g, hY) = —(t —u)

n(t):Zath, as <0
L

Project the residue into irreducible representation

n(t)=n (7w> = ; c,CP(cos 0)

with
c, >0
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Gegenbaueroligy

Schoenberg (1938) Theorem

f(x)=>cCP(x), c>0
L

If and only if f(x) is a positive function in the sense that for points v; on SP~!
> f((vi, v))eic > 0
ij

for ¢j, ¢; € R and (v;, v;) is the spherical geodesic.

For two points this implies
[fC)l < (1)
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Gegenbaueroligy

IO < 1(1)

But
3

S 2
Stu = 1—x
Z(1-%)
So anything with an stu factor cannot be positive!!!!

T[s]T T [u]
[l — (1 — oL — 3]

x (14 stulr)

At large s = n n — oo the residue will be dominated by stuA

No deformations possible!
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Gegenbaueroligy

One exception: unitarize each massless pole separately:

(32 + 1\2 + u2)2

101 1
=(s2+t2+u2)(7+7+7)
stu S

t u

The absence of massless poles in other channels leads to the absence of zeros

M[—sr[=fr[—y] tu su st
M+ s)r{ + [ + u] (1 Ts i +u)

(s® + 12 + 1)

Heterotic superstring
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Gegenbaueroligy

Extensions to other mass-less three-point theories

Do -

For YM rsr]
_S —
(% + 12 + u?) (7“1“’] )
Forad? [=s[r[=r[-u]
[[=s]F[—tr[—u
(4 ) e i A £ ]
A — Aot

r[—s|r—fr[—u] tu su st
MA+ Tt + M0 + 4] (1 s 1ttt +u)
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Gegenbaueroligy

Perturbative completions of four-point contact terms ><

(99)*0"¢?
We cannot remove the massless pole by x stu

M=sIr=1 | r=uri-1 r[*S]F[*u})
M+ u] i+ 9] 1+ 1

let them cancel (

A poitive function multiply by a positive function yields positive function

Cm(x)Cn(X) = a1Cm+n(X) + - @ Cim—n|(X), ap >0
n M=s|r[—4 | =ur[=t  r=sjri-y
(8°+ 1 +17) ( M+ 4] M+ 8] Mo+ 1] )
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Extended Lessons

n (TI=sITl=t | T[=ulr[-f] | T[=sr[-y]
(440 ( MM+d T+ NN )
At low energy corresponds to

Ay~ 2 st S8
(s2) DBI, (s*) Galileons DGP (Dvali-Gabadadze-Porrati) Each has a unique
perturbative completion, but

A
In the forward limit — ?4 tanms

Violates the Froissart bound slog s for s" n > 2
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Conclusions

m Assuming tree-unitarization while gravity is weakly coupled, and infinite tower of
massive spin is necessary

Their mass? must have integer spacing.

Positivity of Gegenbauer expansion renders the solution almost unique
EFT without massless three-points also admit unique unitarization

The basic building block for positive residue: (Open string)

204120

n(x) =nN%, ( x
() ’:‘( 20+ 1

) , X =cos(0)

Is this the answer to another question ?
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