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1. Introduction

• Ω-background

• 4D spacetime fiber on internal base space is twisted by the action

of spacetime rotation.

• used to regularize the IR divergence in instanton calculus

(giving mass terms to the instanton moduli)

• breaks all of translation symmetry and preserves a part of rotation

symmetry

• also preserves a part of supersymmetry
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• Ω-background with Nekrasov-Shatashvili(NS) limit

• Only the fiber of 2D subspace is twisted.

• 2D Poincaré symmetry is recovered.

• Unbroken SUSYs are enhanced.

• well-defined BPS spectra

• effective 2D theory ↔ integrable systems

[Nekrasov-Witten], [Bulycheva-Chen-Gorsky-Koroteev], etc.

• quantization of SW curve
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Here we consider the Ω-deformation of N = 4 super Yang-Mills

theory

• Maximally supersymmetric gauge theory

• More BPS objects, e.g. quarter-BPS dyons

[Bergman], [Lee-Yi], [Hata-Hashimoto-Sasakura], etc.

• Montonen-Olive electric-magnetic duality
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2. N = 4 super Yang-Mills in Ω-background with
NS limit

4D N = 4 super Yang-Millsxdimensional reduction

10D N = (1, 0) super Yang-Mills

• 10D Ω-background metric with NS limit

(R3,1 × T6 → R1,1 × (R2 × T6)ϵ )

ds2 = −(dx0)2 + (dx3)2 + (dx1 + ϵax
2dya)2 + (dx2 − ϵax

1dya)2

+ dyadya, a = 1, . . . , 6.
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R-symmetry Wilson line: introduced as the contorsion in 10D

Abc = Aa,bc dx
a, Aa,bc : constant

10D Lagrangian (∂M → ∇̂M = ∂M + (torsionful connection))

L10D =
1

κg210
Tr

[
−1

4
e(eMMeNNF̂MN )2 − i

2
eΨ̄ΓMeMM∇(G)

M Ψ

]
.

Here

F̂MN = FMN − TMN
PePPAP,

∇(G)
M = ∇̂M + i[AM, ∗],
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4D Lagrangian

L =
1

κg2
Tr

[
−1

4
FmnF

mn + iΛ̄Aσ̄
mDmΛA − 1

2
(Dmφa − FmnΩ

n
a)

2

+
1

2
(Σ̄a)ABΛ

A[φa,Λ
B] +

1

2
(Σa)ABΛ̄A[φa, Λ̄B]

+
i

2
Ωm

a

(
(Σ̄a)ABΛ

ADmΛB + (Σa)ABΛ̄ADmΛ̄B

)
− i

4
Ωmna

(
(Σ̄a)ABΛ

AσmnΛB + (Σa)ABΛ̄Aσ̄
mnΛ̄B

)
+

i

8
Tab,c

(
(Σ̄abc)ABΛ

AΛB + (Σabc)ABΛ̄AΛ̄B

)
− 1

4

(
i[φa, φb]− Ωm

a Dmφb +Ωm
b Dmφa +Ωm

a Ωn
bFmn − Tab

cφc

)2]
,

Tab
c = −Aa,b

c +Ab,a
c, Aa,bc = −1

2
(Tab,c − Tbc,a + Tca,b).
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Here

Ωm
a = Ωm

nax
m, Ωm

na =


0 ϵa 0 0

−ϵa 0 0 0

0 0 0 0

0 0 0 0

 , m, n = 1, 2, 3, 0,

ΓM =

((
0 σm

σ̄m 0

)
⊗ 18,

(
12 0

0 −12

)
⊗

(
0 Σa

Σ̄a 0

))
.
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remaining parameters after imposing SUSY condition

4 SUSY case: ϵ1, ϵ2, m1 = A1,34 +A1,56, m2 = A2,34 +A2,56.

Ω-deformation of N = 2∗ theory

m1, m2: mass parameters.

8 SUSY case: ϵ1, ϵ2, ϵ5, ϵ6,

Four parameters can be nonvanishing. these two cases have overlap

as

m1,2 = ϵ1,2/2 in 4 SUSY case = ϵ5, ϵ6 = 0 in 8 SUSY case
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3. Central charges and BPS bounds

• SUSY algebra

supercurrent

jMζ =
1

κg210
Tr

[
i

2
eF̂NPΨ̄ΓMΓNPζ

]
.

SUSY variation of supercurrent

δξj
M
ζ = −i[ξ̄Q, jMζ ], ξ̄Q =

∫
d9xj0ξ .

spatial integration of temporal component → SUSY algebra
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SUSY algebra in 10D formulation

[ξ̄Q, ζ̄Q] = 2ξ̄ΓMζ PM +
1

4
ξ̄ΓMNPQRζ ZMNPQR ,

ZMNPQR =

∫
d9x

1

κg210
Tr

[
1

5!
εMNPQR

STUVWee0SF̂TUF̂VW

]
,

Reduction to 4D[
ξαAQαA + Q̄α̇

Aξ̄α̇A, ζ
βBQβB + Q̄β̇

Bζ̄ β̇B]

= 2(ξσmζ̄ + ξ̄σ̄mζ)Pm + 2(ξΣ̄aζ − ξ̄Σaζ̄)Pa − 2i(ξΣ̄aζ + ξ̄Σaζ̄)

(
1

5!
εabcdefZbcdef

)
− i(ξσiΣ̄abcdζ̄ + ξ̄σ̄iΣabcdζ)Ziabcd + 2(ξσijΣ̄abcζ + ξ̄σ̄ijΣabcζ̄)Zijabc

+
i

4
εijk(ξσ0Σ̄abζ̄ − ξ̄σ̄0Σabζ)Zijkab,
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• Pa = q
(e)
a (electric charge)

Using Gauss’ law, q
(e)
a can be expressed as

q(e)a =

∫
d3x ∂iTr

[
φa(Ei − ΩibD0φb +ΩibΩjbEj)

]
+ (angular momentum)+ (R-charge)

• ∗Zbcdef = q
(m)
a =

∫
d3x ∂iTr

[
φaBi

]
(magnetic charge)

No Ω-deformation

• (Ziabcd, Zijabc, Zijkab)

Central charge for (vortices, walls, space-filling objects). However

they all vanish under vacuum boundary condition.
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• SUSY algebra and BPS bounds for 8 SUSY case

⇒ same as N = (4, 4) 2D SUSY algebra

{Q11, Q̄1̇
1} = {Q13, Q̄1̇

3} {Q22, Q̄2̇
2} = {Q24, Q̄2̇

4}
= 2(P 0 + P 3), = 2(P 0 − P 3),

{Q11, Q22} = 2i(q1 + iq2), {Q̄1̇
1, Q̄2̇

2} = −2i(q̄1 − iq̄2),

{Q13, Q22} = 2i(q5 + iq6), {Q̄1̇
3, Q̄2̇

2} = −2i(q̄5 − iq̄6),

{Q13, Q24} = 2i(q1 − iq2), {Q̄1̇
3, Q̄2̇

4} = −2i(q̄1 + iq̄2),

{Q11, Q24} = −2i(q5 − iq6), {Q̄1̇
1, Q̄2̇

4} = 2i(q̄5 + iq̄6),

complexified charges

qa = q(e)a − iq(m)
a , a = 1, 2, 5, 6.
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BPS mass formula

M =
√
|q(e)|2 + |q(m)|2 ± 2|q(e)||q(m)| sinα,

|q(e)|, |q(m)|: magnitudes of vectors q(e) = (q
(e)
1 , q

(e)
2 , q

(e)
5 , q

(e)
6 )

and q(m) = (q
(m)
1 , q

(m)
2 , q

(m)
5 , q

(m)
6 )

α: angle between q(e) and q(m)

sinα = 0: half-BPS (4 SUSY)

sinα ̸= 0: quarter-BPS (2 SUSY)
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4. BPS equations for 8 SUSY case

• half-BPS

preserved SUSY: Q11 − eiθQ̄2̇
2, Q13 − eiθQ̄2̇

4 and their conjugates

BPS dyon equations

Ei + (Diφ1 +Ωm
1 Fmi) sin θ = 0,

Bi + (Diφ1 +Ωm
1 Fmi) cos θ − iδ3,i[φ3, φ4] = 0,

D0φ1 +Ωm
1 Fm0 = 0,

Dmφa +Ωn
aFnm = 0, (a = 2, 5, 6),

(D1 + iD2)(φ3 − iφ4) = 0,
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and

D3φb + i(−1)f(b)
(
[φ1, φf(b)] + iΩm

1 Dmφf(b) − i(−1)f(b)ϵ11φb

)
cos θ = 0,

D0φb + i
(
[φ1, φb] + iΩm

1 Dmφb + i(−1)f(b)ϵ11φf(b)

)
sin θ = 0, (b = 3, 4),

Hcd = 0,
(
1 ≤ c < d ≤ 6, (c, d) ̸= (1, 3), (1, 4), (3, 4)

)
,

where

f(3) = 4, f(4) = 3, f(5) = 6, f(6) = 5,

g(3) = 0, g(4) = 0, g(5) = 1, g(6) = 1.

Hab = i[φa, φb]− Ωm
a Dmφb +Ωm

b Dmφa +Ωm
a Ωn

bFmn − Tab
cφc.
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• quarter-BPS

preserved SUSY: Q11 − eiθQ̄2̇
2 and its conjugate

BPS dyon equations

Ei − (Diϕ2 + ωm
2 Fmi) = 0,

Bi + (Diϕ1 + ωm
1 Fmi)

− iδ3,i ([φ3, φ4]− [φ5, φ6]− iΩm
5 Dmφ6 + iΩm

6 Dmφ5) = 0,

D0ϕ1 + ωm
1 Fm0 − i[ϕ1, ϕ2] + ωm

1 Dmϕ2 − ωm
2 Dmϕ1 = 0,

D0ϕ2 + ωm
2 Fm0 = 0,

(D1 + iD2)(φ3 − iφ4) = 0,

(D1 + iD2)(φ5 + iφ6) + (Ωm
5 + iΩm

6 )(Fm1 + iFm2) = 0,
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and

D3φa + i(−1)f(a)
(
[ϕ1, φf(a)] + iωm

1 Dmφf(a) − i(−1)f(a)ε11φa

)
= 0,

D0φa + i[ϕ2, φa]− ωm
2 Dmφa + (−1)f(a)ε11φf(a) = 0, (a = 3, 4),

D3φb +Ωm
b Fm3 + i(−1)f(b)

(
[ϕ1, φf(b)] + iωm

1 Dmφf(b) − iΩm
f(b)Dmϕ2

)
= 0,

D0φb +Ωm
b Fm0 + i[ϕ2, φb]− ωm

2 Dmφb +Ωm
b Dmϕ2 = 0, (b = 5, 6),

[φ3, φ6]− [φ4, φ5]− iΩm
6 Dmφ3 + iΩm

5 Dmφ4 − iϵ15φ3 − iϵ16φ4 = 0,

[φ3, φ5] + [φ4, φ6]− iΩm
5 Dmφ3 − iΩm

6 Dmφ4 + iϵ16φ3 − iϵ15φ4 = 0,
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5. Summary

summary

1. In Ω-deformed N = 4 super Yang-Mills with NS limit, we only

have the electric and the magnetic charges as the central charge

if we adopt with the vacuum boundary conditon. Other charges

(for vortices etc.) are vanishing.

2. This imples that we have only dyons as the BPS solitons with

the finite energy.

3. We have obtained the equation of the BPS dyons which preserve

the half or the quarter of the supersymmetry.
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outlook

• Solutions

N = 2 single monopole case: [Ito-Kamoshita-Sasaki]

Reduced to the Ernst equation (integrable)

• Nahm construction and moduli space

• Solution with finite energy density?

• Dyonic instantons in 5D

• N = 2 with fundamental hypers → vortices

[Bulycheva-Chen-Gorsky-Koroteev], [Tong-Turner]
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