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Main results of the last few years

Exact results for SUSY QFTs In different
dimensions and for different manifolds




Main results of the last few years

Exact results for SUSY QFTs In different
dimensions and for different manifolds

Two main technical ingredients:

* Localization > Exact results [pestun,...]

» Coupling to gravity===) Manifolds with SUSY

[Festuccia-Seiberqg,...]




An algorithmical recipe

The two methods combined give a clear recipe:

1. Flat space SUSY = relevant SUGRA

2. SUSY backgrounds from SUGRA

4. Localization = exact results




A couple of remarks

Localization is deeply related to topological field theories

Examples:

1) Nekrasov instanton partition function
2) Chern-Simons theory using SUSY
3) 2d GLSM to compute GW invariants

Localization relies on a formulation of SUSY

This Is a very useful property!!
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Localization is deeply related to topological field theories

Examples:

1) Nekrasov instanton partition function
2) Chern-Simons theory using SUSY
3) 2d GLSM to compute GW invariants

Localization relies on a formulation of SUSY

This is a very useful property!!

Unfortunately SUGRA Is
Much more complicated!




A different perspective

Another, cohomological, gravity theory can be found

Topological Gravity (TG
SM\ > coE)pIed togsome topological mYJItiE)Iets)
Remark:

TG #Z twisted SUGRA|




A different perspective

Another, cohomological, gravity theory can be found
Topological Gravity (TG
SMA\ > coE)pIed togsome topological mYJItiE)Iets )

Many advantages:

1) Easier equations
2) Cohomological

3) 1to 1 mapping to SUGRA




€

A different perspective

Another, cohomological, gravity theory can be found

e

Many advantages:
1) Easier equations

2) Cohomological

3) 1to 1 mapping to SUGRA

>

Topological Gravity (TG)

coupled to some topological multiplets

TG Is the

> best choice for
localization's users!




Plan of the talk

1) Our rigid topological starting point: 2d Yang-Mills

2d Yang-Mills coupled to TG

2) Classification of TG invariant backgrounds

3) From TG backgrounds to SUGRA backgrounds




Plan of the talk

1) Our rigid topological starting point: 2d Yang-Mills

2d Yang-Mills coupled to TG

2) Classification of TG invariant backgrounds

3) From TG backgrounds to SUGRA backgrounds

A Tull classification of 2d N=(2,2) SUGRA
localizing backgrounds




s Our starting point: 2d Yang-Mills =

“Naive” thought:

2d gauge inv. kills two photons >~ Topological theory!

O
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s Our starting point: 2d Yang-Mills *

“Naive” thought:

2d gauge inv. kills two photons ~ Topological theory!

o Why Naive? [Witten] Auxiliary scalar,
Integrating it out we
recover the

Iym (g, E) = fz dBistold s fz dy \/§ %Tl“ 652 standard action

2d Volume form

The action is not fully topological.
It depends on the volume form




Maklng 2d Yang-MlIIs topologlcal

We want to control the metric-dependence

\

‘ Replacement Background 2-form

It replaces the metric
o6y /gdix — f(z) Fait |




 Making 2d Yang-Mills topological 5

 We want to control the metric-dependence

Repatemen: Background 2-form
E\/g d%r — _f(2) It replaces the metric

AND we require that the physics is unchanged
This part gives a
spurious

f(2) — 0@ L 4@ dependence:

We must remove it

Hodge * decomposition
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 Making 2d Yang-Mills topological 5

 We want to control the metric-dependence

Repatemen: Background 2-form
E\/g d2r — _f(2) It replaces the metric

AND we require that the physics is unchanged
This part gives a
spurious

f(2) — 0@ L 4@ dependence:

We must remove it

Hodge * decomposition

D
Let's see how!
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i The topologlcal U(1) background

1. We make the spurious part BRST-trivial U St

e e




° The topological U(1) background =

1. We make the spurious part BRST-trivial Top. gaugino
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Topological U(1) background

2. This is not enough | >
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° The topological U(1) background =

1. We make the spurious part BRST-trivial Top. gaugino

s f2) = —d D

Topological U(1) background

2. This is not enough | >

s f?) = —d

This is the first actor of our new S ?,b(l) = —d ’y(o)
gravity background theory: 2 7(0) 0

A topological abelian multiplet

©
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Topological gauge theory for diffeomorphisms

| S Guv = —LeGuv + Yo

Defined by the | s, = —Letbu + L9
BRST rules 1

G e

sY* = —Ley*
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2d metric

Defined by the

BRST rules

diffeomorphism ghost
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Topological gauge theory for diffeomorphisms

Top. gravitino
"It makes
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The second actor: TG

Top. gravitino

Topological gauge theory for diffeomorphisms s
infinitesimal
variations of the
metric
S Guv = —LeGuv + Vv |
Defined by the | s, = —Le¥u + L9
BRST rules 1
s&H = —iﬁgg'u S
diffeomorphism ghost sgl — =l super-ghost

By trying to couple 2d YM to TG we found a consistent coupling
between TG and the topological background abelian multiplet.

Let us call it “equivariant topological gravity”

Bts bt Bt i B s i i F s B

— —



®

&

Equivariant topological gravity

By coupling the two actors:

Equivariant topological gravity BRST operator

S Guv = —LeGuv + Yo
S Vuv = —LeVpw + LyGuw

1
85” = —iﬁgﬁ“ S ’Y'u

sH = —LeyH

s f® = —dyp

Additional pieces
due to the
coupling
between the two
actors

i




Equivariant topological gravity

By coupling the two actors:

Equivariant topological gravity BRST operator

SYuv = _f'fgw/ NE w/.w S f(z) = —d w(l)
8%1/ == _Eﬁwuv S E'fyg;u/

Additional pieces

e 1£ e y due to the
SiE = G TR coupling

2 37(0) N Lfy’éb(l) between the two
Savi=— e actors

We will classify the bosonic BRST invariant backgrounds

1 1to 1 correspondence with N = (2,2) SUGRA backgrounds |
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Bosonic invariant backgrounds

« As usual, we look for bosonic backgrounds

et =gt
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Bosonic invariant backgrounds

+ As usual, we look for bosonic backgrounds

& :wuu =¢(1) =0

AND which solve the equations:

§Yuy =0 :> LGy =0

The superghost
must be a
Killing vector.
The interesting
case is the
2-Ssphere
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Cartan equivariant
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Bosonic invariant backgrounds

+ As usual, we look for bosonic backgrounds

& :wuu =¢(1) =0

AND which solve the equations:

Sty =0 EEEp
» D) =0 |:>

Loaya—1

In this form the problem has
been already solved!!

The superghost
must be a
Killing vector.
The interesting
case is the
2-Ssphere

Well-known equation:
Cartan equivariant
cohomology




he solutions

e Take S? (round or squashed)
Lyguw =0

U(1) isometry
)  implies
Vi =0,

TS w
e e |
equivariant 3§
parameter- - -~
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Classifying the solutions

« Take S? (round or squashed)

The solutions are classified
Up to topological equivalences

Lyguw =0

U(1) isometry
)  implies
U=k

equivariant
parameter

integer for
flux quantization

f(2) — V012|g -n

B\ e DRGE A

= eq VH

O




Classifying the solutions

« Take S? (round or squashed)

“ 0 Lfyg"“/ = O
T U(1) isometry
£ =) implies
Sagsess Vo —
e Y = eq V¥
equivariant
parameter
0 N SR
dy©® — . f@ =
integer for
The solutions are classified flux quantization

Up to topological equivalences

(2) Inequivalent solutions
A b classified by three constants

DQ'}/(O) = \/EEMVD'UJ'YV + A | (GQJ n, A)

o




. Killing spinor equations in SUGRA e

» We need to solve the Killing spinor equation (KSE)

6, = (D, —iA)C+5sHT,(— LG, T3¢ =0

gravitino U(1) R-symmetry graviphotons
gauge field field-strengths

©
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. Killing spinor equations in SUGRA e

» We need to solve the Killing spinor equation (KSE)

6, = (D, —iA)C+5sHT,(— LG, T3¢ =0

gravitino U(1) R-symmetry graviphotons
gauge field field-strengths

Solutions known in the literature
[Witten, Gomis et al., Benini and Cremonesi, Closset and Cremonesi]

e A-Twist At IS=i =1
+ QO-background A, =+iw,, H=G= /ge., DRI
*  “No twist” e H=—i, G=0
® ®




From spinors to forms: Fierzing
* A simple Fierz computation tells us:

CalZ) G (@) = colm) Lldgp -+ cu(@) T+ Gi(a) iT2,

co(z) = (T(z) {(x) - Not all independent
e lnli= CT(QE)F“C(SU)
cpp)i= G Gl

ety = cj(x) — ¢5(x)

The KSE get rewritten:

Dye,+Dycy =0
o= LAl e
ION RV S CR oy S
VB AT e

©
)




®

From spinors to forms: Fierzing

* A simple Fierz computation tells us:

CalZ) G (@) = colm) Lldgp -+ cu(@) T+ Gi(a) iT2,

co(z) = (T(z) {(x) - Not all independent
e lnli= CT(QE)F“C(SU)
cpp)i= G Gl

ety = cj(x) — ¢5(x)

The KSE get rewritten:

Dye,+Dycy =0

D, =—iH /[ge,c" These equations
Dycy, = /g€ (Geo+i HE) completely solve
Do — G T C the KSE

(@
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Classlfylng the solutlons

e e =l g =
D, ¢ =—iH \/geu, c” ~ dv® — 1 f@ =0

The topological system and the KSE are equivalent

I

/
R with the identifications

S =D =—iH, A0=F, =
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Classifying the solutions

e e =l < > g =
D, ¢ =—iH \/geu, c” dv® — 1 f@ =0

The topological system and the KSE are equivalent

with the identifications

fE*f(2) :—ZH, ,Y(O) :’50’ 7#:@“

Remark

We have exported this notion also to the SUGRA side.
Complete classification also in SUGRA

The topological approach has the notion of (opological equivalence




2 All the SUGRA backgrounds on S2 .

All the inequivalent
backgrounds are
parametrized by the fluxes
of the graviphotons
field-strengths
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2 All the SUGRA backgrounds on S2 .

All the inequivalent
backgrounds are
parametrized by the fluxes
of the graviphotons
field-strengths

) : .Q-backg4round




2 All the SUGRA backgrounds on S2 .

All the inequivalent G
backgrounds are m=Js:
parametrized by the fluxes
of the graviphotons
field-strengths
ooooooooooooo n = f,S‘Q H
) “no-twist”




2 All the SUGRA backgrounds on S2 .

All the inequivalent L
backgrounds are 5 m=Js: "
parametrized by the fluxes | * ° “ ©e
of the graviphotons tt e e
field-strengths L. .
{ ] _.4 { ] _02 ® ® { ] g L ] 2 ® N1 = 82H
nfinite new solutions! o .
| Ineguivalent localizations!

l |




Conclusions

1 A new gravity theory for finding localizing backgrounds

|::> cohomological classification

I Infinite new localizing backgrounds in two dimensions

I:{} great extension of the known results

1 An intrinsic topological reformulation of localization




